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Abstract

Distribution system restoration (DSR) requires sequential
switching decisions that restore loads while satisfying phys-
ical and operational constraints. Deep reinforcement learn-
ing (DRL)-based methods have shown promise for DSR,
but their data-intensive training process and limited long-
horizon reasoning capability can restrict their effectiveness
in large-scale and complex distribution systems. Decision-
transformer (DT)-based methods provide an alternative by
modeling restoration as a trajectory-conditioned sequence
prediction problem. However, conventional transformer at-
tention mechanisms still face challenges in extracting sta-
ble and informative trajectory representations from noisy and
time-varying system observations. To address this challenge,
this paper proposes a hybrid quantum physics-informed de-
cision transformer (HQ-PIDT) for DSR under dynamic and
uncertain operational conditions. The key innovation of HQ-
PIDT is a hybrid quantum fidelity-based multi-head self-
attention mechanism that embeds parameterized quantum cir-
cuits into query-key-value projection and uses quantum-state
fidelity to compute attention similarity. This design enables
restoration contexts to be represented and compared through
quantum-state-overlap-based representations while preserv-
ing the autoregressive structure of causal transformers. Evalu-
ations on three distribution-system test feeders show that HQ-
PIDT achieves more reliable optimal or near-optimal restora-
tion outcomes than a physics-informed DT baseline and two
DRL baselines under constrained, dynamic, and noisy-input
scenarios.

Introduction

Extreme events, such as natural disasters and severe weather
events, have underscored the urgent need to enhance the
resilience of modern power systems. Distribution systems
play a critical role in delivering electricity to end users, and
their ability to recover rapidly after disruptions is essen-
tial for maintaining overall grid resilience. A key resilience-
enhancement task is distribution system restoration (DSR),
which aims to restore out-of-service loads, especially crit-
ical loads, after disruptive events (Chen, Wang, and Ton
2017). One promising restoration strategy is to form micro-
grids (MGs) with dynamic boundaries by coordinating dis-
tributed generators (DGs), energy storage resources, renew-
able generation, and remotely controlled switches (Liang
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et al. 2022; Igder, Liang, and Mitolo 2022; Zhao and Wang
2022). Through sequential switching actions, a disrupted
distribution system can be partitioned into multiple islanded
MGs, thereby improving service restoration capability and
maintaining power supply continuity to critical loads. How-
ever, practical DSR remains challenging because restoration
decisions must satisfy physical and operational constraints
while responding to time-varying load demand, renewable
generation, and uncertain system observations.

Traditional DSR methods, such as mathematical program-
ming (Yang et al. 2019; Bassey and Butler-Purry 2020),
heuristic algorithms (Sedzro et al. 2019; Wang et al. 2023),
and expert systems (Chen, Tsai, and Kuo 2005; Singh,
Mehfuz, and Kumar 2016), have been widely studied. Al-
though these methods have demonstrated effectiveness in
many restoration settings, they often suffer from limited
scalability and robustness, and generally lack the ability
to adapt to dynamic environments. Deep machine learn-
ing methods, especially deep reinforcement learning (DRL),
have emerged as powerful approaches for enabling more
adaptive and efficient DSR decision making (Yao et al. 2020;
Gao et al. 2020; Du and Wu 2022). However, DRL methods
typically rely on Markov Decision Process (MDP) or par-
tially observable MDP assumptions and require extensive
training data, which limits their applicability to large-scale
DSR scenarios that demand long-horizon temporal reason-
ing, especially when operating under data uncertainty which
is common in general DSR settings.

Decision transformers (DTs) (Chen et al. 2021) provide
an alternative learning paradigm for sequential decision-
making problems by formulating control as trajectory-
conditioned sequence modeling. Instead of learning a policy
through online trial-and-error interaction, DT-based meth-
ods can learn from offline trajectories and use causal trans-
former architectures to capture dependencies among return-
to-go (RTG) values, states, and actions (Fu et al. 2024; Hsu
et al. 2024; Yao et al. 2025). This property makes DTs at-
tractive for DSR, where restoration requires long-horizon
sequential decision making under physical and operational
constraints. In our prior work (Zhao et al. 2024), we in-
troduced a physics-informed decision transformer (PIDT)
for DSR and showed that DT-based modeling can im-
prove restoration performance compared with conventional
DRL baselines. However, conventional transformer atten-



tion mechanisms rely primarily on classical query-key-value
projection and dot-product similarity, which limit their abil-
ity to extract stable and informative trajectory representa-
tions when observed system states are noisy, corrupted, or
time-varying. Quantum machine learning (QML), which in-
tegrates parameterized quantum circuits with trainable ma-
chine learning models, provides a promising direction for
enriching representation learning in complex data-driven
tasks (Qi et al. 2025). Parameterized quantum circuits can
map classical inputs into high-dimensional Hilbert-space
representations and process feature interactions through
quantum circuit evolution. These properties motivate the use
of hybrid quantum models for learning expressive trajec-
tory representations under uncertainty. However, the inte-
gration of QML with decision-transformer-based DSR re-
mains largely unexplored. To the best of our knowledge, this
is the first study to investigate a hybrid quantum decision-
transformer architecture for constrained DSR under time-
varying operating conditions and observation uncertainty.

Motivated by these challenges and this research gap, this
paper proposes a hybrid quantum physics-informed decision
transformer (HQ-PIDT) for constrained DSR under time-
varying operating conditions and observation uncertainty.
HQ-PIDT formulates DSR as a trajectory-conditioned
sequential decision-making problem while incorporating
physical restoration objectives and constraints through
physics-informed RTG conditioning and admissible-action
checking. The key methodological innovation is a hy-
brid quantum fidelity-based multi-head self-attention mech-
anism. Instead of relying only on classical query-key-value
projection and dot-product attention, the proposed attention
module embeds parameterized quantum circuits into the rep-
resentation projection stage and uses quantum-state fidelity
to compute attention similarity between encoded query and
key representations. This design enables restoration tra-
jectory contexts to be represented and compared through
quantum-state overlap while preserving the autoregressive
structure and gradient-based trainability of causal transform-
ers. The main contributions of this paper are threefold. First,
we develop a hybrid quantum physics-informed decision-
transformer framework for constrained DSR in dynamic
and uncertain operational environments. Second, we design
a hybrid quantum fidelity-based multi-head self-attention
mechanism that introduces parameterized quantum circuits
into representation projection and fidelity-based attention-
score computation. Third, we conduct comprehensive eval-
uations on the IEEE 13-node test feeder, a modified IEEE
123-node test feeder, and a modified Iowa 240-node test
feeder simulated in OpenDSS. Comparative studies against
PIDT, PPO, and A2C demonstrate that HQ-PIDT achieves
more reliable optimal or near-optimal restoration outcomes
under constrained, dynamic, and noisy-input scenarios.

The remainder of this paper is organized as follows. Next
section introduces the DSR problem setting and the physics-
informed formulation. The following two sections describe
the proposed HQ-PIDT framework and present the perfor-
mance evaluation results on three distribution-system test
feeders. Conclusions and future research directions are pre-
sented in the last section.

Problem Setting

In this work, we formulate DSR as a constrained sequen-
tial decision-making problem in which a control policy de-
termines a sequence of switching actions to restore out-of-
service loads after a disturbance (Zhao et al. 2024, 2025).
At each decision step, the restoration controller observes the
current operating condition of the distribution system, se-
lects a feasible switching action, and updates the restoration
trajectory. The objective is to maximize restored load over
the restoration horizon while maintaining physical and op-
erational feasibility.

We adopt a node-cell-based representation of the distri-
bution system (Chen et al. 2019). A node cell is defined as
a group of buses that are directly connected through non-
switchable lines and therefore must be energized simulta-
neously. Under this representation, the DSR process can be
viewed as the sequential energization of node cells rather
than individual buses. During restoration, each available ac-
tive energy source, such as a distributed generator (DG), is
associated with a sequence of switching actions referred to
as an energization branch. Each energization branch restores
a set of node cells and forms an islanded microgrid. Differ-
ent islanded microgrids are not electrically connected dur-
ing the restoration process. In this formulation, the physical
constraints include: 1) node voltage limits, 2) power-flow
feasibility, 3) generation-capacity limits of controllable en-
ergy sources, and 4) source ramping limits. The operational
constraints include: 1) prevention of loop formation and 2)
ensuring that no node cell is visited more than once. The def-
initions of the parameters and variables used in this paper are
summarized in Table 1.

Several key components of the DSR problem are formu-
lated as follows.

* Observed State: The observation vector s; € S repre-
sents the available observed state of the distribution sys-
tem at time step ¢. In our problem formulation, s; is con-
structed by concatenating two binary vectors, s;; and
s2:. The vector s; ; indicates whether each node cell
is selected for restoration at the current time step, while
s2,¢ indicates whether each node cell has already been re-
stored by time step t¢. Therefore, s; provides the decision
model with both the current restoration choice and the
accumulated restoration status of the distribution system.

* Action: The action vector a; € A represents the con-
trol action applied to the operable switches at time
step t. During DSR, the selected action determines
which switching operation is executed to maximize load
restoration while satisfying physical and operational con-
straints.

* Time horizon: The time horizon T defines the total num-
ber of decision-making steps in the restoration process.

* Return-to-go: The return-to-go (RTG) R, is defined as

T
Ry=> rj, e
j=t

which represents the cumulative reward from time step ¢
to the end of the restoration horizon. The immediate re-



Table 1: Definition of variables and parameters

The restored active-power reward is defined as

R (st,ay) (Z T tPl t) At. 3)
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By incorporating the node-cell representation, Eq. (3)
can be rewritten as

RA (st,at) <Z z; tPﬂ) At, )
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where mft denotes the energization status of node cell ¢,

and Plc; denotes the cumulative active power of the loads
within node cell <.

The voltage-violation penalty is defined as

RY (s,a;) = (Z x tVL’p> 5)

lec
where
Wi’p = max (0, Hl , — H™)+max (0, H™™ — HZL)t) .
(6)
where VlLt" is the voltage-violation penalty associated

with load [, H lLf is the squared voltage magnitude at the

corresponding node, and [H™™, H™#*] defines the al-
lowable squared-voltage range.

The source ramp-rate penalty is defined as

RP(spa))=— [ Y Spb | A (7
dgeé&

where

E,
st =max (0P~ PR -FE")
+ max (0, —P;Zmp — (ch,t - chbtfl)) .

where SCZ’_’Z penalizes source-output changes that exceed
the allowable ramping limit. Equivalently, the active-
power change Pf;t — Plf] .1 should remain within

St, S State at time step ¢, the state space
a. A Action at time step ¢, the action
b space
R Reward
P Transition probability
T Reward at time step ¢
T Time Horizon
L Set of all the loads
N Set of all buses
Set of all node cells, number of
a1cl node cells
E Set of all DGs (excluding PV
systems)
PV Set of all PV systems
Energization status of Load [ at
xft, mft time step ¢, energization status of
node cell 7 at time step ¢
Active power of Load [ at time step
t when restored, cumulative active
pL pC p power of all loads in node cell ¢ at
Lt> it T Lt | time step ¢ when restored, nominal
active power of Load [ at time step
t.
I Nominal Reactive power of Load [
Qs at time step ¢
pPV Available active power of PV pv at
pu,t time step t.
pE Active output power of DG dg at
dg,t time step t.
pramp Maximum absolute change of
dg active power settings of DG dg
1L Squared voltage magnitude of
Lt Load [ at time step ¢
Hmin, fmax Minimum and maximum squared
nodal voltage of Load [
vk Voltage penalty function of Load {
Lt at time step ¢
GE» Ramp rate penalty function of DG
dg,t dg at time step ¢
9 Learnable parameters for the
proposed HQ-PIDT

ward r; evaluates the effectiveness of taking action a; un-
der the observed state s;. It is designed to support the ob-
jective of maximizing load restoration over the time hori-
zon T while penalizing physical constraint violations.
Operational constraints are enforced separately through
an admissible-action checking function during decision
making. Specifically, the reward is formulated as

re = R (se, a0)+wp, RY (se, ) +wp, RY (se,a), (2)

where R{‘(st,at) is the restored active-power reward,
RY (s¢,a;) is the voltage-violation penalty, RE (s;,a;)
is the source ramp-rate penalty, and wp,, and w,,, are
weighting coefficients used to balance the penalty terms
with the restored-power objective.

[ P;;mp Pramp] )

* Operational feasibility: Operational constraints are en-
forced through an admissible-action checking function
during decision making. This function filters out switch-
ing actions that would violate operational requirements,
such as loop prevention or repeated restoration of the
same node cell. Therefore, the policy prediction is com-
bined with an action-feasibility check to ensure that the
executed restoration action remains operationally admis-
sible.

Proposed HQ-PIDT Architecture

The proposed hybrid quantum physics-informed decision
transformer (HQ-PIDT) is developed as an integrated frame-
work for sequential and constraint-aware DSR under time-
varying operating conditions and observation uncertainty.
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Figure 1: Overview of the architecture of our proposed HQ-
PIDT framework.

HQ-PIDT models restoration as a trajectory-conditioned de-
cision process over RTG, observed state, and action to-
kens, where the RTG encodes the physics-informed restora-
tion objective and the causal transformer captures tempo-
ral dependencies among switching decisions. Beyond this
decision-transformer formulation, HQ-PIDT redesigns the
attention pathway by introducing hybrid quantum projection
modules for query-key-value representation learning and
fidelity-based quantum similarity for attention-score com-
putation. This enables restoration contexts to be compared
through quantum-state-overlap-based representations while
preserving the autoregressive structure required for sequen-
tial decision making.

Hybrid Quantum Physics-informed Decision
Transformer Architecture for DSR

Figure 1 illustrates the overall architecture of the proposed
HQ-PIDT framework for DSR. As shown in the figure, HQ-
PIDT consists of three main components: an encoder that
maps trajectory elements into token embeddings, a hybrid
quantum (HQ) physics-informed causal transformer that
models temporal dependencies among restoration decisions,
and a decoder that maps transformer outputs to control ac-
tions applied to the operable switches.

The encoder takes a trajectory of RTG values, observed
states, and actions as input and maps them into token em-
beddings for the hybrid quantum causal transformer. At time
step t, the input trajectory is represented as

Ttk = {Rth, St—K,&t—K, - -
)
where K denotes the context length. Building on the DSR
formulation described previously, HQ-PIDT treats the RTG,
observed state, and action as distinct token types in the
restoration trajectory. The RTG token provides physics-
informed conditioning because it is computed from the re-
ward function, which incorporates the restored-power objec-
tive and physical-constraint penalties. The state and action
tokens encode the restoration context and previous switch-
ing decisions used for autoregressive action prediction.
The HQ physics-informed causal transformer is the cen-

SR, s, a1, Rtvst}a

tral sequence-modeling component of HQ-PIDT. As shown
in Fig. 1, it consists of a stack of HQ causal transformer
blocks. Each block preserves the residual and feed-forward
structure of a GPT-style causal transformer while incorpo-
rating the proposed hybrid quantum attention mechanism
into the attention pathway. The internal structure of each hy-
brid quantum causal transformer block is detailed in the next
subsection. This design allows HQ-PIDT to retain the au-
toregressive sequence-modeling capability of causal trans-
formers while using fidelity-based hybrid quantum attention
to capture restoration trajectory dependencies under obser-
vation uncertainty.

After the trajectory elements in 7y_ g, are projected into
the embedding space, the HQ causal transformer processes
the token sequence and produces contextualized trajectory
representations. The decoder then maps the transformer out-
put associated with the current decision step to the original
switching-action space. The resulting policy is represented
as

a; = o(T—K:t), (10)
where 7g denotes the policy parameterized by the proposed
HQ-PIDT model. During training, the decoder output is used
to compute the cross-entropy loss between the predicted
action distribution and the ground-truth action labels from
sampled offline restoration trajectories. During inference,
the predicted action is treated as the candidate switching ac-
tion and is combined with the admissible-action checking
function to ensure operational feasibility.

Hybrid Quantum Causal Transformer Block

We now introduce the hybrid quantum causal transformer
block used in the HQ physics-informed causal transformer.
The complete structure is shown in Fig. 2. The block follows
a pre-layer-normalized transformer architecture and consists
of a HQ multi-head self-attention module, residual connec-
tions, and a position-wise feed-forward network. The HQ
multi-head self-attention module is the key quantum com-
ponent of the block and is detailed in the next subsection.
Given an input sequence representation X € RBEXSXE
where B denotes the batch size, S denotes the sequence
length, and £ denotes the embedding dimension, the input
is first normalized and then passed through the hybrid quan-
tum self-attention module. A residual connection is applied
as

X = X + HQSA (LN, (X)), (11)

where HQSA(+) denotes the hybrid quantum self-attention
operation and LN;(+) denotes the first layer-normalization
operation.

A second layer-normalization operation is then applied
before the position-wise feed-forward network, followed by
another residual connection:

Y = X + MLP(LNy(X)), (12)

where Y is the output of the hybrid quantum causal trans-
former block. The feed-forward network follows a GPT-
style transformer block design and consists of a linear ex-
pansion from E to 4F, a GELU activation function, a linear
projection back to F, and dropout regularization.
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Figure 2: Architecture of the proposed HQ causal trans-
former block. The hybrid quantum multi-head self-attention
module is marked by dashed borders.

This design preserves the standard causal transformer
block structure while incorporating the proposed hybrid
quantum attention mechanism into the attention pathway. As
a result, the block remains compatible with autoregressive
sequence modeling and gradient-based training, while en-
abling fidelity-based hybrid quantum representation learn-
ing for restoration trajectories under observation uncertainty.

Hybrid Quantum Fidelity-Based Multi-Head
Self-Attention

This subsection details the hybrid quantum self-attention
operation HQSA(-) used in the HQ causal transformer
block. The attention mechanism is the central component
through which HQ-PIDT identifies relevant information
from a restoration trajectory. In dynamic and uncertain DSR
operational environments, system conditions may evolve
over time due to time-varying load demand and renewable
generation, while the measured or estimated system states
may also deviate from the true operating states due to sen-
sor noise, measurement errors, communication-induced data
corruption, or potential malicious data manipulation. These
factors make it challenging for a sequential decision model
to extract stable and informative trajectory features. To ad-
dress this challenge, we draw inspiration from the high-
dimensional Hilbert-space representations induced by pa-
rameterized quantum circuits, which provide a rich nonlin-
ear feature space for learning robust feature representations
from noisy and time-varying classical trajectory inputs.

As shown in Fig. 3, we integrate classical neural pro-
cessing and quantum circuit operations to realize a HQ-
classical multi-head self-attention module. The proposed
module follows the overall workflow of classical multi-
head self-attention, including query-key-value projection,
attention-score computation, attention-weight normaliza-

tion, and value aggregation. Within this hybrid workflow,
parameterized quantum circuits are embedded into both the
representation projection stage and the attention-score com-
putation stage. In the representation projection stage, clas-
sical trajectory features are processed through neural pre-
processing, parameterized quantum circuit evolution, quan-
tum measurement, and neural postprocessing to generate hy-
brid quantum query, key, and value representations. In the
attention-score computation stage, the query and key rep-
resentations are further encoded into quantum states, and
their fidelity is used to define the attention similarity. The
resulting fidelity scores are row-normalized to obtain atten-
tion weights, so that the attention weights are governed by
the overlap between encoded quantum states rather than by
classical dot-product similarity. These attention weights are
then applied to the value representations for weighted value
aggregation. In this way, HQ-PIDT learns trajectory repre-
sentations through a fidelity-based HQ attention mechanism
while remaining compatible with gradient-based training.

Hybrid Quantum Query-Key-Value Projection The
proposed HQ multi-head self-attention module introduces a
HQ-classical projection mechanism to enrich the represen-
tation projection stage. Specifically, classical token features
are first processed by neural preprocessing and then passed
through a parameterized quantum circuit (PQC), which con-
sists of angle encoding, trainable variational quantum trans-
formation, and Pauli-Z measurement. The measured quan-
tum features are then mapped through neural postprocessing
to generate the query (Q), key (K), and value (V') represen-
tations.

Let x € R%» denote the classical input vector associated
with one input token. The hybrid quantum projection mod-
ule maps x into an output vector in R%ut. To achieve this,
the module first performs preprocessing by applying a feed-
forward neural network (FEN) fp(+) to transform the input
vector into a vector whose dimension equals the number of
qubits.

zZ = fpre(X). (13)
The resulting vector is then bounded and rescaled into an

angle range (—m /2, w/2) so that each component can be in-
terpreted as a quantum rotation angle:

zZ= gtanh(z), (14)

where tanh(-) is applied element-wise. The bounded range
is important because each component of z is used as a rota-
tion angle in the quantum circuit.

Next, z is processed by the PQC. The PQC consists of
three main operations: angle encoding, trainable variational
quantum transformation, and Pauli-Z measurement. First,
z is encoded into a quantum state using angle encoding.
Specifically, each component z, is applied to the corre-
sponding qubit through a rotation around the Y -axis of the
Bloch sphere, as illustrated in Fig. 4. This process can be
represented as

6(x)) = Q) Ry (2,)0), (15)
r=1
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Figure 3: Overview of the architecture of the proposed hyrbid quantum fidelity-based multi-head self-attention. Dashed borders

indicate quantum circuit components or quantum modules.

where X) denotes the tensor product of single-qubit states,
and n, is the number of qubits. For a single qubit, the Ry
rotation is given by

cos(a/2)
sin(a/2)

—sin(a/2)

cos(a/2) (16)

Figure 4: Bloch sphere illustration of single-qubit angle en-
coding through rotation gates.

After angle encoding, the projection module applies a
trainable variational quantum transformation. In the imple-
mentation, this transformation is realized using L strongly
entangling layers. Each layer contains parameterized single-
qubit rotation gates, such as Rx, Ry, and Rz, together with
entangling gates, such as CNOT or CZ. Let © denote the
collection of trainable quantum parameters, the variational
transformation can be written as

[¥(x;0)) = Uslo(x)), (17)

where Ug denotes the quantum transformation parameter-
ized by ©. The strongly entangling structure enables inter-
actions among feature representations encoded across dif-

ferent qubits. The projection module then measures Pauli-
Z observables on each qubit. Each measurement produces
a scalar feature, resulting in an n;-dimensional real-valued
feature vector h = [hy, ho, ..., hy,]. For the r-th qubit, the
measured feature is

hy = (¥(x;0)|Zr[1h(x; ©)).

Finally, the measured quantum feature vector is passed
through a neural postprocessing network, y = fpost (). The
postprocessing network is implemented as a two-layer FFN
and maps the n;-dimensional measurement vector to the de-
sired output dimension, i.e., y € Rdeut . The resulting out-
put representations are then reshaped into multiple attention
heads for subsequent attention-score computation and value
aggregation.

The above formulation describes the hybrid quantum pro-
jection for a single input token. When the input is a sequence
tensor X € REXSxdin where B is the batch size and S is
the sequence length, the hybrid quantum projection module
applies the same preprocessing, PQC transformation, mea-
surement, and postprocessing procedure to each token. In
our implementation, the input tensor is first reshaped into
a flattened token batch for quantum-circuit evaluation and
is then reshaped back to recover the original batch and se-
quence dimensions. The resulting postprocessed representa-
tion has shape B X S X doyt.-

For the sequence tensor input X, three independent hybrid
quantum projection modules are instantiated to generate the
query, key, and value representations:

Q=2o(X), K=2ok(X),

where each projection module has its own neural preprocess-
ing parameters, variational quantum parameters, and neural
postprocessing parameters. The resulting Q, K, and V rep-
resentations each have shape B X .S X d, before multi-head

(18)

V=2ay(X), (19



reshaping. For H attention heads, each representation is then
reshaped as

dout
H

Through this hybrid quantum projection design, the pro-
posed attention module introduces quantum circuit dynam-
ics into the representation projection stage of multi-head
self-attention while preserving compatibility with gradient-
based neural-network training.

BxS8Xxdoyw—BxHXxSxD, D=

. (20)

Fidelity-Based Quantum Attention Scores After the
query, key, and value representations are generated, the pro-
posed module computes attention scores through a fidelity-
based quantum similarity mechanism. Specifically, the Q
and K representations generated by the hybrid quantum
projection modules are further mapped into parameterized
quantum states using differentiable quantum state encoders.
The overlap between the encoded query and key states is
then evaluated through quantum-state fidelity and used to
define the attention similarity. In this way, query-key rele-
vance is evaluated in a hybrid quantum representation space,
where attention scores are determined by quantum-state
overlap.

The differentiable quantum state encoder has a structure
analogous to the hybrid quantum projection module de-
scribed in the previous subsection, but it outputs a quantum
state rather than measured classical features. Specifically, for
a vector u € RP generated by the hybrid quantum projec-
tion module, where u denotes either a query or key represen-
tation from one attention head, the encoder first applies neu-
ral preprocessing and angle rescaling, following Eq. (14), to
obtain the corresponding angle vector z. The angle vector is
then processed by a state preparation circuit (SPC), where it
is encoded into a quantum state using angle encoding, as in
Eq. (15), and transformed by trainable variational quantum
layers, as in Eq. (17). The resulting quantum state is denoted
by |1 (u; 0)), where 6 represents the trainable parameters of
the quantum state encoder. For /V input vectors processed in
parallel, the encoder produces a complex-valued state-vector
tensor with shape IV x 22, where no is the number of qubits
used in the quantum state encoder.

In the proposed design, separate quantum state encoders
are used for the query and key representations. Given a query
vector q; from Q and a key vector k; from K, the corre-
sponding encoded quantum states are denoted by |1 (q;))
and |k (k;)), respectively. The attention similarity between
the two tokens is defined using quantum-state fidelity. The fi-
delity score is defined as the squared magnitude of the inner
product between two normalized quantum states:

Fy = |(Wola)lox(k))[*, i,j=1,2,....,5. @D
For normalized quantum states, I;; € [0, 1], where a value
close to 1 indicates that the encoded query and key states are
highly similar, while a value close to 0 indicates that they are
nearly orthogonal. In this way, the differentiable quantum
state encoders map classical query and key representations
into quantum states whose geometric overlap defines the at-
tention similarity. The resulting fidelity scores are then used
to compute the attention weights.

In this work, the fidelity scores are computed using
a quantum simulation backend with access to statevec-
tors, which enables direct evaluation of quantum-state over-
lap. On physical quantum hardware, full statevectors are
not directly observable. Therefore, implementing the same
fidelity-based attention mechanism on hardware would re-
quire overlap-estimation protocols, such as swap tests, de-
structive swap tests, or related fidelity-estimation circuits.

Attention-Weight Normalization and Value Aggregation
After the fidelity-based quantum attention scores are ob-
tained, they are normalized to produce attention weights.
Instead of applying a softmax function, the proposed mod-
ule uses row-wise normalization of the fidelity-score matrix.
This choice is motivated by the nature of quantum-state fi-
delity. For normalized pure quantum states, the fidelity score
can be interpreted as the probability of obtaining one quan-
tum state when the other state is measured in a basis con-
taining the target state. Therefore, the fidelity scores are al-
ready nonnegative, bounded, and overlap-based similarity
measures.

Applying a softmax function, as commonly done in stan-
dard scaled dot-product attention, would introduce an addi-
tional exponential transformation to these bounded similar-
ity values, which may alter their relative scale and weaken
their direct connection to quantum-state fidelity. In contrast,
row-wise normalization preserves the proportional relation-
ship among the fidelity scores while converting them into
valid attention weights that sum to one across the key po-
sitions. This choice allows the attention distribution to re-
main directly governed by the quantum-state overlap struc-
ture: tokens whose encoded quantum states have larger over-
lap receive proportionally larger weights, while dissimilar
or nearly orthogonal states contribute less. In this sense,
row-wise normalization provides a natural bridge between
the fidelity-based quantum similarity measure and the prob-
abilistic weighting required by the proposed HQ attention
mechanism.

For each attention head, let F € R%*“ denote the fidelity-
score matrix and A € R%*9 denote the corresponding
attention-weight matrix. The (¢, j)-th element of A is com-

puted as
F;;

>ouFie
When an attention mask is applied, masked positions are as-
signed zero similarity before normalization. The value ag-
gregation follows the standard multi-head self-attention op-
eration. The normalized attention-weight matrix is applied
to the value representation:

O=AV. (23)
The outputs from all attention heads are then concatenated

and passed through a final linear transformation to obtain the
output of the proposed HQ attention module.

Aij = (22)

Offline Training and Sequential Restoration
Inference

HQ-PIDT is trained using offline DSR trajectories. Each
trajectory consists of a sequence of RTG values, ob-
served states, and switching actions. These trajectories



can be generated from domain-expert restoration strate-
gies, optimization-based restoration solutions, or simulated
restoration rollouts. During training, minibatches of trajec-
tory segments with context length K are sampled from the
offline dataset and fed into HQ-PIDT. The model predicts
the switching action at each decision step, and the learnable
parameters are updated by minimizing the cross-entropy loss
between the predicted action distribution and the ground-
truth action labels. The overall training procedure is sum-
marized in Algorithm 1.

During inference, the trained HQ-PIDT model generates
switching actions sequentially. At each time step, the current
trajectory context is used to predict a candidate switching
action. The action is then checked by the admissible-action
function to ensure operational feasibility. After the action
is executed, the reward, observed state, and return-to-go are
updated, and the trajectory context is refreshed by keeping
only the most recent K time steps. The overall inference
procedure is summarized in Algorithm 2.

Algorithm 1: Training Procedure of HQ-PIDT

Initialize: Dataset D, HQ-PIDT model with learnable pa-
rameter #, sample size L, maximum number of episodes M,
and minibatch size b.
1: for episode m = 1to M do
2:  Sample a random minibatch B of b sequences of
length K from D.
3:  Obtain predictions using HQ-PIDT from the batch B.
4:  Calculate the cross-entropy loss between predicted
and ground-truth values of action in sequence.
5:  Update 6.
6: end for

During inference, the trained HQ-PIDT model generates
switching actions sequentially. At each time step, the current
trajectory context is used to predict a candidate switching
action. The action is then checked by the admissible-action
function to ensure operational feasibility. After the action is
executed, the reward, observed state, and RTG are updated,
and the trajectory context is refreshed by keeping only the
most recent K time steps. The overall inference procedure
is summarized in Algorithm 2.

Algorithm 2: Inference of the Trained HQ-PIDT Model

Initialize: HQ-PIDT model with trained parameter 6, initial

return-to-go Ry, and initial state of the distribution system

S0.

1: Set Rl — Ro,Sl < S0, T < (Sl,Rl)

2: fortimestept =1to7T — 1 do

3:  Obtaina; < HQ — PIDT(7) and r; < Ry(s¢,ay)

4:  Observe the next state sy after taking switching ac-

tion a;, and obtain Rt+1 — Rt — 7.

s: Append (ay, s;41, Riy1) to 7, and keep the last K
time steps of 7 (i.e., T <= T_ K¢ +1)-

6: end for

Performance Evaluation

In this section, we evaluate the performance of the pro-
posed HQ-PIDT framework using three distribution system
testbeds simulated in the Open Distribution System Simula-
tor (OpenDSS): the IEEE 13-node test feeder (IEEE 2014;
OpenDSS Project 2017), a modified IEEE 123-node test
feeder (IEEE 2014; Chen et al. 2019), and a modified Iowa
240-node test feeder (Bu et al. 2019; Ullah et al. 2025). To
assess its effectiveness in DSR tasks, we compare HQ-PIDT
with one DT-based baseline and two DRL baselines. The
DT-based baseline is the physics-informed decision trans-
former (PIDT) developed in our previous work (Zhao et al.
2024). PIDT is selected as the DT-based baseline because it
addresses the same DSR task using a physics-informed DT
structure, but does not include the proposed hybrid quantum
attention mechanism. The DRL baselines include Proximal
Policy Optimization (PPO) (Schulman et al. 2017) and Ad-
vantage Actor-Critic (A2C) (Mnih et al. 2016).

Table 2 summarizes the hyperparameters and model set-
tings used for HQ-PIDT, PIDT, PPO, and A2C. For A2C
and PPO, we use three-layer MLPs with a hidden-layer size
of 64. The PIDT, PPO, and A2C models, as well as the
classical components of HQ-PIDT, are implemented using
PyTorch. The quantum circuits and quantum operations in
HQ-PIDT are simulated using the PennyLane default qubit
device (Xanadu 2026).

Table 2: Hyperparameters and model settings used in imple-
mented methods.

Source A2C PPO PIDT HQ-PIDT
Number of PQC: 4
qubits used ) ) ) SPC: 3
Number of

strongly PQC: 1
entangling ) ) ) SPC: 1
layers
Number of
transformer - - 6 6
blocks
Number of
attention - - 8 8
heads
Transformer
embedding - - 128 128
dimension
Afctlva.t ton Tanh Tanh Tanh GELU/Tanh
unction
Optimizer | RMSprop| RMSprop| AdamsW | AdamsW
Discount | 4 g9 | .99 . .
factor

IEEE 13-Node Test Feeder

The system topology and its corresponding node-cell-based
graph representation are shown in Fig. 5 (a) and (b), respec-
tively. As illustrated in Fig. 5 (a), this system includes a sub-
station located at source bus 650, with Bus 670 that connects
with Bus 632.
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Figure 5: (a): The physical topology of the IEEE 13-node
test feeder; and (b): The node-cell-based graph representa-
tion of the IEEE 13-node test feeder.
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Figure 6: Learning curves for the average returns of the four
methods for the DSR operations in the 13-node test feeder.
The curves are updated every ten gradient updates.

In this test case, we use the energization-path version of
the operational constraints to study the DSR problem. Due to
the relatively simple topology of this test feeder, the ground-
truth energization path is determined as Node Cell 0 — Node
Cell 1 — Node Cell 3 — Node Cell 4. The correspond-
ing final restored power demand is 3006.509 kW, which is
used as the restoration objective. We set the time horizon
to T' = 10 for this test case. The evaluation results of HQ-
PIDT, PIDT, A2C, and PPO across 50 independent inference
trials are stated in Table 3. The methods are compared using
average return, standard deviation of returns (Std. Return),
and the number of optimal solutions (# Opt. Sols.). In addi-
tion, Fig. 7 presents the distribution of restored power levels
across the 50 independent trials, providing further insight
into the restoration performance of each method.

From Figs. 6 and 7 and Table 3, we can observe that,
during the learning process, our HQ-PIDT method shows
a faster convergence rate and achieves a higher conver-

Table 3: Performance comparison of HQ-PIDT, PIDT, A2C,
and PPO for the DSR operation in the IEEE 13-node test
feeder.

#
Average Std.
Method Retur%l Return Opt.
Sols.
A2C 26557.891 0.000 0
PPO 5771.989 396.000 0
PIDT | 24511.205 | 6416.281 | 42

HQ-
PIDT | 25294790 | 6070.172 | 44
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[0, 1000] [1000, 3006.509) 3006.509
Range of Final Restored Power (kW)

Figure 7: Distribution of power restoration levels across 50
independent inference trials using the four methods in the
13-node test feeder.

gence average return than the two DRL methods, while
showing similar convergence rate and similar convergence
average return than the PIDT method. However, our HQ-
PIDT method has more stable learning behavior than PIDT
method.

Additionally, from Figs. 7 and Table 3 we can observe that
A2C consistently converges to suboptimal solutions rang-
ing between 1000 kW and 3006.509 kW across the 50 tri-
als, while PPO shows convergence to suboptimal solutions
ranging below 1000 kW, and therefore fails to achieve any
optimal solutions in all 50 trials. Furthermore, when com-
paring HQ-PIDT and PIDT methods in the number of op-
timal solutions, we see that our HQ-PIDT method achieves
more optimal solutions than the PIDT method.

Modified IEEE 123-Node Test Feeder

The system topology and the corresponding node-cell-based
graph representation are shown in Fig. 8 (a) and (b), respec-
tively. As shown in Fig. 8(a), the modified IEEE 123-node
test feeder includes five energy sources: two substations lo-
cated at Buses 150 and 350, and three DGs located at Buses
95, 250, and 450. To evaluate the constraint-handling capa-
bility of the methods, we modify the operating capability of
the DG at Bus 250 so that it is allowed to fully energize only
Node Cells 2 and 3. If this DG attempts to energize any other
node cell beyond these two node cells, it is assumed to shut



down automatically, causing the voltage of the correspond-
ing energization branch to drop to zero. In this test case, the
time horizon is set to 7' = 50.
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Figure 8: (a): The physical topology of the modified IEEE
123-node test feeder; and (b): The node-cell-based graph
representation of the modified IEEE 123-node test feeder.

The total load demand of the system is approximately
3350 kW when all loads are properly energized, which is
used as the restoration objective. The learning curves over
the first 2000 gradient updates for HQ-PIDT, PIDT, A2C,
and PPO are shown in Fig. 9. Further evaluation results
across 50 independent inference trials are presented in Ta-
ble 4. In these evaluations, we adopt five metrics: aver-
age return, standard deviation of returns (Std. Return), av-
erage power restoration (APR), standard deviation of power
restoration (SDPR), and the number of optimal solutions (#
Opt. Sols.). As shown in Fig. 9, for the modified IEEE 123-
node test feeder with a more complex and larger-scale topol-
ogy, HQ-PIDT achieves a convergence behavior comparable
to PIDT, although both DT-based methods converge more
slowly than the two DRL baselines during early training.
However, the final inference results in Table 4 show that the
proposed HQ-PIDT achieves substantially more optimal so-
lutions than PIDT, PPO, and A2C across the 50 independent
trials.

As shown in Fig. 9, for the modified IEEE 123-node test
feeder with a more complicated and larger-scale topology,
our method has convergence speed comparable to the PIDT,
even though our method shows slower convergence speed
to the two DRL methods. Despite the convergence speed,

Average Return

=6 — n2c
PPO
=71 — PIDT
—— HQ-PIDT
g4 | | | | | | ;
0 25 50 75 100 125 150 175 200

Gradient Updates (x10)

Figure 9: Learning curve for the average return of the first
2000 gradient updates using the four methods for the DSR
operations in the modified 123-node test feeder. The curves
are updated every ten gradient updates and smoothed using
a moving average window of five data points.
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Figure 10: Distribution of power restoration levels across 50
independent trials using the four methods in the modified
123-node test feeder.

from Table 4, our proposed HQ-PIDT achieves much more
optimal solutions in 50 independent trials than PIDT, PPO
and A2C.

Table 4: Performance comparison between the four methods
for the DSR operation in the modified IEEE 123-node test
feeder.

#
Average APR SDPR
Method Return Std. Return (kW) (kW) ;)0[;:

A2C 45260.175 836.397 910.083 | 17.069 | 0
PPO 21079.395 12362.029 | 531.343 |309.130| O
PIDT 158639.402 | 11846.575 |3227.241|227.081| 24
HQ-
PIDT 162326.169 7852.889 [3309.601 | 160.290| 47

Furthermore, Fig. 10 provides additional insight into the
simulation results shown in Table 4 by illustrating the distri-



bution of final restored power levels across 50 independent
inference trials. The proposed HQ-PIDT achieves optimal
power restoration in almost all trials. In contrast, A2C pre-
dominantly produces solutions below 1000 kW, while PPO
mainly produces solutions below 1000 kW and only occa-
sionally reaches the range between 1000 kW and 2000 kW.
PIDT performs substantially better than the two DRL base-
lines, with most of its solutions falling in the range between
3000 kW and 3350 kW. However, compared with PIDT, HQ-
PIDT achieves more solutions in the near-optimal range be-
tween 3300 kW and 3350 kW. These findings highlight the
advantage of the proposed hybrid quantum attention mech-
anism in improving restoration performance, enabling HQ-
PIDT to achieve more reliable near-optimal restoration out-
comes than PIDT and substantially outperform the two DRL
baselines on the modified IEEE 123-node test feeder.

Modified Iowa 240-Node Test Feeder

The system topology and the corresponding node-cell-based
graph representation are shown in Fig. 11 (a) and (b), respec-
tively. As shown in Fig. 11 (a), the modified Iowa 240-node
test feeder includes five energy sources: one substation lo-
cated at the source bus and four battery energy storage sys-
tems (BESSs) located at Buses 1009, 3030, 2027, and 3082.
This modified system also includes four solar PV systems,
with each BESS paired with one PV system.

Unlike the IEEE 13-node and modified IEEE 123-node
test feeders, which only contain static loads and DGs, the
modified Iowa 240-node test feeder includes hourly profiles
for both loads and PV generation. Therefore, both power de-
mand and available PV generation vary over the restoration
horizon. This dynamic setting provides a more realistic test
case for evaluating the ability of HQ-PIDT to handle input
uncertainty and time-varying operating conditions. Due to
this temporal variability, the total restorable power cannot
be represented by a single fixed value unless the restoration
horizon, time interval between time steps, and starting time
are specified. Therefore, as the base case, we set the time
horizon to T' = 20, the starting time to the 1st hour of the
profiles, and the time interval between two consecutive deci-
sion steps to 1 hour. Under this setting, the final total restored
power is approximately 1565 kW.

The learning curves over the first 4000 gradient updates
for HQ-PIDT, PIDT, A2C, and PPO are shown in Fig. 12.
Additional evaluation results across 50 independent infer-
ence trials are presented in Table 5. As shown in Fig. 12,
HQ-PIDT achieves faster convergence than the two DRL
baselines and exhibits convergence behavior comparable to
PIDT. The results in Table 5 further show that HQ-PIDT
achieves substantially more optimal solutions than the two
DRL baselines and a higher number of optimal solutions
than PIDT. Furthermore, Fig. 13 provides additional insight
into the simulation results reported in Table 5 by illustrating
the distribution of final restored power levels across 50 inde-
pendent inference trials using the four methods. HQ-PIDT
and PIDT both produce restoration solutions in the near-
optimal range of 1550-1600 kW in most trials. Compared
with PIDT, HQ-PIDT achieves more solutions in this near-
optimal range. In contrast, A2C consistently produces solu-
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Figure 11: (a): The physical topology of the modified lowa
240-node test feeder; and (b): The node-cell-based graph
representation of the modified Iowa 240-node test feeder.
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Figure 12: Learning curve for the average return of the first
5000 gradient updates using the four methods for the DSR
operations in the modified Iowa 240-node test feeder. The
curve is updated per ten gradient updates and is smoothed
using moving average per 10 data points.
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Figure 13: Distribution of power restoration levels in the 50
independent trials using the three methods, respectively, in
the modified Iowa 240-bus test feeder.

tions below 500 kW, while PPO mainly produces solutions
below 500 kW and occasionally reaches the 500-1000 kW
range. These findings highlight the effectiveness of HQ-
PIDT on the dynamic Iowa 240-node test feeder, where it
maintains strong restoration performance and achieves more
reliable near-optimal restoration outcomes than PIDT while
substantially outperforming the two DRL baselines.

Table 5: Performance comparison between the four methods
for the DSR operation in the modified Iowa 240-Node test
feeder under the base case.

1. Case 1: Load demand uncertainty modeled by Eq. (24)
with ¢t = 0 and o = 0.20.

2. Case 2: Load demand uncertainty with ¢ = 0 and 0 =
0.20, together with PV generation uncertainty modeled
by Eq. (25) with ¢ = 0 and o = 0.05.

3. Case 3: PV generation uncertainty is kept at 4 = 0 and
o = 0.05, while load demand uncertainty is modeled
with ¢ > 0 and o = 0.05.

For these uncertainty scenarios, the starting time is changed
to the 9th hour of the profiles, and the time interval between
consecutive decision steps is set to 15 minutes while keep-
ing the time horizon at 7' = 20. Cubic spline interpolation
is applied to generate smoother transitions between hourly
load and PV profiles.

Table 6 reports the evaluation results for the three addi-
tional uncertainty scenarios, with each case tested across 50
independent inference trials. Since PIDT is the closest DT-
based baseline, we compare HQ-PIDT with PIDT to eval-
uate the effect of the proposed hybrid quantum attention
mechanism under observation uncertainty. Across all three
cases, HQ-PIDT achieves a higher number of optimal solu-
tions than PIDT. These findings highlight the effectiveness
of the proposed hybrid quantum attention mechanism in im-
proving restoration success in uncertain DSR operational en-
vironments.

Table 6: Performance comparison between HQ-PIDT and
PIDT for the DSR operation in the modified Iowa 240-Node
test feeder under three additional uncertainty scenarios.

¥
Average Std. APR SDPR

Method | "poturn | Return | (kW) | (kW) gﬁ:
A3C | 2775228 | 0000 | 156361 | 0.000 | 0
PPO | -33967.531 | 70725.625 | 387470 | 182.802] 0
PIDT | 21375.150 | 9319341 | 1534.477] 65.840 | 30
HO-
PIbr | 21433.040 | 9478.040 | 1528882 88.445 | 41

Moreover, we further evaluate the ability of HQ-PIDT
to handle observation uncertainty during inference. Specif-
ically, uncertainty is introduced into load demand and PV
generation measurements to emulate noisy observed inputs.
The uncertainty models are defined as follows.

» Gaussian noise is introduced into the active and reactive
power of all loads in the system:

obs _ ptrue

Pl,t =t (1+e),
obs _ Mtrue
L= QL+ e,

where €, ; ~ N (u,0?),and [ € L;
¢ Gaussian noise is introduced into the available active out-
put of all PV systems. Mathematically,

PVobs _ pPV,true
PPU,t - va,t (1 + €pv,t)a

where €, + ~ N (i, 0?), and pv € PV.
Based on these uncertainty models, we define three addi-

tional scenarios to evaluate the robustness of HQ-PIDT un-
der observation uncertainty:

(24)

(25)

Case 1
#
Average Std. APR SDPR
Method | ‘peturn | Return | (kW) | (kW) (s)(f;:
PIDT | 24749.777 | 1011.019 |1385.922| 50.097 | 41
HQ-
PIDT 24957.844 | 1910.380 |1373.725| 74.542 | 43
Case 2
#
Average Std. APR SDPR
Method | pojurn | Return | (kW) | (kW) g{ﬁz
PIDT | 24744.385 | 1060.829 |1386.055| 46.061 | 41
HQ-
PIDT 24938.649 | 1905.889 |1377.095| 82.171 | 43
Case 3
#
Average Std. APR SDPR
Method Return Return (kW) (kW) g(ﬂ;
PIDT 26777.291 | 3222.052 |1524.640 | 48.931 | 41
HQ-
PIDT 26185.060 | 2000.137 |1445.945| 85.729 | 43




Conclusions

This paper proposed HQ-PIDT, a hybrid quantum physics-
informed decision transformer for constrained distribution
system restoration under time-varying operating conditions
and observation uncertainty. The main methodological con-
tribution is a hybrid quantum fidelity-based multi-head self-
attention mechanism. Instead of relying solely on classical
query-key-value projection and dot-product attention, HQ-
PIDT embeds parameterized quantum circuits into the repre-
sentation projection stage and uses quantum-state fidelity to
compute attention similarity between encoded query and key
representations. This design enables restoration trajectory
contexts to be represented and compared using quantum-
state overlap while preserving the autoregressive structure
and gradient-based trainability of causal transformers.

Evaluations on three distribution-system test feeders show
that HQ-PIDT achieves more reliable optimal or near-
optimal restoration outcomes than a physics-informed DT
baseline and two DRL baselines under constrained, dy-
namic, and noisy-input scenarios. These findings high-
light the potential of hybrid quantum attention to enhance
decision-transformer-based DSR in dynamic and uncer-
tain operational environments. Future work will investigate
larger-scale DSR systems, additional sources of observation
and communication uncertainty, hardware-aware implemen-
tations of the fidelity-based attention mechanism, and ex-
tensions of HQ-PIDT to other sequential decision-making
problems in power system operations.
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