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The Digital Involute: A Discrete Alignment Method for the Inverse Involute Function
Dianzhang Chen

Abstract
Conventional methods for solving the inverse involute function rely on iteration or series expansion,
suffering from initial-value sensitivity, piecewise stitching, and multi-precision simulation that cannot be
physically reproduced on finite-word-length hardware. This paper presents the digital involute: taking the
curvature-domain involute equation 1/tana = 1/(k + a)as the mathematical ontology and the alignment
equation U(1 + UK) = Das the engineering form, the alignment projection onto IEEE 754 hardware—
discretization—is completed, with the terminal state being the smallest hardware-resolvable discrete
coordinate.
A fixed-sequence elementary chain (double-precision engineering chain and quad-precision reference
chain) is given for directly generating the polar coordinates (8, p)of an involute tooth profile for a given
roll angle k = tan a — a. The chain involves no branching, iteration, truncation, or artificial threshold,
requires no external reference, applies globally, has deterministic latency (one arctan, one tan), and its
precision is bounded solely by floating-point rounding. The forward-substitution test 1/tana & 1 /(k +
a) = 0 locks the unique terminal state via the hardware zero flag.
Under double precision, error spectra show: the true-alignment output a is always locked within the
hardware neighborhood, with the reference error entering the 10~ 1°rad level for k > 10~*and a deep-
zero-domain neighborhood radius peak of approximately 2.1 X 10~3rad; the enhanced rapid-calculation

W reaches the hardware limit for k < 0.36(a < 52°), with a global maximum error relative to the high-



precision reference truth of approximately 6 x 10~12rad; the lightweight rapid-calculation M is better
than 5 x 10~ %rad for k < 15(a < 86°), covering industrial control requirements.

The digital involute is a discrete projection point sequence of the theoretical involute onto the floating-point
grid, and can serve as a digital reference path for gear design, manufacturing, and metrology, independent
of physical generating chains.

Keywords: digital involute, curvature-driven, alignment equation, hardware projection, discretization,
digital reference, CNC
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  1 /  tan ⁡  a = 1 /  ( k + a )


  U  ( 1 + U K ) = D


  k =  tan ⁡  a − a
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  k =  tan ⁡  a − a
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  1 /  tan ⁡  a = 1 /  ( k + a )


  U  ( 1 + U K ) = D


    k =  tan ⁡  a − a


  𝜃 = k ,     𝜌 =   r  b    1 +    ( k + a ) 2 ,      ( 1 )


    a  


  C =  ( 0 . 6 + 0 . 08  k ) k +   3 k   3 ,     G =   a r c t a n ⁡  C ,     P = k + G ,     D = 1 / C − 1 / P ,      ( 2 )


  A = G + D −     D 2  P ,     a = A +  1    t a n ⁡  A −  1  k + A ,      ( 3 )


  A = G + D −     D 2  P ,     a = A +  1    t a n ⁡  A −  1  k + A ,      ( 3 )


  A = G + M


  M = D −   D 2 / P


  k > 0
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  2 . 1 ×  10  − 13 r a d


  k ≈ 2 ×  10  − 8


  k >  10  − 4


  2 ×  10  − 15 r a d
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  a ≈ A


  2 ×  10  − 8 r a d


   10  − 6 < k < 0 . 36


  2 . 17 ×  10  − 11 r a d
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   10  − 6 r a d


  A = G +   D 3  (  4  1 +  1 + 4 D / P +  1  1 + D / C ) ,     d =  1    t a n ⁡  A −  1  k + A ,     a = A +   d  1 + d /  ( k + A ) ,      ( 4 )


  A = G + W


  W =   D 3  (  4  1 +  1 + 4 D / P +  1  1 + D / C )
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   10  − 33 r a d
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  a ≈ A


  A


  6 ×  10  − 12


   10  − 6 < k < 0 . 36


  8 ×  10  − 15
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    a ⇒ A → d → a


   tan ⁡  a − a − k = 0


   ( 0 , 𝜋 / 2 )


  𝔽


  𝔽
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  1 /  tan ⁡  a ⊖ 1 /  ( k + a ) = 0


  C = 0 . 68 k +   3 k   3 + 0 . 08  (  k − 1 ) k


  1 / C


  G =   a r c t a n ⁡  C


  P = k + G


  D = 1 / C − 1 / P


  0 . 68 =  ( 0 . 6 + 0 . 08 ) ≈ 2 / 3


  U


  A = G + U


  1 / c = 1 /   t a n ⁡  A


  p = k + A


  1 /   t a n ⁡   ( G + U ) = 1 /  ( k + G + U )


  D


  U =   D  1 + U / P −   R +  ( 1 +  1  C   t a n ⁡  A ) ,       R + =   t a n ⁡  U − U = O  (   U 3 )


    R +


  𝑼 +   𝑼  𝟐 / 𝑷 ≃ 𝑫


  U = D /  ( 1 + D / P )


  基 本 归 正   𝟏  𝑼 −   𝟏  𝑫 =   𝟏  𝑷 ,     调 制 路 径  1  U −  1  D = K ≃  1  T


  K = 𝜆 / P +  ( 1 − 𝜆 ) / C


  T = 𝜆 P +  ( 1 − 𝜆 ) C


  𝜆 ∈ [ 0 , 1 ]


    T  U = P ,       T  M = P − D ,       T  V = P  ( 1 +  1 + 4 D / P ) / 2 ≈ P + M ,       T 0 = C .


  U ≃   D  1 + D K ≃   D  1 + D / T ≃ D  [   𝜆  1 + D / P +   1 − 𝜆  1 + D / C ] ,     V =   D  1 + D /   T  V ≈ D  [   𝜆  1 + D /   T  V +   1 − 𝜆  1 + D / C ] ,


  U ≃   D  1 + D K ≃   D  1 + D / T ≃ D  [   𝜆  1 + D / P +   1 − 𝜆  1 + D / C ] ,     V =   D  1 + D /   T  V ≈ D  [   𝜆  1 + D /   T  V +   1 − 𝜆  1 + D / C ] ,


  U =   D  1 + D / P ≈ 轻 量 M = D  ( 1 −   D  P ) ,     增 强 W =   D 3  [  4  1 +  1 + 4 D / P +  1  1 + D / C ] = M + O  (   D 3 ) .


  U =   D  1 + D / P ≈ 轻 量 M = D  ( 1 −   D  P ) ,     增 强 W =   D 3  [  4  1 +  1 + 4 D / P +  1  1 + D / C ] = M + O  (   D 3 ) .
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  a = A + u


  1 /   t a n ⁡  a


  1 / ( k + a )


    d = 1 /   t a n ⁡  A − 1 /  ( k + A )


  d


  基 本 归 真   𝟏  𝒖 −   𝟏  𝒅 =   𝟏  𝒑 ,     u =   d  1 + d / p = d + O  (   d 2 )


    1 /  tan ⁡  a − 1 /  ( k + a ) ≲   𝜀  mach


  𝜹 𝝆 / 𝝆 = 𝑷 𝜹 𝒂 = 𝜹 𝒌 / 𝑷 ∼ 𝒖 𝒍 𝒑 .
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   ( A = 𝑮 + 𝑼 ) ≈


   ( 𝑨 = 𝑮 + 𝑴 ) ≈


   ( 𝑨 = 𝑮 + 𝑫 )
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  k ∈  [   10  − 15 ,   10 15 ]
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   (  𝜃 ,  𝜌 )


   10  − 15


   10  − 33


  k → C → G → D → U  | M | W → A → c → d → u → a → 𝜌


  𝛼 →  tan ⁡  𝛼 → k

