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Abstract 024

Laminate optimisation is a key route to improved composite structures, linking 025

material choice, fibre orientation and stacking sequence to structural perfor- 026

mance and manufacturability. Using this design freedom to optimise local 027

interlaminar-stress severity directly is much harder, since the governing stress 028

field is three-dimensional, highly localised and costly to resolve accurately. 029
This paper presents a coupled discontinuous Galerkin (DG) finite-element and

Bayesian optimisation (BO) framework for treating local interlaminar-stress 030

y p g

severity as the optimisation objective itself. Candidate laminates are chosen from 031

a finite material-and-fibre-angle library and evaluated with a full 3D DG finite- 032

element solver, whose high-aspect-ratio meshes are central to the efficiency of the 033

optimisation framework: they concentrate refinement around monitored stress 034

regions and resolve the local three-dimensional stress fields without requiring 035

fine elements throughout the surrounding domain. Scalar patch objectives are 036

constructed from the resolved interlaminar normal and shear stresses, including 037

hardmax, smoothmax and monotonic power/log transforms, to test how objec- 038

tive representation affects BO performance without changing the underlying 039

candidate laminate set. Benchmarks are straight free-edge and corner-stressed 040

rectangular-cutout laminates. Against a matched genetic-algorithm (GA) base- 041
line, BO consistently gives higher exact-optimum reliability and better final

ranks. In the free-edge benchmark, the best transformed objectives identify the 042

optimum in every run; GA needs 7 times more evaluations and 6.7 times longer 043

mean time to identify the same optimum. In the cutout benchmark, BO finds 044

045
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the optimum after sampling only about 1.2% of the feasible space; GA needs 8
times more evaluations and 7.5 times longer mean time to do so.

Keywords: Composite laminates, Laminate optimisation, Interlaminar stress,
Bayesian optimisation, High-fidelity optimisation, Discontinuous Galerkin

Article Highlights

® High-aspect-ratio discontinuous Galerkin meshes make local interlaminar-stress
optimisation practical.

® Bayesian optimisation finds exact optima with up to 8 times fewer laminate
evaluations than genetic algorithms.

® Bayesian optimisation found the cutout optimum in 10/10 runs after sampling only
1.2% of the design space.

1 Introduction

Composite laminate optimisation is central to exploiting anisotropy rather than merely
accommodating it: ply materials, fibre directions and stacking order can be chosen
to tune stiffness, strength, buckling resistance, dynamic response and manufactura-
bility within the same structural envelope. This same design freedom also makes
laminate optimisation a demanding search problem. The mechanical response of a
laminate is governed by both the properties of the constituent plies and the laminate
architecture, including ply order, fibre orientation, thickness and material assign-
ment through the laminate thickness. Laminate design therefore naturally leads to
a discrete or mixed discrete-continuous optimisation problem in which many stack-
ing sequences may satisfy the same design rules while producing markedly different
structural responses. The difficulty of searching this stacking-sequence space was recog-
nised early in genetic algorithm (GA) studies, where ply orientations and ply order
were treated directly as optimisation variables. Later reviews show that the same
challenge persists across constant-stiffness, variable-stiffness and nonconventional lam-
inate design: the feasible space is large, non-convex and often contains many designs
with similar performance [1, 8, 20, 21]. The design-variable choice therefore shapes
the optimisation problem itself: lamination parameters, ply-count variables, angle sets
and direct stacking-sequence descriptions each expose a different representation of the
same laminate-design space [35]. Such design representations make the search space
more tractable. In practice, this is often paired with reduced-order models and global
response measures, which further reduce cost but limit direct access to more local
response quantities, such as three-dimensional stress fields.

This compromise is particularly visible in large-scale laminate design workflows,
where the full stacking space is rarely searched directly. Instead, the optimisation is
often decomposed into a reduced continuous problem followed by a discrete stack-
recovery or blending step [29, 39]. Lamination parameters provide one such route,
replacing the ply-by-ply stacking description with stiffness-space variables that are



smoother and lower-dimensional, but that must later be converted into manufacturable
stacking sequences [1, 35]. The same separation between continuous target design
and discrete layup recovery appears in workflows based on generic stacks, where a
gradient-based sizing step defines target thickness and stiffness distributions that are
then matched by mixed-integer stacking and blending optimisation to obtain manufac-
turable layups for large aerospace structures [39]. Stacking sequence tables and their
recent extensions similarly encode ply continuity, ply drops and regional thickness
changes in a way that reduces invalid designs and improves the efficiency of variable-
thickness optimisation [41]. By using compact laminate representations together with
response quantities that are cheap to compute, these strategies make the search com-
putationally feasible for global or structural-level objectives such as stiffness, buckling
load or weight. Their limitation appears when the objective is governed by local three-
dimensional stress concentrations, where the relevant quantity cannot be captured
reliably by reduced laminate or plate-level response measures. In that case, the stress
field must be evaluated within the optimisation itself, rather than inferred after the
stack has already been selected [23, 29, 39].

Alongside these design-space reductions, a large body of work has focused on the
search algorithm itself. GA-based methods provided an early and influential route
for exploring stacking-sequence spaces [8], and later studies introduced specialised
deterministic and metaheuristic searches to improve scalability, diversity and conver-
gence. For example, fractal branch-and-bound methods exploit lamination-parameter
structure to prune large parts of the stacking-sequence tree, beam-search strategies
retain only promising partial layups when many plies are involved, and adaptive
harmony search provides another population-based alternative for discrete laminate
design [14, 26, 51]. These methods are valuable because they address the combinatorial
nature of stacking directly, rather than replacing ply order with a purely continu-
ous approximation. However, their practical performance is closely tied to the cost of
evaluating each candidate design. In many benchmark problems, the objective can be
evaluated from analytical or reduced-order structural models. Under those conditions,
thousands of candidate stacks can be searched at acceptable cost. The same strategy
becomes much less attractive when each candidate requires a high-fidelity analysis,
for example to resolve a three-dimensional stress field. In that case, the limiting factor
shifts from the search algorithm alone to the coupled cost of search and analysis.

Where greater physical realism is needed, finite-element analysis has become a
natural partner for laminate optimisation, because it can represent more realistic
structural geometries, boundary conditions, load paths and failure measures than
closed-form laminate calculations. In aerospace-scale applications, for example, multi-
laminate wing-box optimisation has been coupled directly to Abaqus shell models,
but the finite-element solution was reported to dominate the computational time and
required hundreds of analysis submissions [48]. Other studies have improved tractabil-
ity through strategies such as global-local submodelling, analytical sensitivities and
gradient-based solvers. For example, global shell models can be combined with local
shell submodels to evaluate selected responses more efficiently [42], while interior-
point optimisation has been shown to reduce the number of Abaqus buckling analyses
compared with population-based GA or differential-evolution searches [38]. Similarly,
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fatigue-driven local damage measures can be incorporated through aggregation, scal-
ing and adjoint sensitivities in equivalent-single-layer shell optimisation [22]. Together,
these developments show that once laminate optimisation is coupled to finite-element
analysis, the cost of repeated structural evaluations becomes a central limitation. At
the same time, the analysis models used to manage this cost are still predominantly
shell, plate, equivalent-single-layer or shell-based global-local formulations. They are
valuable for structural-level responses, but they do not provide the resolved through-
thickness stress description needed for direct interlaminar-stress objectives. This leaves
a need for an analysis model that retains three-dimensional stress resolution while
remaining efficient enough for repeated optimisation calls.

One response to this cost bottleneck has been to replace repeated direct analyses
with surrogate or machine-learning models. Early work on stacking-sequence opti-
misation used local regression response surfaces inside a GA so that only selected
candidates required full structural evaluation [27]. Two-level approximation strategies
extended this idea by building approximate structural responses from a limited num-
ber of finite-element and sensitivity analyses, allowing genetic search or sizing steps to
proceed without calling the full solver at every candidate [4, 9]. More recent work has
used machine-learning surrogates in a similar spirit: artificial neural networks trained
on Abaqus buckling data have been used to replace repeated shell eigenvalue analyses
during laminate weight optimisation [28], while random-forest models trained from
validated impact simulations have been used to support multi-objective optimisation
of nonconventional ply angles [10]. Taken together, these studies show that surrogate
assistance can reduce repeated solver calls once a sufficiently informative surrogate
model is available, a trend also reflected in broader reviews of machine learning in
laminated composites [50]. For the present class of objectives, however, building that
surrogate model is itself costly, because each training label requires a resolved three-
dimensional stress analysis, and a substantial number of such labels may be needed
before the model can reliably rank candidates in a large discrete stacking space.

This shifts the cost problem to the data acquisition stage: the optimiser must decide
which high-fidelity analyses are worth performing. Sequential surrogate-based opti-
misation addresses this by updating a surrogate as new data are acquired. Bayesian
optimisation (BO) gives this process an acquisition-driven form, in which the prob-
abilistic surrogate quantifies both predicted performance and uncertainty, and the
acquisition rule uses this information to choose the next high-fidelity evaluation [16].
This makes BO especially well suited to discrete or mixed laminate-design problems
with expensive high-fidelity evaluations, because it can build the surrogate during the
search rather than requiring a costly offline surrogate model in advance [53]. This logic
has already been demonstrated for laminate stacking selection: a Gaussian-process
BO framework was coupled to a three-dimensional progressive-damage finite-element
model to improve open-hole tensile strength, with the acquisition process reducing
the need for blind exploration of the stacking space [11]. BO has also been developed
for categorical and integer-valued variables, which is directly relevant when material
choices and fibre-angle libraries are treated as discrete design inputs [18]. Together,
these studies establish BO as a credible tool for expensive laminate-design problems,
but they also show that acquisition-driven sampling solves only one side of the cost



problem. For local objectives that require full three-dimensional stress resolution,
practical optimisation also needs an evaluator that is accurate enough to resolve the
relevant response and efficient enough to be called repeatedly. The remaining need
is therefore to pair BO’s sample-efficient search with an analysis model tailored to
accurate, repeated evaluation of local three-dimensional response quantities.

The need for such an analysis model becomes clearest when the optimisation
objective is connected to interlaminar stress, delamination, ply drops or free-edge
effects. These phenomena are local and three-dimensional by nature, so they are diffi-
cult to represent using the same reduced models that make global stack optimisation
efficient. In blended laminates, ply drops are recognised as sources of out-of-plane
stress concentration and possible delamination, yet optimisation frameworks based
on stacking sequence tables typically manage this risk through blending and design
rules rather than by computing the local interlaminar stress field [23]. Similarly,
progressive-damage optimisation of composite tubes can include material degradation
in a finite-element loop, but shell and plane-stress assumptions remain limiting when
out-of-plane shear or delamination-dominated failure mechanisms are important [2].
Multi-scale stiffened-panel design offers another instructive example: economical shell
models can drive the optimisation, while refined layer-wise analysis is used only after-
wards to examine transverse stresses that were absent from the optimisation objective
[33]. Experimental and numerical studies of variable-thickness or unconventional lam-
inates reach a similar conclusion, identifying local ply-drop effects or local criteria
beyond global buckling as important but too costly to resolve directly during optimisa-
tion [13, 34]. This cost barrier is also explicit in gradient-based laminate optimisation,
where higher-order shells or 3D finite elements are recognised as necessary for out-of-
plane failure effects but generally considered too expensive for routine optimisation
[49].

Recent optimisation frameworks show how far the field has progressed toward scal-
able, manufacturable and industrially relevant laminate design. For aircraft wing skins,
for example, two-stage workflows can first optimise continuous sizing and stiffness tar-
gets, and then use generic stacks and mixed-integer programming to convert those tar-
gets into blended ply-by-ply layups for large structures [40]. A related mixed-variable
framework applies the same manufacturability-driven logic to both conventional lam-
inate stacks and Double-Double layups, using bi-level outer approximation to select
layups from catalogues while enforcing manufacturing compatibility, drop-off and vari-
ability controls for industrial panel and spar designs [17]. Variable-stiffness design
has progressed along a complementary path, using level-set towpath descriptions to
produce manufacturable fibre steering under automated-fibre-placement constraints,
while gradient-based optimisation minimises smooth aggregations of Tsai-Hill/Tsai-
Wu failure indices within a classical plate-theory framework [15]. Taken together,
these examples and broader reviews of high-fidelity and metamodel-based laminate
optimisation show that modern laminate design pipelines have become increasingly
sophisticated in coupling search efficiency, manufacturability and structural perfor-
mance [24]. The remaining gap is more specific: the response models used in these
pipelines are still predominantly classical laminate theory, shell/plate, global finite-
element, reserve-factor, failure-index or industrial sizing/certification analyses. They
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therefore advance manufacturable laminate optimisation, but do not provide a com-
pact optimisation loop in which the objective itself is a resolved local three-dimensional
interlaminar-stress field.

Taken together, the literature shows substantial progress on each part of the lam-
inate optimisation problem. Stacking-sequence design has been studied as a discrete
and mixed-variable search problem; manufacturability has been addressed through
lamination parameters, generic stacks, blending rules and stack-recovery methods;
finite-element models have been coupled to optimisers for more realistic structural
responses; and surrogate, metamodel and Bayesian strategies have been introduced to
reduce the number of expensive evaluations [11, 15, 17, 24, 40]. At the same time, the
papers concerned with ply drops, out-of-plane failure and local interlaminar effects
show why such stresses are difficult to include in this same loop: resolving them requires
a local three-dimensional stress description, while repeated high-fidelity evaluations
can make direct stack search impractical [13, 49]. The remaining need is therefore
not a generic laminate optimiser, nor a generic high-fidelity analysis, but a framework
in which the analysis model and the optimiser are matched to the same local stress
objective. Against this background, the present work combines an efficient full 3D dis-
continuous Galerkin (DG) finite-element formulation [37] with BO. The DG evaluator
is the analysis-side enabler: by allowing high-aspect-ratio elements, it can concentrate
small, locally refined elements around regions where three-dimensional interlaminar
effects are important and keep the mesh coarse elsewhere, substantially reducing the
element and degree-of-freedom count while retaining accurate resolved local stress
information. BO provides the sample-efficient sequential decision layer, using previ-
ous evaluations to decide which discrete laminate should receive the next high-fidelity
analysis. It therefore avoids the many population-level objective queries typical of evo-
lutionary search, as well as the large and costly upfront training datasets required
by offline surrogate or machine-learning models. This DG-BO coupling allows local
interlaminar-stress severity to be treated not as an a posteriori check or design-rule
proxy, but as the optimisation objective itself, and it is tested in both a canonical
free-edge setting and a geometry-induced cutout-corner setting.

2 Framework and methodology

This section defines the coupled analysis-optimisation formulation used to search for
laminate designs with reduced local interlaminar-stress severity. Each candidate design
is first interpreted as a discrete laminate configuration, specified by the material and
fibre-angle choices allowed by the design library. A high-fidelity DG finite-element
solver then evaluates its mechanical response, and the relevant local interlaminar
stress components are extracted over a monitored region. The resulting stress fields
are reduced to scalar objective values, providing the response data used by BO to
select further candidate laminates under a limited evaluation budget. The two main
components of the framework therefore have distinct roles: the DG evaluator pro-
vides physically resolved local stress information in regions where three-dimensional
interlaminar effects are important, while BO provides the decision layer that uses the
evaluated objective values to allocate subsequent high-fidelity analyses more selectively
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Fig. 1 Schematic representation of the laminate design parameterisation. Each independently spec-
ified layer or design group k € {1,...,n,} is assigned a material choice mj and an in-plane fibre
angle 0. The 1-2-3 axis marker shows the local material axes for one representative layer or design
group: axis 1 is the fibre direction and axis 2 is the in-plane transverse direction, both rotated in the
laminate plane by ), while axis 3 remains the through-thickness direction

than an exhaustive search would allow. A GA is also defined as a population-based
baseline, so that the BO results can be interpreted against a standard derivative-free
search method using the same design space, objectives, and success criteria.

2.1 Laminate design space

The optimisation is carried out over a discrete laminate design space. Material choices
are drawn from a finite library M containing n,, admissible lamina systems, and
fibre-angle choices are drawn from a finite set © containing ny admissible orientations.
These libraries are specified by the benchmark or application being studied. For a
laminate parameterisation with n, independently specified layers or design groups, a
candidate design is represented by the integer-coded vector

x:(m17017"'7m7u79n£)7 (1)

where my € M denotes the material choice for layer or design group k, and 6, € ©
denotes the corresponding fibre-angle choice. Each layer or design group can therefore
select its own material and orientation, as illustrated in Fig. 1. This representation
makes the design variables directly compatible with both BO and the GA base-
line, while the decoding step converts each integer code into the orthotropic lamina
properties and fibre angle required by the DG evaluator.

For these finite libraries, the unfiltered design library is denoted by A}aw, with

| Xraw| = nping”. (2)

The optimiser is allowed to change only the material and fibre-angle choices in
Eq. (1). For each problem instance, the specimen geometry, prescribed-displacement
boundary conditions, laminate thickness pattern, mesh definition, and monitored
stress region are fixed. These quantities define the mechanical problem being evaluated,
not additional optimisation variables. The feasible design space is written generally as

Xieas = {@ € Xyaw : x satisfies the prescribed feasibility rules} . (3)
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These feasibility rules are problem dependent: they specify which material-angle com-
binations are allowed for the chosen laminate parameterisation and benchmark or
application. The design-space definition is summarised in Table 1.

Table 1 General discrete laminate design-space definition.

Item Definition

Design vector z = (my1,01,...,my,,0,,), with independent material and
fibre-angle choices for each layer or design group.

Material choices M: finite library of n,, admissible lamina systems.

Fibre-angle choices O: finite set of ng admissible fibre angles.

Fixed during optimisation Specimen geometry, prescribed-displacement boundary condi-

tions, laminate thickness pattern, mesh definition, and moni-
tored stress region.

Feasibility rule Problem-specific restrictions defining Xfeas C Xraw-
Raw design count nniny* configurations before feasibility filtering.

2.2 DG stress-analysis evaluator

In this study, each candidate laminate is evaluated using the DG finite-element solver
developed, verified, and validated for three-dimensional composite-laminate analysis
in the earlier DG study [37]. The solver computes the three-dimensional linear-elastic
response on the laminate domain §2,

—V.o(u) =f. (4)

where u is the displacement field, o is the Cauchy stress, and f is the body force. The
stress is related to the infinitesimal strain by o(u) = D(x)e(u), with e(u) = 3(Vu+
Vu') and D(z) the piecewise-constant orthotropic stiffness tensor defined by the
candidate laminate design. In the benchmark problems considered here, the external
loading is imposed through prescribed boundary displacements, so the body-force term
is zero. The material constants and fibre orientations selected by a candidate design
specify the stiffness tensors assigned to the laminate layers. For each layer or design
group k € {1,...,ny}, the orthotropic stiffness is first formed in its local material axes
and then transformed into the global coordinate system using the prescribed in-plane
fibre angle,

D" (6:) = T, (6) DG T (61). (5)

where Dék) is the local orthotropic stiffness matrix. The matrices T, and T. are the
corresponding Voigt stress and engineering-strain transformations, defined by

Oloc = T (ek) Oglob, €loc = Te (ek) €glob, (6)

with Voigt ordering [zx, yy, 2z, 2y, yz, zz] and engineering shear strains. The displace-
ment field is approximated on hexahedral elements using a symmetric interior penalty



DG formulation. Unlike conforming finite elements, the displacement approximation
is allowed to be discontinuous between neighbouring elements. Interelement continuity
and traction transfer are imposed weakly: consistent numerical fluxes transfer trac-
tions across faces, while penalty terms constrain the displacement jumps permitted
by the discontinuous approximation. The face-wise penalty is scaled as

2

p
ng =7 *hlf Lg, (7)
B

where pg is the polynomial degree on face E, hﬁ is the effective element size measured
normal to the face, and Lp is a stiffness measure constructed from the elasticity
tensors adjacent to that face. For an interior face E = 0K+ N K ~, this measure is
Lp =wldi4+w?d_, with 6y = |[A%| p, wy =0_/(64 +0-), and w_ =0, /(64 +0_),
where A* are the normal-stiffness projections of the neighbouring ply tensors D*
along the face normal. This scaling ties the penalty directly to the face-normal mesh
size and the stiffness contrast across the interface, supporting stable traction transfer
on stretched hexahedral elements as well as across neighbouring orthotropic plies.

The key advantage for the present optimisation problem is that the mesh can
remain coarse over most of the specimen while being refined in regions where local
interlaminar stress gradients are expected. In laminated structures, such gradients
are typically concentrated near free edges, ply interfaces, geometric discontinuities,
or monitored stress patches. A conventional low-aspect-ratio three-dimensional mesh
would require many elements to resolve thin plies over a comparatively large in-plane
domain. The DG formulation used here instead permits high-aspect-ratio hexahe-
dral elements aligned with the laminate geometry, so that local refinement can
be concentrated where it is mechanically useful without forcing the whole domain
to be uniformly refined. The earlier validation study showed optimal convergence
behaviour on stretched elements, accurate traction transfer across isotropic and
orthotropic interfaces, and agreement with established free-edge interlaminar-stress
benchmarks while using substantially fewer degrees of freedom than comparable
refined three-dimensional models [37].

Within the optimisation workflow, the evaluator maps each candidate laminate
design to the interlaminar stress field used for objective construction. The integer-
coded design vector is first decoded into the corresponding material stiffnesses and
fibre-angle choices; the DG system is then solved under the benchmark-specific
prescribed-displacement boundary conditions; and the displacement solution is finally
post-processed to recover the relevant stress components. This sequence can be written
schematically as

x decode {D(k)(ek)} £ DG solve uh(.’c) post-process UIL,h(w)' (8)

Here uy,(x) is the DG displacement solution obtained under the benchmark-specific
prescribed-displacement boundary conditions, and o1, 1 () = (022.h, Toz,hs Tyz,h) (T)
collects the interlaminar stress components passed to the objective construction.
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Fig. 2 Schematic of the two-sided interface-patch sampling used for objective construction. The
layers are shown in an exploded view only to expose the two interface sides. A square patch and 3 x 3
sample points are shown for clarity. The sets P~ and Pt occupy matching footprints on the two
sides of the same interface, with interlaminar stress components extracted at the sampled points

2.3 Objective construction

The optimisation target is constructed from interlaminar stresses sampled over a finite
patch, rather than from a single nodal or quadrature-point value. The resulting patch
field is then aggregated into a scalar regional measure that provides a consistent stress-
severity value for comparing candidate laminates. Figure 2 illustrates the two-sided
sampling construction used for this objective.

Let P~ and P* denote the sampled points on the two sides of the monitored
interface patch, with = denoting a spatial location in either sampled set. At each
sampled point, the relevant interlaminar stress components are the normal stress o,
and the two interlaminar shear stresses 7., and 7,.. These components are combined
with equal weighting into the local mixed-stress magnitude

¢S(7') = [Uzz,S(r)Q + sz,S(r)Q + Tyz’S(T)2] 12 ) s € {_7 +}7 (9)

where s identifies the lower or upper side of the interface patch. The regional response
on each side is then defined as the root-mean-square (RMS) value over that side of
the patch,

1/2
Rs = (; Z ¢s(r)2> ’ s € {_7+}' (10)

S reps
Here N is the number of sampled patch points on side s. Lower values of Ry indicate
lower combined interlaminar-stress severity over the monitored region.

This mixed-stress measure is used here as a stress-severity proxy rather than as a
material failure criterion. The three interlaminar components are given equal numerical
weight so that the objective reflects the magnitude of the local three-dimensional stress
state over the monitored patch. It does not account for component-specific strengths,
stress-interaction terms, or material-dependent failure envelopes of the kind used in
composite failure criteria [52]; these would be needed to convert the present severity
measure into a laminate failure index.

Several scalar objective landscapes are then built from these same DG-resolved
patch stresses. The purpose is not to change the global optimum, but to test how the

10
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Fig. 3 Illustration of the hardmax and smoothmax side-combination objectives. Panel (a) sets
Rmax = 1 and varies the relative weaker-side response; hardmax remains fixed at J/Rmax = 1,
whereas smoothmax increases as Rpyin approaches Rmax. Panel (b) sets R- =1+tand Ry =1—t,
so the dominant side switches at ¢ = 0; hardmax has a sharp kink at this switch, while smoothmax
blends the two sides continuously. Smaller g gives a stronger contribution from the non-dominant side

numerical representation of the same interlaminar-stress information affects the opti-
miser. T'wo representation choices are separated: how the two sides of the monitored
patch are combined, and how the resulting scalar landscape is numerically presented
to BO. The hardmax and smoothmax families test conservative worst-side aggregation
against smoother side-combination variants, while monotonic transformations provide
a controlled way to reshape the objective values while preserving the candidate rank-
ing and global optimum of a fixed base objective. Differences in BO performance can
then be interpreted as changes in how easily the optimiser can search the landscape,
rather than as changes in the underlying high-fidelity stress data.

The first objective family combines the two patch-side responses using a hard
maximum,

Jhara = max(R_, Ry). (11)

This objective is deliberately conservative: the laminate is judged by the more severe
side of the monitored interface. It is therefore a direct worst-side measure of the patch
RMS mixed stress. A second family uses a smooth maximum,

Jy=(RL+ ROV ge{6,4,2}. (12)

Figure 3 illustrates the two numerical effects of replacing the hard maximum with a
smooth maximum: the non-dominant patch side contributes to the scalar objective,
and switches in the dominant side are rounded rather than kinked.

For larger ¢, Eq. (12) approaches the hard maximum more closely; for smaller g,
it gives a smoother response in which the non-dominant side still contributes more
visibly [43]. These smoothmax variants are included because BO performance can
depend not only on the physical stress field, but also on the numerical shape of the
scalar landscape presented to the surrogate model. By blending the two patch-side
responses, the smoothmax can reduce abrupt changes associated with switches in the
dominant side and may therefore provide a response surface that is easier for the
surrogate to model.
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Additional objectives are generated by applying monotonic transformations to
the hardmax or smoothmax scalar values. For the hardmax response, a logarithmic
transform is included,

Jiog = 10g(Jhard + €), e=10"16, (13)

where the small positive floor avoids evaluating the logarithm at zero. The logarithmic
transform is included only for the hardmax baseline as an aggressive-compression
reference case, rather than as a full transform family. Power transforms are also applied
to both hardmax and smoothmax responses,

e e
Ja,hard = Jha,rdv ‘]047(1 = Jq ’

a €{0.3,0.5,0.7}. (14)

These transformations are not new physical definitions of interlaminar stress. They
are numerical transformations of the same underlying patch response. Because the
logarithmic and power functions used here are monotonic over the positive objective
range, they preserve the ordering of candidate designs for a fixed base objective. Their
role is therefore not to change the optimum, but to reshape the numerical landscape
that BO has to learn. By compressing large objective values and adjusting the con-
trast among low-objective candidates, these transformations can change the surrogate
fit, the resulting acquisition values and, ultimately, how efficiently BO explores the
design space [12]. All objective variants used in the benchmark study are treated as
minimisation objectives and are summarised in Table 2.

Table 2 Scalar objective variants used in the optimisation benchmarks.

Objective family Definition Role

Hardmax Jhard = max(R_, R4) Conservative worst-side
objective.

Smoothmax Jg=(RL + R%)Y4,q€{6,4,2}  Smooth side-combination
variants.

Log transform Jiog = log(Jhara + 10~16) Rank-preserving logarithmic
rescaling of the hardmax
landscape.

Power transforms Ja,hard = Jiopq and Jo,q = J(‘;‘, Rank-preserving power

a € {0.3,0.5,0.7} rescaling of hardmax and

smoothmax landscapes.

2.4 BO strategy

After a scalar patch objective has been defined, the remaining task is to choose which
candidate laminates should be evaluated under a limited budget. Each candidate is
selected from a finite library of material and fibre-angle choices, and its objective value
is obtained only after a DG stress analysis, without access to analytical gradients with
respect to the design variables. The resulting problem is therefore a discrete, expensive
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black-box optimisation problem, making it suitable for BO, which uses a probabilistic
surrogate and an acquisition function to allocate evaluations sequentially [16].

The physical objective J(x) is a stress-severity quantity to be minimised. The BO
implementation uses the equivalent maximisation target

yBO(w) = —J(:L‘), (15)

where all reported objective values and success criteria remain in the original
minimisation form. After n evaluations, the observed BO data are

Dy, = {(xi,vi) iy s Y = yBo (). (16)

Each BO run begins with an initial set of feasible laminate designs, which are evalu-
ated before the first surrogate model is fitted. The sequential stage then updates the
surrogate using D,,, selects the next candidate by maximising an acquisition function,
evaluates that candidate, and augments the data set.

The surrogate model is a Gaussian process (GP). In the standard scalar-output
GP setting, conditioning on the evaluated data gives a normal predictive distribution
at an unevaluated design [16, 46],

Y (@) [ Dy~ N (), 07 () (17)

where p,, () is the posterior mean and o, (x) is the posterior standard deviation. The
posterior mean identifies designs predicted to be favourable, while the posterior uncer-
tainty identifies designs whose response is still poorly resolved. This mean—uncertainty
structure is what allows BO to balance exploitation and exploration.

For this finite-library setting, the encoding of the design variables determines how
the surrogate model represents similarity between candidate designs and how acqui-
sition values are evaluated over admissible choices [18]. The implementation uses
BoTorch [5]: the integer-coded design vectors are passed to a MixedSingleTaskGP sur-
rogate with all design-variable columns identified as categorical inputs. The scalar BO
targets are standardised during model fitting, and candidate selection is performed
over the feasible discrete design set.

The selection criterion is based on expected improvement (EI). For a maximisation
target, let the current best observed BO value be

+ _

Yo = DX i (18)

The improvement obtained by evaluating a candidate x is then
where [a]4 denotes the positive part of a scalar a, defined as max(a,0). The EI is

El,(x) = E[L,(x) | D,]. (20)

13

953
954
955
5956
957
958
559
560
961
562
563
964
565
566
967
568
569
570
971
972
973
974
975
976
o977
978
979
580
581
582
583
o84
585
586
o987
588
589
590
991
592
993
994
595
596
997
598



599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644

Here, E[- | D,] denotes expectation under the GP posterior predictive distribu-
tion after conditioning on the observed data D,. Equations (18)—(20) express the
usual improvement-based BO logic: a candidate is valuable if it has a high pre-
dicted value, high uncertainty, or both [16]. In this study, the implemented acquisition
is qLogExpectedImprovement (qLogEI), the logarithmic expected-improvement vari-
ant used by BoTorch. The LogEI family reformulates improvement-based acquisition
functions to reduce numerical pathologies in standard EI and batch EI, particularly
vanishing acquisition values and gradients during acquisition optimisation [3]. The
acquisition batch size is ¢ = 1, so one laminate is proposed at each BO iteration.

Because the feasible laminate library is finite, the next design is selected by
maximising the acquisition function over the feasible unevaluated set,

Lpt1 = arg a:e./{f‘naX\X an(az), Xy = {wlv s 71:”} ’ (21>
feas n

where «,, denotes the qLogEI acquisition value computed from the current GP pos-
terior. The feasible design set is small enough to be enumerated directly, and already
evaluated designs are excluded from the candidate pool. Each BO proposal is therefore
a valid laminate from the same finite library used for objective evaluation, without
requiring a continuous relaxation or a subsequent projection step. The corresponding
BO settings are summarised in Table 3.

Table 3 BO settings used in the benchmark runs.

Ttem Setting

Design variables Integer-coded material and fibre-angle choices from the feasible
laminate design space.

Initial design Random feasible laminates, with sample size set by the benchmark
budget.

Surrogate model BoTorch MixedSingleTaskGP with standardised scalar output.

Optimisation target Maximise ygo = —J for a physical objective J defined as a
minimisation problem.

Acquisition function qLogExpectedImprovement with ¢ = 1 and 512 Monte-Carlo samples.

Candidate selection Enumeration over feasible unevaluated laminates; duplicates are
excluded.

Budget convention Total evaluations equal initial evaluations plus sequential BO
evaluations.

Repeated runs BO is repeated over 10 independent random seeds per objective and
budget.

2.5 GA baseline

A GA is used as a population-based derivative-free baseline for the same discrete
laminate design space [6]. This choice provides a widely used and transparent reference
for discrete stacking-sequence search. The GA operates directly on the same categorical
material-angle encoding as BO, requires no gradients or continuous relaxation, and
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represents the class of evolutionary searches that improve designs through repeated
population-level objective queries. It also uses the same feasibility rule and objective
definitions as BO, so both optimisers query the same set of admissible laminate designs.
Let

’Pg = {iL'g’l,...,iL'g’Np} C Xeas (22)
denote the population of NN, feasible designs at generation g. The initial population
Py is sampled from Aje,s. Parent selection uses tournament selection: a subset 7 C Py
with || = 7 is sampled, and the selected parent is the best design in that subset,

ar — in J . 23
o = arg min J () (23)

Given two parents (1) and 2(?), uniform crossover forms an offspring ¢ gene by gene,

zj ~ Bernoulli(pswap), Jj=1,...,d. (24)

Mutation is then applied independently to each gene with probability py,t, replacing
the selected material or angle code by another valid code for that design variable. The
next generation is formed by combining the retained elite set with the newly gener-
ated offspring, so that the best designs already found are preserved during population
replacement. These implementation choices are standard degrees of freedom in prac-
tical GA design, and GA performance can depend on representation, operators, and
parameter settings [30].

The main GA settings are summarised in Table 4. The GA evaluates only unique
feasible candidates. If crossover or mutation proposes an infeasible or already evaluated
design, the candidate is repaired or replaced by another unseen feasible design rather
than being assigned a penalised objective value and logged as an evaluation. This
convention makes the evaluation budget directly comparable with BO: each logged
evaluation corresponds to one distinct feasible laminate objective query.

Table 4 GA settings used for the baseline studies.

Item

Setting

Representation
Initial population
Population size
Selection
Crossover
Mutation

Elitism

Candidate filtering
Budget scan
Independent runs

Integer-coded laminate design vector from Eq. (1).

Random feasible designs sampled from Xfeas-

Fixed at 20 individuals per generation.

Tournament selection with tournament size 3.

Uniform crossover with probability 0.9 and per-gene swap probability 0.5.
Per-gene mutation probability 1/d, with d = 4 design variables.

Best 2 individuals retained between generations.

Duplicate or infeasible candidates are repaired or replaced before evaluation.

GA budgets are scanned in 20-evaluation generation increments.

GA is repeated over 10 independent random seeds per objective and budget.
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2.6 Offline objective landscapes and performance metrics

The optimisation runs are assessed against the best designs in the same finite laminate
library from which they sample candidates. This requires a reference value for every
feasible design; although the DG formulation makes the resolved three-dimensional
analyses tractable, rerunning the same high-fidelity analysis across repeated BO and
GA seeds, budgets and objective variants would be unnecessary duplication. The DG
solve is therefore separated from the cheaper objective post-processing. Let b denote
a benchmark problem. For each b, the DG displacement field is computed once for
every feasible laminate design and stored as

Ut = {(:c, u;lb)(ac)> ‘x € Xfeas} , (25)

where ug’) (x) denotes the discrete DG displacement solution for design « in bench-
mark b. Different scalar objectives are then obtained by post-processing the stored
displacement solutions, rather than by rerunning the DG solver. For objective variant
7,

JP(@) = o (u(@)) . (26)

where Qf,b) denotes the benchmark-specific extraction of local interlaminar stresses
over the monitored patch followed by the objective construction defined in Section 2.3.
The complete reference landscape for objective Jﬁb) is therefore

£h = {(a} J®) (w)) ze Xfm} . (27)

This construction gives the global optimum and full ranking of all feasible designs for
each benchmark—objective pair. It also makes the repeated BO and GA benchmarking
runs inexpensive, since each queried design can be assigned its already computed
objective value from Egb) During a BO or GA run, however, the optimiser receives
only the objective value of the design it has queried; it is not given access to the
full landscape or to the ranking information. The offline landscape is used externally
only for objective lookup and for post hoc performance assessment. In the definitions
below, J denotes any one scalar objective for a fixed benchmark.
The global optimum for objective J is represented by the set of globally optimal
designs
X7 =arg min J(x), (28)

T € Xfeas
which allows for the possibility that more than one design attains the same minimum

objective value. The landscape rank is defined by sorting feasible designs in ascending
objective value. The corresponding top-k reference set is denoted by
X = (@ € Xjeas : rank (z) < k}. (29)
For optimiser m € {BO, GA}, run r, and total evaluation budget B, let

Hm,r(B) = {mm,r,h e 7mm,r,B} (30)
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denote the set of distinct feasible designs evaluated by that run up to budget B. A
global-optimum hit is recorded using

Shr(B) =1[Hp(B) N X] # 2], (31)

where 1[-] is the indicator function. Thus, S¥, ,.(B) = 1 if the run has evaluated at

m,r

least one globally optimal design by budget B, and S}, .(B) = 0 otherwise. The same
logic is used for top-k performance,

S®) (B) =1 [y (B) N X + @} . (32)

The first-hit evaluation is defined as
Ty, =min{t:x, . € XJ}, (33)
when a global-optimum hit occurs; otherwise it is left undefined for that run. The

empirical reliability at budget B is the fraction of independent runs that have reached
a globally optimal design,

R
~ 1 "
Pns(B) = 73 5. (B) (34)
r=1
where R is the number of independent runs. Because R = 10 in the benchmark

studies, the reported success rates are empirical fractions with 0.1 resolution and are
used for controlled within-study comparisons rather than as population-level reliability
estimates.

Equal-budget comparisons report ppo,s(B) and pga,s(B) at the same total eval-
uation budget. The matched-reliability comparison asks a complementary question:
for a fixed BO budget Bgo, what GA budget is needed to reach at least the same
observed reliability? This matched budget is defined as

BEY'S (Bso) = min {B € Bga : pca,s(B) = pso.s(Bso)} (35)

where Bgy is the scanned set of GA budgets. If no scanned GA budget reaches the BO
reliability, the case is reported as unmatched over the tested range. This metric gives
an evaluation-cost comparison for the selected objectives and benchmark problems,
rather than a statement about optimiser performance outside the tested setting.

3 Results and discussion

Both benchmark studies use the same finite material-angle library. The material
library is based on the carbon-fibre composite lamina systems compiled by Burhan
et al. [7] for the analysis of interlaminar stresses and energy release rates near
free edges. Twelve unidirectional lamina systems are retained, with the orthotropic
engineering constants listed in Table 5, and the admissible fibre-angle set is © =
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{=70°, —45°,—20°,0°,20°,45°,60°,75°,90° }. This finite angle library is used to define
a controlled benchmark search space: it contains the conventional 0°, +45° and 90°
directions together with additional off-axis angles, and its deliberately non-uniform,
mildly asymmetric spacing avoids reducing the search to a perfectly mirrored angle
grid.

Table 5 Material-property library used for the candidate lamina choices.
Elastic and shear moduli are in GPa; Poisson ratios are dimensionless.
Material data are compiled from Burhan et al. [7].

Material E. Ey=FE., Guy=G.z Gy: Vgy="Vgz Vyz
IM6/3501-6 145.00 9.65 5.20 3.33 0.30 0.45
IM7/977-3 164.00 8.97 5.00 3.01 0.32 0.49
T300/5208 181.00 10.30 717 3.63 0.27 0.42
IM7/MTM45-1 145.00 10.30 5.30 3.93 0.30 0.31
T800/924C 168.00 9.50 4.60 3.74 0.27 0.27
T800/3900 142.00 7.79 4.00 2.55 0.34 0.53
T650-35/PMR-15  127.00 8.25 4.20 2.81 0.41 0.47
T700/M21 131.00 8.20 4.30 3.04 0.35 0.35
T300/970 135.00 8.00 5.00 2.99 0.25 0.34
T700/MTM57 128.00 7.90 3.00 2.82 0.30 0.40
HTS/977-2 139.00 8.80 4.70 2.97 0.26 0.48
IM7/5250-4 166.00 10.34 5.79 3.31 0.31 0.56

With this shared library, the benchmark studies instantiate the general design-
space definition with n, = 2, n,, = 12 and ng = 9, giving |Xaw| = 122 x 92 = 11664
possible integer-coded configurations before feasibility filtering. For this two-group
benchmark library, Eq. (3) becomes

Xfeas - {:B S Xraw : (mlaal) 7é (m2a92)} . (36)

This excludes only identical material-angle group pairs while retaining designs with
the same material but different fibre angles, and designs with different materials
but the same fibre angle. No additional manufacturing-compatibility filter is imposed
between different material systems. In practice, some mixed-system laminates could
require further restrictions because the entries in Table 5 represent complete lamina
systems with their own matrix and processing route, and not all resin systems would
necessarily be co-curable in one physical laminate. Those restrictions are deliberately
left outside the present benchmark so that the study isolates optimiser behaviour
and local-stress response over a broad elastic-property library. They are nevertheless
straightforward to include in the same framework: incompatible material pairs can be
removed by adding a material-pair compatibility mask to the feasibility rule in Eq. (3),
as in manufacturing-constrained laminate optimisation workflows [17]. The resulting
benchmark design space contains |Xseas| = 11556 candidate laminates.

3.1 Free-edge benchmark

The first benchmark considers the straight free-edge laminate problem as a canon-
ical stack-driven interlaminar-stress case for testing the DG-BO framework. The
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benchmark geometry, prescribed-extension loading, reduced DG domain, and graded
high-aspect-ratio hexahedral mesh follow the free-edge validation configuration of the
earlier DG study [37]; the present work keeps these analysis settings fixed while replac-
ing the fixed layup with material and fibre-angle choices sampled from the design
library. The shared feasible laminate library is defined at the start of this section, while
the objective definitions, offline landscape construction, and performance metrics are
those defined in Section 2. Because the same finite design library is used through-
out, differences in success rate, final rank, and first-hit behaviour can be interpreted
as effects of the objective landscape and optimisation algorithm (BO or GA), rather
than as effects of changing the available candidate designs. Although all 17 free-edge
objective variants defined in Section 2.3 were evaluated, this section retains five rep-
resentative cases spanning hardmax, smoothmax, logarithmic scaling and square-root
transformations; the full BO and GA results for all objectives and budgets are reported
in Appendix A, Table 12.

Figure 4 summarises the physical and numerical setup used for this benchmark.
The full specimen is a symmetric laminate with in-plane dimensions 2/ x 2/ and
total thickness 4h, with [ = 8h. The loading is imposed through prescribed dis-
placement boundary conditions corresponding to a uniform macroscopic tensile strain
g0 = 1 x 107 indicated by ¢ in Fig. 4(a). Under this prescribed extension, local out-
of-plane stresses develop near the free boundary because adjacent laminate groups can
have different orthotropic stiffnesses and fibre orientations [32, 44]. Symmetry reduces
the DG analysis to the upper half model in Fig. 4(b), which contains the two lami-
nate groups associated with the two material and fibre-angle pairs used in the design
vector for the numerical studies. The corresponding hexahedral DG mesh is shown in
Fig. 4(c); refinement is concentrated towards the free edge and the specimen midline,
placing the finest elements around the monitored interface patch from which the inter-
laminar stresses are sampled, while stretched elements with a maximum aspect ratio of
approximately 40 keep the mesh coarse away from this region. The monitored patch is
shown separately in Fig. 4(d), with the upper layer hidden only to expose the interface
plane. The patch lies next to the free edge with offset ¢, = 0.1k, width w, = 3h, and
transverse height h, = 0.1[, and is centred along the specimen midline away from the
corners. The offset keeps the sampled region within the near-edge boundary layer with-
out defining the objective directly at the free-edge boundary, where the local singular
response is most pronounced [45]. The midline placement limits corner effects [31], so
the scalar objectives primarily reflect the stack-driven free-edge response produced by
material choice, fibre angle, and stacking arrangement.

Table 6 identifies the landscape targets against which the optimiser runs are
judged. For all five retained objectives, the same three laminate configurations occupy
the top-three positions. The global optimum uses IM7/MTM45-1 at 90° in group 1
and IM6/3501-6 at 90° in group 2; the second-ranked design swaps the two material
assignments while keeping both angles at 90°; and the third-ranked design combines
T700/MTM57 at 90° in group 1 with IM7/MTM45-1 at 90° in group 2. The reversed
order of the first two material pairings gives distinct, but very close, objective values,
showing that the group assignment is not completely interchangeable in the free-edge
response. The common top-three set is expected within each monotonic transform
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(a) Full model

4 4h

(c) DG mesh

(d) Monitored patch

Fig. 4 Free-edge benchmark setup: (a) full symmetric laminate model, (b) reduced model used
for DG evaluation, (c) free-edge DG mesh containing 256 hexahedral elements, and (d) monitored
interface patch used for objective construction, with the inset defining the local patch dimensions wy,
and hp. The patch panel hides the upper layer only for visualisation

Table 6 Top-three free-edge landscape designs for the retained objective variants defined in

Table 2.
Objective Rank Group 1 material 6; Group 2 material 62 Objective value
1 IM7/MTM45-1  90° IM6/3501-6 90° 8.036 x 10714
hardmax 2 IM6/3501-6 90° IM7/MTM45-1 90° 8.136 x 10714
3 T700/MTM57  90° IM7/MTM45-1 90° 8.743 x 1014
1 IM7/MTM45-1  90° IM6/3501-6 90°  —30.1510
log(hardmax) 2 IM6/3501-6 90° IM7/MTM45-1 90°  —30.1387
3 T700/MTM57  90° IM7/MTM45-1 90°  —30.0668
1 IM7/MTM45-1  90° IM6/3501-6 90° 2.835x 107
pow0.5(hardmax) 2 IM6/3501-6 90° IM7/MTM45-1 90° 2.852 x 107
3 T700/MTM57  90° IM7/MTM45-1 90° 2.957 x 10~7
1 IM7/MTM45-1  90° IM6/3501-6 90° 8.970 x 10714
smoothmax(g = 4) 2 IM6/3501-6 90° IM7/MTM45-1 90° 9.104 x 10—14
3 T700/MTM57  90° IM7/MTM45-1 90° 1.022 x 10713
1 IM7/MTM45-1  90° IM6/3501-6 90°  2.995 x 1077
pow0.5(smoothmax(q =4)) 2 IM6/3501-6 90° IM7/MTM45-1  90° 3.017 x 1077
3 T700/MTM57  90° IM7/MTM45-1 90° 3.196 x 10~7
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(a) BO (b) GA
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Fig. 5 Empirical global-optimum success rates for BO and GA in the free-edge benchmark. Each cell
reports the fraction of 10 independent runs that found the exact global optimum for the corresponding
objective and evaluation budget; success-rate entries therefore have 0.1 resolution

family, since the logarithmic and power transforms preserve the ranking of a given
positive base objective. By contrast, hardmax and smoothmax are different objec-
tive definitions, so any overlap between their top-ranked designs is an observed result
rather than an enforced property. The table therefore separates the objective variants
even when the ranked designs coincide: the optimiser sees different numerical objec-
tive values, and the subsequent reliability comparison tests how those different scalar
landscapes affect search performance.

The all-90° top-three set should not be interpreted as an angle-only rule. A
direct check within the hardmax landscape shows that the preferred angle can change
strongly with the material pairing. For example, the ordered pair T700/MTM57—
T800/3900 is ranked 11th when both groups use 0° (J = 1.591 x 10~?), but only
329th when the same ordered pair uses 90° (J = 6.906 x 10~8). Similarly, HTS/977-
2-IM6/3501-6 ranks 13th at 45°/45° (J = 5.847 x 107Y), whereas the corresponding
90°/90° design ranks 368th (J = 7.765 x 10~8). These comparisons show that the
free-edge optimum is not a generic consequence of choosing 90° plies; it depends on
how fibre angle and material compatibility interact in the local stress response [32].
A broader post-hoc landscape analysis, reported in Appendix D, supports the same
interpretation across the full hardmax landscape.

With these reference designs and their landscape context established, the first opti-
misation question is the empirical reliability of BO under the strict global-optimum
criterion. Here, reliability means the global-optimum success rate; the fraction of ten
independent runs whose best evaluated design is the exact optimum at a given eval-
uation budget. In the free-edge BO runs, the 550-650 total-evaluation budgets use a
fixed 500 acquisition steps and initial random designs of 50, 75, 100, 125 and 150,
respectively. Figure 5 reports this quantity for the five objective variants retained for
the main-text comparison.

The BO panel shows that this exact-hit success rate is strongly objective depen-
dent, even though the objectives are constructed from the same DG stress fields over
the same monitored patch. The two 0.5-power objectives, applied to hardmax and
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smoothmax(g = 4), reach a success rate of 1.0 for every budget from 550 to 650 evalua-
tions. These transformed objectives are therefore not only monotonic transformations
of the underlying patch-stress measures, but also the most robust BO targets among
the selected free-edge cases. The raw objectives also perform well, but with a clearer
dependence on budget. The raw hardmax objective reaches a success rate of 0.8 at
550 evaluations and 1.0 at all larger tested budgets, while the raw smoothmax (g = 4)
objective increases from 0.8 at 550 evaluations to 0.9 at 575 evaluations and 1.0 from
600 evaluations onward. The weakest selected BO case is the logarithmic hardmax
transform, which remains between 0.7 and 0.8 success over the same budget range.

The GA panel provides the corresponding baseline under the same objective defi-
nitions and evaluation budgets. In contrast to BO, the GA success rate remains at 0.2
for every selected objective and budget. The identical GA results for monotonic trans-
forms of the same base objective (for example, hardmax and pow0.5(hardmax)) are
expected because the GA implementation uses tournament selection and population
sorting based on objective ordering; applying a strictly monotonic transform to a posi-
tive base objective preserves that ordering. The heatmap also shows that changing the
base objective from hardmax to smoothmax(q = 4) does not improve GA exact-hit
reliability across the selected budgets. The objective dependence in Fig. 5 is there-
fore mainly a BO effect: the surrogate and acquisition strategy respond differently to
different scalar representations of the same DG-derived stress response.

The success-rate results also separate the effect of changing how the two sides of
the monitored patch are combined from the effect of numerically rescaling the resulting
objective. Replacing hardmax by smoothmax(¢ = 4) changes the scalar landscape,
but is not by itself the decisive improvement in this free-edge benchmark: the raw
hardmax and raw smoothmax objectives show broadly similar BO reliability trends,
whereas both 0.5-power objectives reach complete success across the tested budgets.
The main gain therefore comes from the power-rescaled numerical presentation of the
objective, with smoothmax acting as a compatible smooth aggregation rather than
the dominant source of the performance gain.

The comparison between the logarithmic and 0.5-power transforms is especially
informative because both are monotone transformations of positive base objectives.
They preserve the identity of the global optimum, but change the numerical spac-
ing of the objective values that the GP surrogate must model. The 0.5-power map is
concave, so it compresses the high-objective tail associated with clearly poor designs
while giving greater numerical resolution to differences among low-objective candi-
dates. Although the BO targets are standardised before GP fitting, this nonlinear
redistribution remains: the surrogate is fitted to a response that is less dominated by
large stress values, and the acquisition function can more clearly distinguish small
improvements near the optimum. By contrast, the logarithmic transform appears too
aggressive for this landscape, preserving the ranking but over-compressing or distort-
ing the numerical region that separates near-optimal candidates. Thus, the improved
reliability of the 0.5-power objectives is not caused by redefining the best laminate;
it is best interpreted as a surrogate-modelling and acquisition effect that makes the
same optimum easier for BO to identify.
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Fig. 6 Median final best rank for BO and GA in the free-edge benchmark. Each cell reports the
median rank of the best final design over 10 independent runs for the corresponding objective and
evaluation budget. Rank 1 denotes the global optimum of the corresponding objective landscape;
larger ranks indicate lower positions in the landscape ordering

Exact global-optimum success is a deliberately strict binary criterion: a run either
finds the best design in the finite objective landscape or it does not. Figure 6 reports
the final best rank, which gives useful context for that binary criterion by showing
where the best design found by each run lies in the full objective ordering.

The BO median final rank is 1.0 for every selected objective and budget, includ-
ing the log(hardmax) and low-budget raw-objective cases for which the success rates
in Fig. 5 are below one. Thus, the reduced BO success rates for those cases are
caused by a minority of missed runs rather than by a shift in the typical BO outcome
away from the global optimum. The GA panel shows a different pattern. Because the
monotonic transforms preserve the GA fitness ordering, hardmax, log(hardmax), and
pow0.5(hardmax) give identical GA median ranks: 14.5 at 550 evaluations and 11.5
for all larger tested budgets. The smoothmax(¢ = 4) and pow0.5(smoothmax(q = 4))
cases also match each other, improving with budget from median rank 9.0 at 550 eval-
uations to 4.5 at 625 and 650 evaluations. Even in these smoother cases, however, the
typical GA run does not reach the global optimum and remains outside the top-three
set. The rank evidence therefore supports the strict success-rate result while adding
context: BO is typically ending at the best design, whereas GA more often ends in a
lower-ranked region of the same objective landscape.

Figure 7 closes this strict reliability comparison by putting the success-rate and
rank evidence on the same paired scale. Each objective-specific marker represents
one objective at one budget. The left panel reports the paired success-rate difference,
SRBo — SRga, while the right panel reports the paired median-rank difference, rga —
TBO, SO positive values indicate a BO advantage in both panels.

All paired points lie on the BO-favouring side of both panels, and the mean markers
remain well separated from zero at every budget. The figure therefore summarises the
main equal-budget result of the free-edge study: under the same feasible design library,
objective landscapes, and number of DG-derived objective queries, BO is both more
likely to recover the exact global optimum and more likely to finish at a higher-ranked
laminate than GA. This establishes BO as the more reliable search layer for the strict
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1(1)83 rank-1 target in this benchmark. The next step is to relax that target from a single
1101 global optimum to small top-ranked sets, so that near-optimal terminal outcomes can
1102 be distinguished from weaker misses. Figure 8 reports this target-ladder measure for
1103 k € {1,3,5,10}

1104
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For the two 0.5-power objectives, BO reaches the top-1 design in every run at every
tested budget, so all target thresholds coincide at a success rate of 1.0. For the raw
hardmax objective, broadening the target to top-10 increases the 550-evaluation BO
success rate from 0.8 to 0.9, and all thresholds reach 1.0 from 575 evaluations onward.
The raw smoothmax(q = 4) objective follows a similar pattern, reaching top-10 success
of 0.9 at 550 and 575 evaluations and complete success from 600 evaluations onward.

The log(hardmax) objective shows most clearly why the target threshold matters.
Its exact-hit success is only 0.7-0.8, and the top-3 and top-5 rates are identical to
the top-1 rate because the missed runs do not end at ranks 2-5. However, the top-10
rate increases to 0.9 at 550 evaluations and 1.0 for all larger tested budgets. Thus, the
weaker BO cases are not usually failing to find a competitive region of the landscape;
rather, their missed runs tend to land outside the very small top-three and top-five sets.
The dashed GA curves provide a reference for the same target definition: GA reaches
the exact optimum in only 0.2 of runs for these objectives, and even the top-10 success
rate remains between 0.5 and 0.7. This rank-threshold view strengthens the strict
success-rate result: BO is not only more likely to hit the single best laminate, but also
more consistently reaches the best region of the DG-generated objective landscape.

The preceding results describe where each run ends; the next question is when the
global optimum is first found. Figure 9 shows Kaplan—Meier first-hit curves at the
representative 600-evaluation budget. For an evaluation count b, the plotted survival

estimate is y
§b :ﬁBhit>b: (1—Z>,

(b) = P( ) ul;[b -
where By is the first-hit evaluation count, u; are the distinct observed first-hit counts,
d; is the number of runs that first find the global optimum at u;, and n; is the
number of runs that have not yet found the optimum immediately before u;. Runs
that do not find the optimum within the evaluation budget are treated as censored.
The vertical axis therefore estimates the probability that a run has not yet found the
global optimum by a given evaluation count; a faster and more reliable optimisation
process appears as a curve that drops earlier and approaches zero. This first-hit view
separates objectives that ultimately reach the same success rate but do so at different
points in the evaluation budget.

The two 0.5-power objectives are again the strongest BO targets. The median first-
hit evaluations are 200 for pow0.5(hardmax) and 204 for pow0.5(smoothmax(q = 4)),
with all ten runs successful by evaluations 274 and 323, respectively. The raw hardmax
and raw smoothmax(q = 4) objectives also reach complete BO success at this budget,
but later: their median first-hit evaluations are 316.5 and 332, and the latest successful
hits occur at evaluations 565 and 414, respectively. The log(hardmax) transform is
both slower and less reliable, with eight successful BO runs, a median first hit of 437
among those successful runs, and two censored runs that have not found the optimum
by the end of the 600-evaluation budget.

The GA curves reinforce that the difference is not only in final success rate but also
in first-hit dynamics. For each selected objective at 600 evaluations, only two of the
ten GA runs find the global optimum. The first-hit times among those successful GA
runs can occur early, especially for the smoothmax cases, but the curves remain high
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1169 Fig. 9 Kaplan—Meier first-hit curves for the free-edge benchmark at a 600-evaluation budget. The

1170 vertical axis gives the estimated probability, over the 10 independent runs, that a run has not yet
found the global optimum by the corresponding evaluation count; lower curves therefore indicate

171 earlier and more reliable discovery

1172

1173
1174
1175
1176
1177
1178
1179
1180
1181
1182
1183
1184
1185
1186
1187
1188
1189
1190
1191
1192
1193
1194
1195
1196

because most GA runs are censored without an exact hit. The free-edge benchmark
therefore indicates that the transformed BO objectives are not merely more likely
to reach the optimum; they also make the global optimum easier for BO to locate
early in the sequential search. For a high-fidelity DG evaluator, this earlier first hit
is practically important because a useful low-stress laminate is identified after fewer
high-fidelity objective queries.

The equal-budget comparison answers whether BO and GA perform differently
when both are given the same number of objective evaluations. A complementary
question is how many GA evaluations are required to match the reliability already
obtained by BO. This is the matched-reliability comparison defined in Eq. (35). For
the results of the free-edge benchmark, the BO reference is fixed at 600 total evalua-
tions, and the target reliability for each objective is the empirical BO global-optimum
success rate over the ten independent runs. The GA budget is then increased from 600
evaluations in steps of one GA generation, corresponding to 20 additional candidate
evaluations, and the first budget reaching at least the BO success rate is recorded.

The matched-reliability results are summarised in Table 7. The four objectives for
which BO reaches complete success at 600 evaluations require 3080 GA evaluations
for hardmax and pow0.5(hardmax), and 3300 GA evaluations for smoothmax(q = 4)
and pow0.5(smoothmax(q = 4)). For log(hardmax), the BO target success rate at
600 evaluations is 0.8, and GA reaches the same reliability at 2420 evaluations. The
matched-reliability ratios therefore range from 4.03 to 5.50 times the BO budget.

The mean first-hit evaluations in Table 7 are computed over successful runs only:
the log(hardmax) values are averaged over eight successful runs for each method,
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while the other selected objectives are averaged over ten successful runs. Even after
increasing the GA budget to match BO reliability, the successful GA runs find the
optimum later than the successful BO runs for every selected objective, with first-hit
ratios from 3.15 for log(hardmax) to 7.95 for pow0.5(hardmax).

The evaluation-count savings can also be expressed as estimated computational
time. Because the optimiser benchmarks use stored objective values rather than
rerunning the DG solver at every query, the estimate separates the recorded optimis-
er/lookup overhead from the assumed cost of a high-fidelity DG objective evaluation.
For method m € {BO, GA} and objective J, the mean time to first hit is estimated as

~ —k —=x
CmA,J = Om,J + Tm,JcDGv

where T;y s is the mean first-hit evaluation count over successful runs, 6;7 s is the
corresponding recorded optimiser /lookup overhead, cpg is the cost of one high-fidelity
DG objective evaluation, and &m J is the estimated mean time to first hit. Here ¢pg
is set to 8 s, the average per-design DG evaluation time reported in the earlier DG
study [37]. The same model also gives a break-even DG evaluation cost,

—% —k
CBE _ OBOJ - OGA,J
DG,J — =* —x
TGA,J - TBO,J

at which the overhead difference exactly offsets the difference in mean first-hit evalua-
tion count, giving BO and the matched GA the same estimated mean time to first hit
for objective J. Under the 8 s DG-evaluation assumption, BO reaches the optimum in
an estimated mean time of 30.5-69.3 min, whereas the matched-GA estimates range
from 178.4 to 219.6 min. The corresponding GA/BO time ratios are 2.57—7.16. This is
the practical consequence of using BO as the decision layer around the DG evaluator:
the same high-fidelity stress analysis is queried far fewer times before the target relia-
bility is reached. The break-even values in Table 7 are only 0.13-0.84 s per evaluation,
well below the DG cost assumed here, so GA would become time competitive only if
each objective query were almost a lightweight lookup rather than a high-fidelity DG
solve.

Table 7 Matched-reliability summary for the free-edge benchmark. The BO reference budget is
600 evaluations. Ratios are reported as GA/BO. First-hit and time values are means over
successful runs only. Estimated time assumes 8 s per high-fidelity objective evaluation plus
recorded lookup/optimiser overhead. The break-even cost is the DG evaluation time at which BO
and the matched GA have the same mean time to first hit, despite different mean first-hit counts.

L BO target Budget Mean first hit Time to first hit [min] Break-even
Objective
success (s/eval)
BO GA GA/BO BO GA GA/BO BO GA GA/BO

hardmax 1.0 600 3080 5.13 352.21646.9 4.68 57.6 219.6 3.82 0.49
log(hardmax) 0.8 600 2420 4.03 424.1 1337.8 3.15 69.3178.4 2.57 0.84
pow0.5(hardmax) 1.0 600 3080 5.13 207.1 1646.9 7.95 30.7 219.6 7.16 0.13
smoothmax(q = 4) 1.0 600 3300 5.50 302.0 1408.4 4.66 46.9 187.8 4.00 0.36
pow0.5(smoothmax(g = 4)) 1.0 600 3300 5.50 208.0 1408.4 6.77 30.5187.8 6.16 0.14
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1243 3.2 Cutout benchmark
1244
1245
1246
1247
1248
1249
1250
1251

The second benchmark examines the same DG-BO framework in a laminate containing
a centred rectangular cutout. Unlike the straight free-edge case, the monitored inter-
laminar stresses are now associated with a local geometric discontinuity, so the critical
stress field is driven by the interaction between material choice, fibre orientation,
stacking arrangement, and cutout-corner geometry [25]. The feasible laminate library,
objective-construction procedure, and optimiser comparison metrics are kept the same
as in the free-edge benchmark. Differences between the free-edge and cutout bench-
mark outcomes can therefore be interpreted as the effect of moving from a canonical

1252 . . . .

0 straight-edge stress mechanism to a more localised cutout-corner stress concentration.
1253 i . . .
1254 Figure 10 summarises the physical and numerical setup used for the cutout bench-

mark. The full model in Fig. 10(a) has in-plane dimensions 2[ x 2[ and total thickness
4h, with | = 8h. As in the free-edge benchmark, the loading is imposed through
prescribed displacement boundary conditions corresponding to a macroscopic tensile
strain g = 1 x 107, indicated by ¢ in the figure. A through-thickness rectangular
cutout is placed at the specimen centre, with side length 0.4/ in both in-plane direc-
tions. Symmetry reduces the DG analysis to the upper half model shown in Fig. 10(b),
which contains the two laminate groups represented by the two material and fibre-angle
pairs in the design vector. The cutout objective landscapes are generated with the
one-corner-refined mesh in Fig. 10(c), where the in-plane grid is concentrated around
the monitored cutout corner and through-thickness refinement is retained around the
laminate interface. As in the free-edge mesh, stretched hexahedral elements with a
maximum aspect ratio of approximately 48 allow this local refinement while keep-
ing the mesh coarse away from the corner region. Figure 10(d) shows the monitored
L-shaped patch on the exposed interface plane, with the upper layer hidden only
for visualisation; the patch is placed around the selected cutout corner with offset
ep = 0.1, arm width w, = 1.5h, and arm length ¢, = 0.2]. As in the free-edge patch
definition, the offset keeps the extraction region inside the local stress-concentration
zone while avoiding an objective defined directly at the geometric discontinuity, where
the corner response is most singular and mesh-sensitive [25].

1255
1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269
1270
1271
1272
1273

1274

able op-three designs in the cutout benchmark landscape for the retained hardmax objective
1275Tb18T h desi in th bench k land for th ined hard bjecti
1276 and its 0.5-power transform.
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1279 1 T800/924C 45°  T700/MTM57 45° 4.815 x 10~7
hardmax 2 T800/924C 20°  T700/MTM57 20° 5.055 x 10~7

1280 3 T800,/924C 45°  T700/M21 45° 5.093 x 1077

1281 1 T800/924C 45°  T700/MTM57 45° 6.939 x 10~4

1282 pow0.5(hardmax) 2 T800/924C 20°  T700/MTM57 20° 7.110 x 1074

1283 3 T800/924C 45°  T700/M21 45° 7.137 x 1074
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(a) Full model (b) Reduced DG model
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Fig. 10 Cutout benchmark setup: (a) full symmetric laminate model with a centred rectangular
cutout, (b) reduced model used for DG evaluation, (c) one-corner refined DG mesh containing 336 hex-
ahedral elements and used to generate the cutout objective landscapes, and (d) monitored L-shaped
interface patch used for objective construction, with the inset defining the local patch dimensions.
The patch panel hides the upper layer only for visualisation

Table 8 defines the cutout benchmark landscape targets used in the subsequent
optimiser comparisons. The cutout study is restricted to two hardmax-based objec-
tives. Raw hardmax is retained as the original local peak-stress objective, while
pow0.5(hardmax) is retained because it gave the strongest BO performance in the free-
edge benchmark across exact-hit reliability, final-rank evidence, and first-hit dynamics.
Comparing the two therefore keeps a direct raw-objective reference while testing
whether the most effective free-edge transformation also improves BO performance for
the cutout-corner stress concentration. For the retained hardmax objective, the global
optimum combines T800/924C at 45° in group 1 with T700/MTM57 at 45° in group
2. The next two designs either retain the same material pair at 20° or replace the
second-group material with T700/M21 while keeping both groups at 45°. The same
three designs appear in the same order for pow0.5(hardmax), as expected because the
0.5-power transform is strictly monotonic over the positive hardmax objective values.
Thus, the transformed objective does not redefine the best laminate for the cutout
benchmark; it changes the numerical spacing of the objective values that BO mod-
els while preserving the finite-landscape ordering. These leading designs also show
that the cutout-corner stress mechanism favours same-angle off-axis families rather
than simply reusing the free-edge 90° /90° family; the full post-hoc landscape analysis
supporting this interpretation is reported in Appendix D.

The cutout benchmark uses a much tighter range of 100-200 total evaluations
to examine BO and GA performance when the available laminate-evaluation budget
is strongly limited. For BO, this range includes 50 initial samples followed by the
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1348 Fig. 11 Cutout benchmark heatmaps for empirical exact-optimum success rate and median final
rank over the tight budget range of 100-200 total evaluations. The upper row reports the fraction of

1349 10 independent runs that found the exact optimum for each objective and evaluation budget; success-

1350 rate entries therefore have 0.1 resolution. The lower row reports the median rank of the best final
design over the same runs. Rank 1 denotes the global optimum; larger ranks indicate lower-ranked

1351 g g g

1352 designs in the corresponding cutout objective landscape

1353
1354 remaining sequential acquisitions. Figure 11 reports the corresponding exact-optimum

1355 success rates and median final ranks. Under this restricted budget, the raw hardmax
1356 objective is difficult for BO because the surrogate must learn the untransformed peak-
1357 stress ordering from relatively few observations: no run reaches the global optimum at
1358 100 or 125 evaluations, and only one of ten runs does so from 150 evaluations onward.
1359 The final-rank evidence gives a more complete view of these misses. The BO median
1360 final rank for hardmax is 4.5 at 100-125 evaluations and 4.0 at 150-200 evaluations,
1361 so the search usually moves towards the best part of the cutout benchmark landscape
1362 but rarely reaches the exact rank-1 design within this budget window.

1363 The 0.5-power transform changes this behaviour without changing the global target
1364 identified in Table 8. For pow0.5(hardmax), BO reaches the global optimum in 2 out
1365 of 10 runs at 100 evaluations, 3 out of 10 at 125 evaluations, 7 out of 10 at 150
1366 evaluations, 9 out of 10 at 175 evaluations, and all 10 runs at 200 evaluations. Its
1367 median final rank also reaches 1.0 from 150 evaluations onward, showing that the
1368 rescaled objective values make the cutout benchmark optimum much easier for BO to
1369 identify within the tight evaluation budget.

1370 The GA baseline shows that this budget range is demanding for a population-
1371 based search. At the same total evaluation budgets, GA does not reach the exact
1372 global optimum for either retained objective variant. Its median final rank improves
1373 from 28.5 at 100 evaluations to 8.5 at 200 evaluations, but the typical GA run
1374 Temains outside the top-three design set. The GA entries are identical for hardmax
1375 and pow0.5(hardmax), because the power transform preserves the hardmax ordering
1376 used for selection. Together, the BO and GA results establish the main cutout bench-
1377 mark result at this stage: the transformed BO target reaches complete exact-optimum
1378 reliability by 200 evaluations, whereas equal-budget GA improves in rank but has not
1379 yet reached the global optimum. The next comparison broadens the target from a
1380 single global design to top-ranked design sets.
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Fig. 12 Top-k target success rates for the cutout benchmark. A run is counted as successful for a
top-k target if the final best design has rank k or better in the corresponding objective landscape.
Solid lines denote BO and dashed lines denote GA; marker shapes and small horizontal offsets are
used only to expose coincident target-threshold curves

Figure 12 applies the top-k success definition in Eq. (32) to the retained cutout
objectives, with k € {1,3,5,10}. This broader target set separates two different out-
comes: a run may miss the exact global optimum but still enter the near-optimal part
of the finite landscape, or it may remain in a lower-ranked region.

For the raw hardmax objective, the target ladder shows that BO is already locating
competitive designs even when the strict exact-hit rate is low. Across the 100-200
evaluation budgets, the top-5 success rate is 0.9 and the top-10 success rate is 1.0,
whereas the top-3 success rate remains between 0.3 and 0.4 and the exact-hit rate
reaches only 0.1. Thus, the raw hardmax BO runs usually enter the near-optimal
region of the cutout benchmark landscape, but they do not consistently distinguish the
global optimum from the neighbouring high-ranked designs within this tight budget.

For pow0.5(hardmax), the top-k curves rise together with the exact-hit curve. The
top-3 success rate is already 0.9 at 125 evaluations and reaches 1.0 by 175 evaluations,
while the exact-hit rate reaches 1.0 at 200 evaluations. The GA curves show a slower
movement into the best-ranked designs in the cutout benchmark landscape: GA has no
exact hits, reaches top-3 success of only 0.1 from 150 evaluations onward, and reaches
top-10 success of 0.5 at 200 evaluations. Because the power transform preserves the
hardmax ordering, the GA top-k curves are identical for the two retained objectives.
The target-ladder comparison therefore refines the reliability result: raw hardmax BO
is already effective at finding near-optimal designs for the cutout benchmark, but the
0.5-power transform is what converts that near-optimal search behaviour into reliable
exact-optimum recovery within 200 evaluations.

The first-hit curves in Fig. 13 use the same Kaplan—Meier estimator as Fig. 9, now
applied to the 200-evaluation cutout runs. Runs that do not find the global optimum
by the end of the budget are censored at 200 evaluations.

For the raw hardmax objective, the BO curve drops only once, at evaluation 142,
because only one of the ten BO runs reaches the exact global optimum by the 200-
evaluation budget. The other BO runs, like all GA runs, remain without an exact hit
over this budget window. This agrees with the target-ladder evidence: raw hardmax
BO often reaches near-optimal designs for the cutout benchmark, but exact rank-1
discovery is still rare in the tight-budget regime.
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1437 Fig. 13 Kaplan—Meier first-hit curves for the cutout benchmark at a 200-evaluation budget. The
1438 vertical axis gives the estimated probability, over the 10 independent runs, that a run has not yet
1439 found the global optimum by the corresponding evaluation count; lower curves therefore indicate
1440 earlier and more reliable discovery

1441
1449 For pow0.5(hardmax), the BO curve drops steadily from the first hit at evalua-

1443 tion 93 to the final hit at evaluation 190, with median first-hit evaluation 133. The
1444 GA curve remains flat because no GA run reaches the exact optimum by 200 evalua-
1445 tions. Relative to raw hardmax BO and equal-budget GA, the transformed objective
1446 improves not only the final exact-hit reliability, but also the discovery dynamics: the
1447 BO converges to the global optimum earlier and more consistently within the same
1448 budget. In the context of a high-fidelity DG evaluator, this earlier first hit is impor-
1449 tant because it means that the best laminate for the cutout benchmark is identified
1450 after fewer objective queries within the same finite design library.

1451 The matched-reliability comparison for the cutout benchmark is therefore focused
1452 on pow0.5(hardmax), the retained objective for which BO reaches complete reliability
1453 Wwithin the tight-budget window. Table 9 uses the 200-evaluation BO result as the
1454 reference case and reports the GA budget needed to reach the same 10/10 global-
1455 optimum success rate.

1456

1457 Table 9 Matched-reliability summary for the cutout benchmark using pow0.5(hardmax). The
1458 BO reference budget is 200 evaluations. Ratios are reported as GA/BO. First-hit and time
1459 values are means over successful runs only. Estimated time assumes 10 s per high-fidelity cutout

objective evaluation plus stored optimiser/lookup overhead. The break-even cost is the DG
1460  evaluation time at which BO and the matched GA have the same estimated mean time to first hit.
1461

1462 Objective Bglctcaersgset Budget Mean first hit Time to first hit [min] Bliza/i‘l;—;\{)en
1463 BO GA GA/BO BO GA GA/BO BO GA GA/BO

1464 pow0.5(hardmax) 1.0 200 2880 14.40 135.1 1094.5 8.10 24.3 182.4 7.50 0.11
1465

1466

1467

The table shows that matching the reliability already obtained by BO requires
2880 GA evaluations, or 14.4 times the BO reference budget. The same evaluation-
cost gap appears in the first-hit statistics: even after the GA budget is increased until
all runs succeed, the successful GA runs first reach the optimum after about eight
times as many objective evaluations as BO. Using the same timing model as in the

1468
1469
1470
1471
1472
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Fig. 14 Cutout mesh pair used for optimisation-level validation: (a) the one-corner refined mesh
used to construct the cutout objective landscapes, with 336 hexahedral elements, and (b) the four-
corner refined mesh used as the validation mesh for selected designs, with 880 hexahedral elements

free-edge benchmark, but with the cutout DG evaluation cost set to cpg = 10 s, this
gives an estimated mean time to first hit of 24.3 min for BO and 182.4 min for the
matched GA. The break-even DG cost is only 0.11 s per evaluation, far below the
cutout DG evaluation time used here. For the geometry-induced cutout problem, this
is the practical value of the transformed BO objective: at the same 10/10 empirical
reliability, BO identifies the best laminate about 7.5 times faster than the matched
GA.

This comparison is deliberately conservative in one respect: it compares BO and
GA while holding the DG evaluator fixed, so it captures only the optimisation-layer
saving. A broader DG-BO versus conventional conforming three-dimensional finite-
element GA comparison would also include the analysis-layer cost difference, because
many more GA evaluations would be coupled to a more expensive low-aspect-ratio
solid-mesh analysis. The earlier DG validation study measured an approximately 32-
fold runtime reduction relative to a hierarchical conforming finite-element reference for
a cross-ply free-edge benchmark [37]; an equivalent conforming finite-element timing
study was not performed for the present cutout landscape, so this factor is not included
in the reported speedups. As an illustrative scaling, if &k = ceont/cpc denotes the per-
evaluation cost ratio for a hypothetical conforming finite-element replacement, the
cutout matched-reliability timing ratio would scale approximately as 7.5k. Even a
modest k£ = 5 would imply an end-to-end ratio of about 38, while the k ~ 32 ratio
measured in the earlier cross-ply benchmark would give an illustrative ratio of about
240. These values should be read only as scaling estimates, not as measured cutout
conforming finite-element results.

The cutout benchmark objective landscapes are constructed with the one-corner
refined mesh in Fig. 14(a), which concentrates refinement at the monitored cutout
corner. This is the corner used to define the optimisation objective, but the physical
cutout also contains other corners where local stress concentrations can develop. The
validation question is whether refining those other corners changes the ordering of the
best designs in the cutout benchmark landscape. To answer this targeted question, the
leading designs for both objectives, hardmax and pow0.5(hardmax), were re-analysed
on the four-corner refined mesh in Fig. 14(b), with the resulting rank changes and
objective-value discrepancies reported in Table 10.

The top-ten ordering is unchanged under the four-corner validation mesh for both
retained objectives. In particular, the rank-1 design used as the global optimum for the
cutout benchmark remains the best design among the re-analysed top-ten candidates.
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1519 Table 10 Four-corner mesh validation for the top-ten cutout designs. The table compares the

1520 ranking and objective values of the top-ten designs from the one-corner optimisation mesh after
re-analysis with the four-corner validation mesh, for hardmax and pow0.5(hardmax). The rank

1521 change is Ar = Tfour-corner — Tone-corner, after re-ranking the same ten designs with the

1522 four-corner mesh. The objective discrepancy is ey = 100(Jone-corner — Jfour-corner )/ Jfour-corner-

1523

1524 Objective Checked ranks Unchanged ranks Mean |[Ar| Max |[Ar| Mean |ey| [%] Max |ey]| [%]
hardmax 1-10 10/10 0.0 0 1.25 1.57

1525 pow0.5(hardmax) 1-10 10/10 0.0 0 0.62 0.78

1526

1527

1528

152 The four-corner mesh gives slightly lower objective values for these candidates, but
15 the discrepancies are small: the mean absolute error is 1.25% for hardmax and 0.62%
1531 for pow0.5(hardmax), with corresponding maxima of 1.57% and 0.78%. This does not
1532 claim that the one-corner-refined mesh reproduces the complete four-corner-refined
15 landscape for every possible laminate. It supports the more targeted decision needed
for the benchmark: the near-optimal designs for the cutout benchmark, including the
1535 selected optimum, are stable under the more refined validation mesh.
1536 The two benchmarks can now be compared as finite objective landscapes for the
1537 Same design library and the same retained transformed objective. Table 11 summarises
1538 this comparison for pow0.5(hardmax). The top-ranked sets are distinct: none of the
1539 top-five or top-ten designs in the free-edge benchmark landscape appears in the cor-
1540 responding top-ranked set of the cutout benchmark landscape. The rank-1 designs
1541 are also problem-specific. The free-edge benchmark optimum, [IM7/MTM45-1@90°
9 / IM6/3501-6@90°], is ranked 1329th in the cutout benchmark landscape, while the
1543 cutout benchmark optimum, [T800/924C@45° / T700/MTM57@45°], is ranked 827th
1544 in the free-edge benchmark landscape.

1545

1546 Table 11 Cross-benchmark comparison for pow0.5(hardmax). Ranks are computed within each
1547 complete 11556-design objective landscape, with rank 1 denoting the benchmark-specific global

optimum.
1548
1549 Comparison quantity Result
1550 Shared designs in the two top-five sets 0/5
1551 Shared designs in the two top-ten sets 0/10
1552 Free-edge optimum rank in the cutout benchmark landscape 1329/11556
1553 Cutout optimum rank in the free-edge landscape 827/11556
1554
1555
1556 . . . .
1557 This low overlap is useful for interpreting the role of the second benchmark. The
1558 cutout case is not merely a repeat of the free-edge optimisation with the same pre-
1559 ferred laminate; it changes the stress mechanism enough that the best material-angle

combination changes with it. In the free-edge case, the leading designs are dominated
by 90° groups associated with the straight-edge interlaminar-stress response. In the
cutout case, the best design uses 45° groups around a local geometric discontinuity.
The combined results therefore support the central purpose of the benchmark pair: the

1560
1561
1562
1563
1564
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DG-BO framework can search the same finite laminate library under different three-
dimensional stress mechanisms, while the objective transformation that improved BO
reliability in the free-edge study remains effective in the geometry-induced cutout
problem.

4 Conclusions

This study has shown that local interlaminar-stress optimisation can be treated as a
direct high-fidelity laminate design problem rather than as a post-design check. The
proposed framework couples a high-aspect-ratio full 3D DG finite-element evaluator
with BO over a finite material-and-fibre-angle laminate set. By permitting local refine-
ment with stretched hexahedral elements, the DG evaluator resolves the monitored
interlaminar-stress region without requiring the surrounding domain to be filled with
the small low-aspect-ratio elements typically needed in conventional 3D solid meshes.
The DG component then supplies resolved interlaminar normal and shear stresses
over monitored patches, while BO uses the accumulated objective data to decide
which discrete laminate should receive the next high-fidelity evaluation. This pairing
is important: the analysis model makes the local stress objective available, and the
optimiser keeps the number of such analyses small enough for repeated search.

The results demonstrate that the numerical form of the scalar objective matters,
even when all variants are built from the same DG stress data and the same candidate
laminate set. In the free-edge benchmark, the best-performing transformed objectives
allowed BO to find the global optimum in every run across the tested budgets, whereas
the equal-budget GA found it in only 20% of runs. After the GA budget was increased
to match this reliability, GA required about seven times more evaluations on average
to find the same optimum, corresponding to about 6.7 times longer mean time to first
hit. In the cutout benchmark, where the stress field is driven by a geometry-induced
corner concentration, the best transformed objective again led BO to find the optimum
in every run, while the equal-budget GA found no exact optima. The mean BO first
hit occurred after 135.1 evaluations, about 1.2% of the feasible design space, while the
matched GA required about eight times more evaluations and about 7.5 times longer
mean time to identify it.

Importantly, these timing ratios compare BO and GA while holding the DG eval-
uator fixed, so they capture only the optimisation-layer benefit. The broader DG-BO
framework is expected to be more advantageous against a conventional conform-
ing three-dimensional finite-element GA workflow, where many more GA evaluations
would be coupled to a more expensive low-aspect-ratio solid-mesh analysis. In that
sense, the reported timing gains are conservative: they do not include the additional
per-evaluation saving enabled by the high-aspect-ratio DG solver.

Overall, the study supports DG-BO as a practical route for directly optimising
resolved local interlaminar-stress objectives under limited high-fidelity evaluation bud-
gets. By combining an efficient full 3D DG stress evaluator with acquisition-driven
BO, the framework turns a response quantity that is usually treated indirectly or after
design into a searchable optimisation objective.
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1611 Appendix A Free-edge benchmark raw objective

1612 results
1613

Table 12 Raw free-edge optimisation results for all objective variants and evaluation budgets. SR
1614 - .

denotes the global-optimum success rate over ten independent runs; MFH denotes the mean
1615 first-hit evaluation over successful runs only. Objective labels use compact mathematical notation:
1616 H is hardmax, S2, S4 and S6 are smoothmax objectives with ¢ = 2, 4 and 6, superscripts denote
1617 power transforms, and log H denotes a logarithmic transform of H.

1618 550 575 600 625 650
1619 BO GA BO GA BO GA BO GA BO GA
Objective SR MFH SR MFH SR MFH SR MFH SR MFH SR MFH SR MFH SR MFH SR MFH SR MFH
1620 7 0.8 172.0 0.2 335.5 1.0 305.5 0.2 335.5 1.0 352.2 0.2 335.5 1.0 287.9 0.2 335.5 1.0 309.4 0.2 335.5
1621 S6 0.8 200.6 0.1 521.0 1.0 293.8 0.1 521.0 1.0 330.0 0.1 521.0 1.0 297.3 0.1 521.0 1.0 310.5 0.1 521.0
S4 0.8 193.6 0.2 249.5 0.9 247.7 0.2 249.5 1.0 302.0 0.2 249.5 1.0 294.8 0.2 249.5 1.0 304.9 0.2 249.5
1622 52 1.0 229.3 0.1 61.0 0.9 257.7 0.1 61.0 1.0 319.0 0.1 61.0 1.0 294.4 0.1 61.0 1.0 282.4 0.2 347.0
log H 0.7 331.9 0.2 335.5 0.8 328.1 0.2 335.5 0.8 424.1 0.2 335.5 0.8 340.8 0.2 335.5 0.8 380.9 0.2 335.5
1623 HY3 1.0 154.9 0.2 335.5 1.0 225.8 0.2 335.5 1.0 285.8 0.2 335.5 1.0 286.1 0.2 335.5 1.0 354.5 0.2 335.5
HOY5 1.0 215.0 0.2 335.5 1.0 208.9 0.2 335.5 1.0 207.1 0.2 335.5 1.0 251.1 0.2 335.5 1.0 300.6 0.2 335.5
1624 po-r 0.9 187.7 0.2 335.5 1.0 218.6 0.2 335.5 1.0 268.0 0.2 335.5 1.0 286.1 0.2 335.5 0.9 282.0 0.2 335.5
1625 s6°-3 1.0 184.0 0.1 521.0 1.0 242.3 0.1 521.0 1.0 255.9 0.1 521.0 1.0 281.2 0.1 521.0 1.0 308.9 0.1 521.0
569-5 1.0 167.3 0.1 521.0 1.0 232.1 0.1 521.0 1.0 192.1 0.1 521.0 1.0 236.7 0.1 521.0 1.0 293.0 0.1 521.0
1626 sg0-7 0.8 186.1 0.1 521.0 1.0 205.9 0.1 521.0 1.0 255.9 0.1 521.0 1.0 255.9 0.1 521.0 0.9 351.4 0.1 521.0
1627 5403 1.0 241.1 0.2 249.5 1.0 223.0 0.2 249.5 1.0 243.5 0.2 249.5 1.0 283.5 0.2 249.5 1.0 367.0 0.2 249.5
540-5 1.0 196.4 0.2 249.5 1.0 257.5 0.2 249.5 1.0 208.0 0.2 249.5 1.0 249.9 0.2 249.5 1.0 299.2 0.2 249.5
1628 5407 0.9 190.3 0.2 249.5 1.0 242.9 0.2 249.5 1.0 202.6 0.2 249.5 1.0 233.6 0.2 249.5 1.0 250.0 0.2 249.5
1629 S20’5:’ 1.0 175.8 0.1 61.0 1.0 219.4 0.1 61.0 1.0 255.0 0.1 61.0 1.0 254.5 0.1 61.0 1.0 303.9 0.2 347.0
520-5 1.0 191.3 0.1 61.0 1.0 195.7 0.1 61.0 1.0 233.2 0.1 61.0 1.0 219.6 0.1 61.0 1.0 263.0 0.2 347.0
1630 s2°7 1.0 184.3 0.1 61.0 0.9 267.6 0.1 61.0 1.0 237.3 0.1 61.0 1.0 232.3 0.1 61.0 1.0 308.3 0.2 347.0
1631

1632 Appendix B GA hyperparameter sensitivity

1633
1634 The GA results in the main text use the settings in Table 4: population size N,, = 20,

1635 per-gene mutation probability p,, = 1/d with d = 4, and tournament size 7 = 3.
1636 To check that the BO-GA conclusions are not an artefact of this single GA setting,
1637 @ small hardmax-only sensitivity study was performed. The sensitivity grid tested
1638 Np € {10,20,50}, p,, € {1/d,2/d} and 7 € {2,3} for both benchmarks, using the
1639 same ten seeds and the same total-evaluation budgets as the hardmax GA runs in the
1640 main text. All 720 sensitivity runs used the exact requested evaluation budget; partial
1641 final offspring batches were allowed by the existing GA implementation when required.
1642 Figure 15 compares the exact global-optimum success rate for all tested GA settings
1643 at each benchmark budget. Changing the GA hyperparameters produces mixed effects:
1644 some settings modestly improve exact recovery, some leave it unchanged, and others
1645 reduce it. In the free-edge benchmark, the best tested variants increase exact hits from
1646 2/10 for the paper setting to at most 3/10 at 550 and 600 evaluations and 4/10 at
1647 650 evaluations. In the cutout benchmark, exact global-optimum recovery remains at
1648 most 1/10 for every tested budget.

1649

1650 Appendix C Analytical random-search reference
1651
1652 The BO and GA results in the main text are empirical optimiser outcomes: each

1653 method uses its own search rule, and success is measured over repeated seeded runs.
1654 A blind random-search reference can be treated more directly because the candidate
1655 library is finite and the sampling process is known. Consider uniform random search
1656 without replacement over the same feasible laminate library Xfe,s. This is the relevant
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Fig. 15 GA hyperparameter sensitivity for the hardmax objective. Each panel reports the exact
global-optimum success rate (r = 1) over ten independent runs for all tested settings (Np,pm,T).
The shaded band marks the paper GA setting, Np = 20, py, = 1/d and 7 = 3; the dashed horizontal
line shows the corresponding paper-setting success rate in that panel

random-search convention here, because evaluating the same laminate twice would not
add information and both BO and GA exclude or repair duplicate objective queries.
If N = |Xjeas|, s = |X}| and B distinct designs are sampled, the probability of hitting
at least one globally optimal design for objective J is

("5")
P{s(B) =1— R~ B <N. (C1)
(5)
Thus, for exact global-optimum discovery, the objective landscape affects random
search only through the number of tied global optima s. In the benchmark landscapes
used here, the exact optimum is unique for all reported free-edge objective variants
and for both retained cutout objectives, so s = 1. Because both benchmarks also use
the same feasible laminate library, N = 11556, Eq. (C1) reduces in all these cases to

B

Pis(B) = - ()
Table 13 gives this analytical reference for the two budget ranges used in the main
benchmark studies. The comparison is intentionally limited to exact rank-1 discovery:
it asks how likely blind uniform sampling would be to stumble on the same unique
optimum targeted by BO and GA. The answer is small across both studies. At the
largest free-edge budget, 650 evaluations sample only 5.63% of the library; at the
largest cutout budget, 200 evaluations sample only 1.73%. These values provide a
closed-form sanity check on the main results: the complete BO exact-hit outcomes
reported for the strongest transformed objectives are not explained by the budgets

being large enough for blind sampling to be likely to find the optimum.
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17 Table 13 Analytical random-search reference for exact global-optimum discovery. Random search
is uniform without replacement over the 11,556-design feasible library. Since all reported

1704 benchmark objective landscapes have a unique global optimum, the probability depends only on

1705 the evaluation budget.

1;8? Benchmark budget range Budget B Sampled library (%] Pig(B) [%]
1708 Free edge 550 4.76 4.76
1709 Free edge 575 4.98 4.98
1710 Free edge 600 5.19 5.19
1711 Free edge 625 5.41 5.41
1712 Free edge 650 5.63 5.63
1713 Cutout 100 0.87 0.87
1714 Cutout 125 1.08 1.08
1715 Cutout 150 1.30 1.30
Cutout 175 1.51 1.51
1716 Cutout 200 1.73 1.73
1717
1718 . . .
1719 Appendix D Post-hoc landscape interpretation
1720

This appendix reports post-hoc diagnostics used to interpret the enumerated hardmax
objective landscapes. The diagnostics were not optimisation models and were not
used to guide BO or GA; they were applied only after the DG objective values had
been computed for every feasible design. Their purpose is to identify which material-
angle features are associated with the ranked landscape structure, and to support the
1726 physical interpretation of the benchmark optima. For each benchmark, the analysed
response was

1;;; Y= IOgIO Jhard, (Dl)
1729 which reduces the dynamic range of the objective values while preserving their order-
1730 ing. Each design was encoded by angle-structure features and by material mismatch
1731 features. The angle features were the same-angle indicator, the absolute angle differ-
1732 ence and a set of binary indicators for the ordered angle pair, so that, for example,
1733 45°/90° and 90°/45° are treated as distinct categories. For a material property p, the
1734 between-group mismatch was measured as

1721
1722
1723
1724
1725

1735 ( )

1736 m, = log <Hw) , (D2)
1737 min(p1, p2)

1738 .

1739 where p; and py are the two group properties. Thus m, = 0 corresponds to

1740 Matched material values, and larger values indicate a stronger mismatch. The material
1741 properties included El, EQ, Eg, Glg, G237 031, V12, V23 and V13.

1742 The global diagnostic used an ExtraTrees regression model [19] to predict y from
1743 these encoded features. The model was used only as an interpretive device: if a fea-
1744 ture group is important, randomly permuting that group in held-out data should
1745 reduce predictive accuracy. For a feature group g, the grouped permutation score was
1746 computed as

1747 1, = R (f(X),y) = R*(F(Xe(0): ) | (D3)
1748
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where X,y denotes the held-out feature matrix after the columns in group g have 1749
been jointly permuted. The reported percentages in Table 14 normalise the positive 1750
I, values so that they sum to 100%. In both benchmarks the model used 800 trees, a 1751

25% held-out test split, 40 permutation repeats and a fixed random seed of 42. 1752
1753
Table 14 Summary of the post-hoc tree-ensemble diagnostics for the hardmax landscapes. The 1754
importance percentages are grouped permutation importances normalised over positive R? drops. 1755
Benchmark Designs Test R? Same angle Angle pair |Af| Material ratios 1756
1757
Free edge 11,556 0.982 54.6% 31.6% 8.0% 5.8% 1758
Cutout 11,556 0.972 53.7% 24.5% 21.3% 0.5% 1759
e . : . 1760
The tree model identifies broad landscape structure, but it does not by itself explain 1761
which material contrasts matter inside a fixed angle family. For that reason, a sec- 1762
ond diagnostic held the angle family fixed and computed Spearman rank correlations 1763
between each mismatch feature and y, 1764
1765
ps(p) = corr(rank(m,), rank(y)) . (D4) 1766
. . . . . 1767
This step asks a narrower question: once the angle pair has been chosen, is there a sim- 1768
ple monotonic relationship between a material mismatch and the objective? Table 15 1769
reports the strongest correlations for the angle families discussed in the main text. 1770
Table 15 Stratified Spearman diagnostics within selected same-angle families. Positive ps means 1771
that larger mismatch is associated with a larger objective; negative ps means that larger mismatch 1772
is associated with a smaller objective within that fixed angle family. 1773
Benchmark Angle family Strongest feature(s) ps  Interpretation 1?;;
Free edge 90°/90° V12, V13 0.986 The objective rises strongly when the 1776
two groups differ in either Poisson
ratio; the global optimum has both 1777
values matched. 1778
Free edge 0°/0° V12, V13 0.672 The same between-group Poisson- 1779
ratio effect is visible, but less strongly
than in the 90°/90° family. 1780
Free edge 45° /45° Gi2, G31 0.666 The clearest material effect shifts to 1781
shear: larger contrasts in G2 or G31 1782
are associated with higher objectives.
Free edge 20°/20° Gi2, G31 0.601 A similar shear-modulus association 1783
persists at this lower off-axis angle, 1784
although slightly more weakly. 1785
Cutout 45° /45° V23 —0.225 The largest trend is weak-to-
moderate and negative; no single 1786
material mismatch explains this lead- 1787
ing cutout family. 1788
Cutout 20°/20° V23 —0.219 The same weak negative o3 trend
appears, again indicating no domi- 1789
nant one-ratio rule. 1790
1791

Finally, for each ordered material assignment, the objective values were compared 1792
over the available angle pairs and the best angle pair was recorded. There are 144 1793

1794
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1795 ordered material assignments in each benchmark, corresponding to 12 possible mate-
1796 rials in the first group and 12 in the second. Same-angle choices are infeasible for the
1797 12 same-material assignments, because identical material-angle groups are excluded
1798 from the design library; for the remaining 132 assignments, a same-angle pair gives the
1799 lowest objective in every case for both benchmarks. Table 16 summarises this fixed-
1800 material result, while Figs. 16 and 17 show the corresponding material-by-material
1801 maps and mark the global optimum in each landscape. Together, they also show that
1802 the preferred same-angle family changes with the benchmark geometry. This is the
1803 basis for the interpretation in the main text: the global optima are not explained
1804 by one universally preferred angle or one universally preferred material ratio, but by

1805 geometry-dependent interactions between angle family and material compatibility.
1806

1807 Table 16 Best angle-pair counts when each ordered material assignment is held fixed and only the
angle pair is varied. Same-angle choices are feasible for 132 of the 144 ordered material assignments;

1808 the remaining 12 are same-material assignments for which identical material-angle groups are

1809 excluded.

1810

1811 Benchmark Feasible same-angle winners Most frequent winning angle pairs

1812 Free edge 132/132 0°/0° (80), 90°/90° (26), —45°/ — 45° (15), —20°/20° (10)
Cutout 132/132 45°/45° (81), 20°/20° (45), 20°/0° (12), 0°/0° (6)

1813

1814

For the free-edge benchmark, these diagnostics provide the full-landscape support
1815 for the interpretation used in Section 3.1. The hardmax ranking is strongly concen-
1816 trated in same-angle designs: the first 663 designs are all same-angle pairs, and the
1817 st mixed-angle design appears only at rank 664. At the same time, the fixed-material
1818 sweep, reported in Table 16 and Fig. 16, shows that the all-90° top-three set should
1819 not be generalised into a universal 90° rule. The most frequent fixed-material winner is
1820 /0° (80 cases), whereas 90° /90° wins 26 cases. Within fixed same-angle families, the
1821 Aterial contrast also changes with the angle family: Table 15 shows that the 90°/90°
1822 family is most strongly associated with between-group mismatches in v15 and 43,
1823 hile the 45° /45° family is most strongly associated with between-group mismatches
1824 in G132 and G31. The free-edge hardmax global optimum lies at the favourable end of
1825 the 90°/90° trend, with matched v12 and matched v13 between the two materials, so
1826 both corresponding property ratios are 1. Thus the free-edge optimum is best inter-
1827 preted as an interaction between the straight-edge loading mechanism, the selected
1828 same-angle family and material compatibility.

1829 For the cutout benchmark, the same diagnostics show that the change from
1830 a straight free edge to a corner discontinuity changes the preferred angle family.
1831 The tree-ensemble diagnostic again identifies angle structure as the dominant source
1832 of explanatory information, with the same-angle indicator, ordered angle pair and
1833 absolute angle difference accounting for most of the positive grouped permutation
1834 importance in Table 14. The ranked hardmax landscape gives the same message
1835 directly: same-angle designs form only 10.3% of the feasible library, but the first 333
1836 ranked designs are all same-angle pairs, and the first mixed-angle design appears only
1837 at rank 334. The fixed-material sweep also points to a same-angle preference, with
1838 same-angle pairs winning all 132 feasible ordered material assignments. Within those

1223 fixed-material winners, however, the dominant families are off-axis: either 45°/45°
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Group 1 material
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Group 2 material
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Winning angle pair (deg)

. 0/0 . 20/20 60/60 W 90/20 % global optimum
Bm 90/90 W -45/-45 W -70/-70 #W 90/-20 [ZJd same material
B 45/45 W -20/-20 mm -20/20

Fig. 16 Fixed-material winning angle-pair matrix for the free-edge hardmax landscape. Columns
denote the group-1 material and rows denote the group-2 material. Each cell reports the angle pair
that gives the lowest objective value for that ordered material assignment. Hatched diagonal cells are
same-material assignments, for which same-angle choices are infeasible because identical material-
angle groups are excluded from the design library

or 20°/20° gives the lowest cutout objective for 126 of the 132 feasible assignments.
Unlike the free-edge 90°/90° family, the stratified Spearman checks for the leading
cutout families do not show a strong single material-ratio rule; the largest monotonic
trends are associated with vo3 mismatch and are only weak to moderate. The cutout
optimum is therefore best interpreted as a geometry-dependent same-angle, off-axis
family effect [47].
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