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Abstract
We formulate a fraction-valued piece-wise linear linear programming problem as a
fraction-valued linear programming programming problem.
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1. Introduction: In this note we are concerned with the maximization of a piece-wise
linear function subject to linear inequality constraints where all scalars belong to the
ordered field of fractions. We call such problems, fraction-valued piece-wise linear
linear programming problems. To be consistent with our terminology, linear
programming should be referred to as linear linear programming- which we don’t do!!!
The definition of piece-wise linear function that we consider can be found in
Ovchinnikov (2002, 2018). We assume that the linear inequality constraints define a
bounded polyhedron and is thus a convex polytope. (See Frank (2019) and
Williamson (2014)). With all scalars being fraction, it is well known that all extreme
points of the bounded polyhedron (and hence of the convex polytope) are fraction-
valued vectors.
Our main result is that for a fraction-valued piece-wise linear linear programming
problem, solutions of a related fraction-valued linear programming problem are
solutions of the former problem. Thus, as is well known in linear programming, there
exists a solution which is an extreme point of the “constraint set” and, as we have
already noted, such a solution must be a fraction-valued vector.
That the problem of finding a minimizing solution from the set of solutions of a finite
number of linear programming maximization problems, can be formulated as a linear
programming minimization problem is well known (see page 317 (in section 8.3.3) of
Eiselt and Sandblom (2007)). That the problem of finding a maximizing solution from

the set of solutions of a finite number of linear programming maximization problems,



can be formulated as a linear programming maximization problem is proved in Lahiri
(2025). A fraction-valued piece-wise linear linear programming problem is about
finding the maximum from a finite number of max-min linear programming problems.
Although the objective function of the linear programming problem formulated here
is “similar” to the objective function of the linear programming problem formulated in
Lahiri (2025), there may be some novelty in our formulation of a fraction-valued
piece-wise linear linear programming problem as a single fraction-valued (linear)
linear programming problem.

2. Some Notations: Let Q denote the set of fractions in the real line, Q. the set of
non-negative fractions and Q.+ the set of strictly positive fractions. For any non-
empty subset X of Q, and positive integer ‘r’, let X* denote the r-fold Cartesian
product of X. Clearly, X' = X.

For any non-empty subset X of Q, and positive integers ‘r’, ‘s’, let X™* denote the set
of all rxs matrices with entries in X. Clearly, X! = X.

A point in X is referred to as an s-dimensional (X-valued) row vector, and a point
in X™! is referred to as a r-dimensional (X-valued) column vector.

Unless otherwise mentioned a point in X" will be understood as an r-dimensional (X-
valued) column vector.

Given FeX™ and (h, K)e{1, ..., r}x{1, ..., s}, let Fn €X' denote the h™ row of the
matrix F and F*eX™! ( = X") denote the k™ column of the matrix F.

3. Fraction-valued Piece-wise Linear Programming Problem: For positive integers
myj, n, consider the pair (C, d)e(Q™>*", Q™). Let s be a non-empty collection of non-
empty subsets of {1, ..., m;}.

A fraction-valued piece-wise linear function f: Q"—Q based on (C, d, #) is defined

as follows: for all xeQ", f(x) = rg{zgg rﬁgl {Cx +d,}.

This definition along with in-depth characterization results are available in
Ovchinnikov (2002, 2018).

Example 1: Formi=3andn=1,1etC;=1,C,=-1,C3=0,d1=0,d2=2,d3 = % Let
JC={{1,2},{3}}. ForH= {1, 2}, r}rlligl {Cx+dy} =xforall x<1 and

i =2- >
rl?ﬁgl{Chx+dh} 2-xforall x>1.

) 1 1 1
f(x) = rgggé I}Illelblll {Cx+d,} = > for all x SE’ f(x) = x for all XE[E, 1], f(x) =2 - x for all

3 1 3
xe[1, ] and f(x) = for all x > . |



Note 1: Two special cases of fraction-valued piece-wise linear function are #'=

{{1, ...,m}} and &= {{h}l he{1, ..., m}}. In the first case the function becomes a
concave piece-wise linear function and in the second case the function becomes a
convex piece-wise linear function.

For a positive integer my, given (A, b)e(Q™*", Q™) we are interested in the following
maximization problem which we refer to as piece-wise linear linear programming
problem (PWL-LP): Maximize f(x), subject to Ax <b.

For what follows we assume that {xeQ"| Ax <b} is a bounded polyhedron. Hence by
the Strong Duality Theorem of Linear programming (for instance as in theorem 2 in
topic 3 of Lahiri (2023)), we know that every linear programming problem with
constraints given by Ax <b, has a solution which is an extreme point of the bounded
polyhedron.

4. Understanding Piece-wise Linear Linear Programming Problem: In this
section we provide a proposition that helps in understanding what piece-wise linear
linear programming actually is.

Proposition 1: XeQ" solves PWL-LP if and only if AX <b and there exists an array of
fractions <@i/|[He and an array <X|He#% in Q" such that X, <it”/[He A5,
<xH|Hes> satisfy the following:

(i) For each He#, let 21, 2! solve:

Maximize u* subject to Chx" + di > u! for all heH, Ax" <b, xHeQn, uteQ; and

)

(ii) f(x) = o for all A eargmax {i
Hes

Proof: Suppose XeQ" solves PWL-LP.

Then, f(X) = max rglggl {C\X + d,,} implies there exists Hessuch that £(&) =

min {GyX + dy,} and min {C,X + d},} > min {C,X + d},} for all HeZ.

heH heH heH

XeQ" solves PWL-LP implies Ax <b and for all xeQ" satisfying Ax <b, f(X) =
. ~ S >

I}l;%l {CX + dy} > 1(x) > min {Cpx + dy, } for all HeA.

For each He#, let 38, i solve:
Maximize u* subject to Chx™ + dn > u¥ for all heH, Ax" <b, xHeQ?, uf'eQ.
Since {xeQ"l Ax <b} is a bounded polyhedron, such a solution always exists.

Thus, it must be the case that %161151 (Ca +d,) =al.

Clearly, min { G, +dy ) > f(3) > min {C,2" +d,}= " for all Het
eH



In particular, min { ;& + dy }> min { C, 37 + dy }= o
heH heH

H

Since X7, @' solve:

Maximize uf! subject to Crx™ + dn > uf for all heH , Axfl < b, xH eQn, ufl €Q

and since X, ufl = rl?gl {C\X + d,,} satisfies all the constraints of this maximization
problem, it must be the case that # rﬁun {C\x +d,}.

Combined with Itf?f? {Cx+dy} > il that we obtained earlier, we get afl >

min {Cy X + d;, }.

heH

Thus, f&) = 0.
We already know that f(x) = mm {Cx+d,} > mm {C,3M + dy, )= 0" for all He#,

Thus, U H for all for all He# so that H eargmax {ii}.
Hesx

Thus, &, <i![He>, <2 He satisfy (i) and (ii) in the statement of this proposition.
Now suppose, A% < b and there exists an array of fractions <ii*[He#> and an array
<2 Hes> in Q" such that %, <it”[Hes, <2 |Hest> satisfy (i) and (ii) in the
statement of this proposition. Let xeQ" satisfy Ax <b.

Thus, by (1) in the statement of this proposition, for all He#, r}rllgl {Cox +dy,} <all.
= i < i
Thus, f(x) max min {Cix + d,, )< max {u'"}.

By (ii) in the statement of this proposition, for all Heargmax {#'} it must be the case
Hext

that f(¥) =

Thus, x solves PWL-LP. Q.E.D.

5. Representing the piece-wise linear programming problem as a single linear
programming problem: We now provide the main result whereby we characterize a
piece-wise linear programming problem as a single linear programming problem.
Proposition 2: (I) XeQ" solves PWL-LP if and only if AX <b and there exists a
fraction 7, an array of fractions <ii”/[Hez# and an array <X|He% in Q" such that:
() U, <a'HeA>, <X HeA> solve the following linear programming problem (LP-
OPT): Maximize 2),,,  u" - usubject to u - u" >0, Cpx" + dn > u" for all heH, He#,
AxH <b, xHeQn, utleQ, for all Hes#, ueQ, and

(ii) f(x) = @.

(1) For all H eargmax {1}, it is the case that 27 solves PWL-LP.
He



Proof: (I) Suppose xeQ" solves PWL-LP.

Then, by proposition 1, there exists an array of fractions <zi/|[He#> and an array
<2IHe in Q" such that &, <it”[He#s, <X|HeA satisfy the following:

(i) For each He#, let 31, @i solve:

Maximize u' subject to ChxH" + di > u!! for all heH, Ax" <b, xHeQ?, uteQ; and

(i) fx) = al for all H eargmax {i"}.
Hext
H } —

Letu = max{u il where Heargmax {ii"}.

Hexst
~AH o~ ~H , ~H
Thus, 2%, " - 1= 22;1@{\{17} U+
Towards a contradiction suppose that there exists a fraction u*, an array of fractions

<u*f|Hes5> and an array <x*7|He% in Q" such that u” - u™ >0, Cox™™ + dy > u™ for

H

all heH, He#, Ax™M <b, and ZZHQ%M -ut > ZZHEJKQ i+ 0

=22 A\(H}
Since, for each He#, let &M, 71! solve the linear programming problem in (i), it must

be the case that for each Hes#, i1 > u™.

G H H
221_1&%1/! -u —ZZHE%\{H}M +2u " -

Thus, 2 7+ 26 - u" > 28, o 0+ A implies

H ﬁ oH-_ H : H ﬁ
2u™-at -u” >2(ZHJ£\{H} ZH&%\{H}M )>0,1.e., 2u -u">0.
ol cw = u T oo Cwt<u® oy since u™ - 2 <0,

Thus, wfw>2u o gf oyt > 0, thereby contradicting the requirement u” - u™ >0
for all heH.
Thus, T, <" IHeA>, <k IHe#> solve LP-OPT.

Thus, U = max {@i"}, since at the maximum it is not possible that all constraints of u -
€e

uf > 0 for all He#, will be satisfied with strict inequality.

Hence, by (ii) in the statement of proposition 1, f(X) = ii = max {af}.

Now suppose, U, <i'/lHe%, <xIHe > solve LP-OPT and f(%) = i.
Since U, < [Hes>, <xfHes> solve LP-OPT it must be the case the case that i =

maxu
Hes { }

Thus, 23, 4" - @ o + @ for all Heargmax (/).

= 22H€J£\{H} |

Towards a contradiction suppose there exists xeQ" satisfying Ax <b and f(x) > f(x) =

i.



Thus, f(x) = I}Ilay)é I}Ill}LIIl {Cpx + d,, } implies there exists H e such that f(x) =
{Pg} (Cx +dy) =ut > Il’l;llfl} {Cyx + d,} for all He A,

Further w*" > 5> af’
Consider the array <y"/He#% in Q" and the array of fractions <vH[He#> where y! =

xH for all Hes/\{H"}, " = x, vl = 2! for all Hex\{H*}, v/ = u*".

H

Since u*" > fi = max {#i”}, it must be the case that v* = max {v/'} = u*" > @i, so that
Hes HesH

v - vl >0 for all He# .
Thus, v, <vHIHes’, <yHIHes satisfy all the constraints of LP-OPT.

H_* _ ~H *H*_ ~H «H*_ o +H* _
2Y eV -V —2ZHEJA{H*}M +2u™ -v >22H€%\{H*}u +2u™ - Ut =

~H *H* ~H AH* > ~H AH* o . ~ > ’\H*
2ZH€%\{H*}M +u™ > ZZH&%\{H*}M +u' > ZZHE.%\{H*}” +2u" -1, since > u" .

Thus, 2%, V" - v > 2% b iy a2 =2 ! - @i, contradicting our

assumption that U, <aIHe#>, <x|Hes#5 solve LP-OPT.
Thus, X solves PWL-LP.

(IT) Since @ = max {#}, for all Heargmax {##}, f&) =2 =00.
Het Het

Thus, for all Heargmax {#}, 27 solves PWL-LP. Q.E.D.
Het
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