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We make relevant and important comments on the electromagnetic irradiation in a

holed spatial region by writing the Maxwell equations on light of the Helmoholtz Theorem

for vectorial fields on R
3.

1 The non space-time approach for electromagnetic

irradiation in a holed spatial region - Maxwell Equa-

tions

One important point to be fully kept in mind when analyzing electromagnetic irradiation

at a non quantum mechanical level is to consider as first and fundamental dynamical

equations describing the phenomena of electromagnetic irradiation the first order system

of Partial Differential Equations for the physical (measurable) strenght electromagnetic

field; the full Maxwell equations on the vacuum written below:
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~∇. ~E = 4πρ (1-a)

~∇× ~H =
4π

c
~JE +

1

c

∂

∂t
~E (1-b)

div ~H = 0 (1-c)

~∇× ~E +
1

c

∂ ~H

∂t
= 0 (1-d)

In classical electrodynamics and in the situation of the existence of compact holes on

the R
3, one must apply the Helmoholtz theorem first for the vector field ( ~E, ~H), before

writing the dynamical wave equations for the potentials, as we have done in ref. [1].

Namely by a direct application of the Helmoholtz theorem to the magnetic vector field:

~H = (~∇× ~HH) + (gradφH) + ~Htop (2)

where ~Htop is the unrotational harmonic magnetic topological field piece and φH the mag-

netic scalar potential suppose from here on to be given explicitly as boundary conditions.

On basis of the Helmoholtz theorem for the magnetic vector field eq(2), one has the

identity for eq(1-d)

~∇×

(
~E +

1

c

∂ ~AH

∂t

)
=

(
−
1

c

∂

∂t
gradφH

)
−

1

c

∂ ~Htop

∂t
(3)

Let us point out that is exactly at eq(3) that the presence of compact holes on R
3 alters

significantly the usual analysis to write the equations for the electromagnetic potentials.

On basis of eq(3) one can only conclude that there is an electric field scalar potential φE

such that

~E +
1

c

∂ ~AH

∂t
=
(
− gradφE

)
+
~̂
E(φH , ~H

top) (4)

Here
~̂
E(φH , ~H

top) is an additional (not yet explicited) non-zero functional of the magnetic

potential φH and of the harmonic magnetic fields ~Htop as solution of the first order

partial differential eq(3) supposed to have non trivial solutions (a further study of this

mathematical issue will appears elsewhere ([2])).

By substituting eq(4) and eq(2) into eq(1-b) and eq(1-a), one gets our somewhat elec-

tromagnetic wave equations for the electromagnetic potentials with “topological sources”
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in a the “Holed” space R
3.

(
−∇ ~AH+grad div ~AH

)
+

(
1

c2
∂2

∂t2
~AH +

1

c

∂

∂t
gradφE

)
=

4π

c
~J+

1

c

∂

∂t

~̂
E(φH , ~H

top) (5-a)

−∇φE −
1

c

∂

∂t
(divAH) = 4πρ− div

~̂
E(φH , ~H

top) (5-b)

By following the usual protocols, one must fix a gauge on the above set of equations for

the Electromagnetic potentials ( ~AH , φE) in order to make them mathematically soluble

([2]).

We choose thus the well-known and decoupling (and free of mathematical problem)

Landau Gauge

div ~AH +
1

c

∂φE

∂t
= 0 (6)

After implementing this gauge fixing, one gets the dynamical equations satisfied by

the Electromagnetic potentials in the gauge eq(6).

∆ ~AH −
1

c

∂2 ~AH

∂t2
= −

4π

c
~JE −

1

c

∂

∂t

~̂
E(φH , ~H

top) (7-a)

∆φE −
1

c2
∂2φE

∂t2
= −4πρ+ div

~̂
E(φH , ~H

top) (7-b)

We note the presence of news effectives electrical current and electrical charge densities

on the eq(7-a) and eq(7-b) due to the “harmonic” pieces of the magnetic field.

Let us stress again that the topological harmonic magnetic configuration ~Htop on

the Helmoholtz decomposition eq(2) must be given as boundary conditions and must be

suppose fully explicited.

As a result of eq(1-c), now with a non trivial magnetic source ~Jm for sake of generality,

one obtains that:

div(∇× ~AH + gradφH + ~Htop) = div ~Jn (8)

As a result one has

φH = −∆−1(div ( ~Htop + ~Jm)) (9)

Where ∆−1 is the Green function of the Laplacean operator on the R3 with compac holes

inside, certainly a highly non trivial problem even on the “Riemann surface” case of R2

([2]).
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Another useful relation is obtained from eq(3) and the unrotationality of ~Htop

∇×∇

(
~E +

1

c

∂ ~A

∂t

)
= 0 (10)

which means that again under the imposed condition rot( ~Htop) ≡ 0, the following equation

−∆

(
~E +

1

c

∂ ~A

∂t

)
+ grad

(
div

(
~E +

1

c

∂ ~A

∂t

))
= 0 (11)

It is now worth call attention for the standard gradient solution of eq(11)

~E +
1

c

∂ ~A

∂t
= −(gradφE) (12)

Note that under the solution eq(12) the usual dynamical equations for the electromag-

netic potentials eq(7-a) and eq(7-b) with
~̂
E(φH , ~H

top) ≡ 0, are obtained.

Let us thus point at that on the quantum mechanical world the first basic equations

are the potential wave equations eq(5-a) and eq(5-b) with
~̂
E(φH , ~H

top) ≡ 0, with the

meaning that on the quantum world, the space is fully R
3, without any non trivial differ-

ential topological structure immersed on it for mathematical consistency of its dynamical

equations and the physical assumptions in Quantum Mechanics - non relativistic case.

As an pedagogical comment we write the path integral expression for the mild point

rule Feynman propagator of a charged particle in the presence of a magnetic constant,

but Gaussian random potential ~AH and zero magnetic field ~H:

~BA = −

Helmoholtz vector︷ ︸︸ ︷(
A3y

2

)
~i+

(
A3x

2

)
~j

~AH = A3
~K

~H ≡ 0

(13)

Namelly:

G(~x1, ~x2, T, [AH ]) =

∫ ~x(T )=~x2

~x(0)=~x1

DF [~x(σ)] exp

(
−
i

~

∫ T

0

1

2
m

(
d~x

dσ

)2

(σ)dσ

)

× exp

{
−

ie

2c~

∫ T

0

dσ

[
dxi

dσ
Eijs

(
∂

∂xj
Bs

A(x
ℓ)

)]
(σ)

}
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We can see that the averaged Feynman propagator with ~x = (x1, x2, x3) and

~y = (y1, y2, y3) is explicitly given by

EA{G(~x, ~y, t, [ ~AH ])} = G0

(
(x1, x2); (y1, y2), T

)

× EA3

{
e−

ie

c~ A3

∫ T

0

dσ
dz

dσ

}

= G0

(
(x1, x2); (y1, y2), T )×

×
(√

πµ2
)
exp

damping factor︷ ︸︸ ︷{
−

[
1

2
µ2 e2

c2~2
(x3 − y3)

2

]}
(15)

Here G0

(
(x1, x2), (y1, y2), T ) denotes the free propagation on the plane R

2.

It is curious that the “damped” Ahronov-Rhom effect predicts by eq(15) means dis-

sipation on quantum mechanics by a zero classical magnetic field but with a random

constant vector potential and non-zero Helmoholtz potential vector, a new physical quan-

tum phenomena predicts by us.

Finally we point out for sake of comparasion with eqs(7-a)-(7-b) that the Maxwell

Equations eq(1-a)-eq(1-d) take the following form, if one uses directly the Helmoholtz

theorem for the electric and magnetic fields

~E = (∇× ~AE) + (gradφE) + ~Etop (16-a)

~H = (∇× ~AH) + (gradφH) + ~Htop (16-b)

The set of our proposed news equations for the Electromagnetic Field for a Holed

space R
3 takes the form (plus suitable boundary conditions)(∗)

∆φE = 4πρ− div ~Etop (17-a)

∆φH = −div ( ~Htop) (17-b)

−∆ ~AH + grad (div ~AH) =
4π

c
~J +

1

c

∂

∂t
(rot ~AE + gradφE + ~Etop) (17-c)

−∆ ~AE + grad (div ~AE) = −
1

c

∂

∂t
(rot ~AH + gradφH + ~Htop) (17-d)

(∗)Usually one considers the mathematically well define A. Sommerfeld irradiation conditions at the

spatial infinity ([3]).
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In this case ~Etop and ~Htop should be prescribed as boundary conditions for possible

well-posedness of the irradiation problem associated to the above written set of PDE’s.

A complete mathematical and physical study will appears elsewhere in a more detailed

paper with applications.
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