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Abstract

We examine a coupled optical-terahertz model of Schrédinger-Boussinesq type with
quadratic nonlinearity and the numerical results reported in the source study. The con-
tinuous model combines a complex optical envelope equation with a real terahertz wave
equation. We present its localized wave profile, normalization, centered finite-difference
formulation, and two-stage optical iteration. We then distinguish that formal formulation
from the explicit update routines used to generate the numerical figures. In the first exper-
iment, the optical profile remains localized over early propagation layers; the terahertz field
subsequently develops large excursions, followed by numerical blow-up in both fields. In a
separate experiment, the plotted control factor multiplies fourth-order terahertz dispersion;
the larger of two displayed factors produces stronger terahertz excursions. We formulate
amplitude, residual, and grid-refinement diagnostics for assessing numerical instability and
convergence. The available plots do not establish stability of the continuous soliton or a
mesh-independent critical parameter.

Keywords: optical-terahertz soliton; Zakharov-Boussinesq system; quadratic nonlinearity;
finite differences; numerical instability; grid convergence.

1 Introduction

Terahertz radiation is used in imaging, spectroscopy, security screening, materials research,
and biomedical investigations [11, 13, 12]. Optical rectification of ultrashort laser pulses in media
with second-order nonlinearity is an important route to its generation; experiments with tilted
pulse fronts have demonstrated energetic terahertz pulses [22]. Because the generated terahertz
signal can be broadband and close to a single cycle, a slowly varying envelope description of the
terahertz field may be inadequate. Models that retain a wave equation for this field and couple
it to an optical envelope therefore provide a useful basis for studying the interaction [2, 1].

The practical interest in this frequency range is accompanied by a difficult modeling prob-
lem. The optical pulse and the generated terahertz field occupy widely separated frequency
scales, yet they exchange energy through the quadratic response of the medium. The optical
component can often be represented by a complex envelope, whereas a broadband terahertz
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pulse may contain too few carrier oscillations for an envelope approximation to remain reliable.
A model for the coupled system must therefore retain optical group-velocity dispersion, tera-
hertz wave propagation, nonlinear source terms, and the transverse geometry of a tilted pulse
front.

Systems of coupled nonlinear Schrodinger equations are useful when both interacting sig-
nals contain many carrier periods. The general theory of solitons and ultrashort optical pulses
provides the mathematical background for such reductions [16, 14]. For the short terahertz
pulses considered here, a more general wave equation is needed for the low-frequency compo-
nent. Earlier studies of few-cycle and extremely short electromagnetic solitons show why models
beyond the conventional envelope approximation are relevant [15, 17, 18]. The Zakharov—
Boussinesq-type model used in this work combines a first-order propagation equation for the
optical envelope with a second-order wave equation for the terahertz field. The resulting sys-
tem is sufficiently detailed to contain second- and fourth-order temporal dispersion, transverse
diffraction, quadratic terahertz self-action, and optical driving of the terahertz field.

Sazonov and Ustinov developed optical-terahertz soliton solutions with tilted wave fronts
for a Zakharov—Boussinesq-type system [2, 23, 1]. Related studies examined waveguide gener-
ation, spatial confinement, and numerical stability of optical-terahertz structures [4, 5, 6, 3].
In the reduced Yajima—Oikawa description, optical dispersion and nonlinear coupling already
permit a localized wave packet. A Yajima—Oikawa—Kadomtsev—Petviashvili extension adds
weak terahertz dispersion and small wave-front tilt while retaining a unidirectional propagation
approximation. The more general Zakharov—Boussinesq family retains higher-order terahertz
dispersion and transverse diffraction without that approximation. Here we illustrate localized
profiles and examine Gaussian fields propagated by related coupled update routines.

We present a staggered finite-difference formulation and analyze two numerical plotting
programs from the underlying study. Iterative finite-difference constructions for nonlinear op-
tical propagation and related two-stage solvers motivate this formulation [7, 20]. Numerical
work on resonant Boussinesq models, Schréodinger—Boussinesq systems, spectral differentiation,
transparent boundaries, and high-resolution finite-difference methods provides a broader com-
putational context [8, 9, 19, 21, 10]. We examine the fields at several propagation labels in
the first program and compare two multipliers of fourth-order terahertz dispersion in the sec-
ond. The resulting plots support a qualitative discussion of numerical blow-up for the displayed
calculations.

The objectives are to state the coupled model and localized-profile illustration, present the
formal difference equations, identify the updates actually used in the two plotting programs,
and evaluate the displayed numerical behavior. The Gaussian numerical initial data and the
illustrated localized profile are treated separately. This structure clarifies which conclusions the
figures can support.

2 Coupled optical-terahertz model

2.1 From reduced descriptions to the present system

The model belongs to a sequence of descriptions with increasing physical content. In
a slowly varying envelope model, both interacting components are represented by first-order
propagation equations. This form is convenient but becomes restrictive when the terahertz
pulse is broadband or close to a single cycle. A reduced Yajima—Oikawa system retains optical
dispersion and resonant coupling between a short-wave envelope and a long-wave component.
It explains how a localized coupled structure can arise from a balance between dispersion and
nonlinearity.

For small wave-front angles, transverse corrections can be introduced through a Yajima—
Oikawa—Kadomtsev—Petviashvili-type extension. That model incorporates weak diffraction



and weak long-wave dispersion while still relying on a preferred propagation direction. The
Zakharov—Boussinesq-type system used here removes this restriction for the terahertz compo-
nent by retaining a second-order wave equation. It includes both second- and fourth-order
temporal terms as well as transverse diffraction. This hierarchy motivates the use of the more
general system for a numerical stability calculation.

Tilted wave fronts are relevant because they permit matching between the optical group
motion and the terahertz phase propagation. In the reduced soliton theory, the tilt angle and
the material parameters determine whether the optical and terahertz components can remain
localized in the same moving coordinate. In the numerical problem, the same geometry enters
through 2’ = zcosf + xsin 6 and through the transverse derivatives with respect to .

Let ¢ (z,x,t) denote the complex envelope of the optical field and let Er(z,z,t) denote the
real terahertz electric field. The propagation coordinate is z, x is transverse position, and t is
time. We consider the coupled equations
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Here v, is the optical group velocity, ¢ is the speed of light, n, and nr are the optical and
terahertz refractive indices, respectively, and w is the optical angular frequency. The coefficient
a describes the optical-terahertz coupling in Eq. (1); a is the transverse-diffraction coefficient
in Eq. (2); f and v are temporal-dispersion coefficients; and p and o describe the terahertz
quadratic nonlinearity and optical-intensity driving term, respectively. These meanings are
used consistently below.

The original presentation of the model used the letter a in both the optical coupling and
terahertz transverse terms, whereas its later difference formulas and Python programs use « for
optical coupling and a for the transverse term. We adopt the latter distinction throughout this
paper. This resolves a symbol conflict in the underlying material; it does not assert that the
two coefficients have the same numerical value.

2.2 Interpretation of the model terms

The linear term 2it)/ (ﬁ’ug) produces a phase contribution in the optical equation. Second-
order temporal dispersion is represented by i3y /2. Transverse spreading is described by the
term containing 1., and —iaFE71y provides the local coupling through which the terahertz field
changes the optical phase and profile.

In the terahertz equation, n%ET,tt / c2 is the linear wave contribution. The term ,u(E%)tt
describes quadratic self-action of the terahertz field, and o (||?); is the source generated by the
optical intensity. The coefficient v weights the fourth-order temporal-dispersion term, and a
controls transverse diffraction of the terahertz component. The optical field is complex, whereas
E7 is real; consequently the terahertz source depends on || rather than on 12



Table 1: Notation used throughout the paper.

Symbol Meaning

propagation coordinate

transverse coordinate

time coordinate

complex optical-field envelope

real terahertz electric field

optical-terahertz coupling coefficient

transverse-diffraction coefficient in the continuous terahertz equation

multiplier of fourth-order terahertz dispersion in the second program
B, second- and fourth-order temporal-dispersion coefficients
[T terahertz self-action and optical driving coeflicients

ny,ny  optical and terahertz refractive indices
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The computational domain is 0 < z < L,, 0 < z < L, and 0 < t < L;. The stated
propagation data are

(0, z,t) = Yo(x,t), Er(0,z,t) =0, a;I/Z‘T(O,ac,t) =0. (3)

Homogeneous boundary values for v and Ep are imposed at the ends of the finite = and ¢
intervals. More explicitly, the computational boundary conditions are

w(z707t) :w(z7Ll‘7t) :O7 ¢(275E70) :w(zvvat) :07 (4)
Er(z,0,t) = Ep(z, Ly, t) =0, Er(z,2,0) = Ep(z,z,L;) = 0. (5)

The source difference formulation also sets the temporal curvature of the terahertz field to zero
at the two temporal boundaries,

ET,tt(Z, Z, 0) = ETﬁ(z, Z, Lt) =0. (6)

Together with Eq. (3), these conditions define the finite-domain propagation problem used in
the numerical construction.
The localized-profile illustration uses the following fields:

t !
¥ = 1y, sech? €, Er = —E,, sech?¢, 5272/1)’ 2 = zcosf+xzsinf. (7)
Tp
The amplitudes in that appendix are computed from
¢ sin?6 3By 3 \/ By(2ay — j1By)
By=p— — E,=— = . 8
o new v " dar?’ Ym dat? o (8)

These expressions reproduce the plotting code and require a nonnegative radicand for a real

optical amplitude. They are used to visualize a localized pair; the appendix does not verify by

substitution that the plotted pair solves Eqs. (1)—(2) with the stated finite-domain conditions.

The plotted values are 0 = 30°, v=1,7, =1, a=1, =05, t=0.2,v=0.1, and 0 = 1.
The packet center is defined by & = 0. Hence its trajectory satisfies

zcosf + xsinf = vt. 9)

Equation (9) shows directly how the tilt angle changes the direction of the localized structure
in the (z,z) plane. At fixed =, the center moves in z with time; at fixed ¢, the transverse



position shifts with the wave-front inclination. The parameter 7, controls temporal and spatial
localization: increasing 7, broadens the packet, whereas decreasing it produces a narrower
profile.

Both plotted components have a sech? ¢ dependence and share the same center and width
parameter, but have different amplitudes and opposite signs in Eq. (7). In the limiting case
~v = 0, the fourth-order terahertz-dispersion term of the model vanishes; whether the amplitude
formula remains real depends on the other parameters through Eq. (8).

2.3 Construction of the localized profiles

The illustration is constructed in a sequence: the angle 0, velocity v, width 7,, and am-
plitudes in Eq. (8) are specified; 2’ is calculated over the (z,x) grid; then & = (t — 2'/v)/7p is
evaluated and the two profiles are plotted. These profiles are separate from the Gaussian initial
data of the later numerical programs.

Repeating these operations at several times displays translation of the joint wave packet
along the tilted direction. The common value of £ gives both components the same center tra-
jectory and profile shape, while their amplitude factors set different scales. Figure 1 reproduces
this qualitative construction.

Propagation of Optical-Terahertz Solitons
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Figure 1: Illustrative optical and terahertz wave packets at different times.

2.4 Dimensionless representation

For a consistent comparison of temporal dispersion, transverse diffraction, and nonlinear
coupling, introduce reference scales Zy, Xg, Tp, Vo, and Eg and write

z = Zo(, r = Xo&q, t =Tom, Y = VYou, Er = Epe. (10)
Substitution into Eqs. (1)—(2) gives

ue = 1Au + iBug,;, —iCeu — iDug,¢, , (11)
€¢¢ = Perr, + Q(SQ)TtTt + R(|u|2)TtTt - GeTtTtTtTt - Hefxﬁxv (12)
where the dimensionless coefficient groups are
27 Z, Z
= _0’ = 5_3’ C= CKE()Z(), D = 6—027
Bu? 275 2n,wX{
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The transformation follows from 0, = Z; 184, Or = X, 18@, and 0y = T}y 187t. It separates the
numerical problem from a particular system of physical units and reveals the relative magnitudes
of the processes retained in the model. For example, B measures optical temporal dispersion
over the reference propagation length, D measures optical transverse spreading, C' measures the
optical-terahertz coupling, and G measures fourth-order terahertz dispersion. The groups @
and R compare the quadratic terahertz and optical driving contributions with the chosen field
scales.
For clarity, the principal derivative transformations are

)\ )\ )\
¢z = 72“0 wtt - Tiogunnu Yoz = Xizzufxfw (13)
Ey Ey Ey Ey
Er..=—ecc, Eru= —menn, Erun= ¢ v Erar = —5ec.e,- (14)
zZzZ Zg T02 TtTt T04 TtTtTtTt xrxr Xg

The nonlinear terms acquire factors EZ/T¢ and W2/T2, leading to @ and R in Eq. (12).

One may set selected groups to unity by a suitable choice of Zy, Xg, Ty, Yo, and Ejp,
but this is not necessary for the numerical construction. The calculations below retain the
coefficient values used in the source implementation. The scaled equations are included to
make the relation among the dimensional coefficients, computational coordinates, and reported
parameters explicit.

3 Finite-difference method

3.1 Staggered grid and difference operators

We introduce grid points z; = jh., t; = lhy, and 3, = kh,. The optical field is stored at
staggered propagation levels z;, /9, while the terahertz field is stored at integer levels z;. The
optical value entering the nonlinear terms is averaged over neighboring half levels,

i+1/2 i—1/2
¢l],k / +wlj,k /

=7
= 15
(G 5 (15)
Centered approximations to the second derivatives are
Upp1 g — 2Up g + U—1k
(Dttu)l,k = h2 ) (16)
t
Ul k1 — 2k + U g1
(szu)l,k = h2 ) (17)
xX
The fourth-order temporal derivative is evaluated with the five-point stencil
Upyo ke — duppr gk + O6up g — 4w ) + u—ok
(Dupu)r g = - e : (18)

hi

This is equivalent to Dy = Dy Dy at interior points. The terahertz propagation derivative is
approximated by ‘ A ‘
- pitl _opl 4+ B
T,k T,k T,k
(Do.Br), = K . (19)
z

These formulas define the centered half-step construction. Equation (3) supplies the propagation
data.

For a sufficiently smooth function, Taylor expansion about (¢;, xy) gives

Dyu = ug + O(h2), Doyt = gy + O(h2), Dyt = gy + O(h7). (20)



The centered propagation derivative in Eq. (19) is likewise second-order accurate in h, at an
interior layer. These local estimates require smooth bounded derivatives and do not alone
establish stability of the nonlinear coupled update.

In the formal centered formulation, the prescribed optical profile is placed at the first
half layer, ¢l1, f = tYo(xk,t;). The zero initial value and zero propagation derivative of the
terahertz field determine its first two propagation layers. The centered stencils in ¢t and x
use the prescribed homogeneous boundary values; applying Dy twice gives the fourth-order
temporal approximation. The actual plotting programs use different explicit updates, specified
below.

At each zj, the boundary values are set to zero at t = 0, L; and = 0, L. The fourth-order
temporal stencil requires two interior neighbors on each side; its boundary-adjacent values are
consequently supplied by the homogeneous boundary treatment. This construction localizes the
fields inside the finite computational window and prevents values outside the modeled domain
from entering the centered differences.

3.2 Two-stage optical iteration and terahertz update

At each propagation layer, the optical equation is advanced by a two-stage iteration. The
first stage uses the previous iterate in the nonlinear coupling and transverse-difference terms
while evaluating the temporal-difference term at the new iterate. The second stage updates the
coupling term with the new optical field and treats the transverse-difference term at the cor-
rected iterate. In both stages, the half-level average in Eq. (15) couples neighboring propagation
layers.

To write the iteration explicitly, let s denote the iteration index and define

Wi = 5 (21)
The first stage is represented by
;lejﬂm - zj;l/Q ﬁ —s+1,5 2 —sj . i —sg
’ W : Dtth k ﬂvg 2 aWVie — kT
c
- 2nww Daatfp b (22)

The corrected second stage uses the updated optical value in the phase and coupling terms and
evaluates the transverse term at the corrected iterate:

s+2,j+1/2 j—1/2
L,k / w / BD —s+1,j —s+1,5 . E,j —s+1,5
s tt?ﬂm +Zﬁ Ve~ — ik Y
—5+2,5
— i — . 23
S Dar T 2

Equations (22) and (23) retain the same symbols as the continuous model: « occurs only in the
optical coupling term and a occurs only in the transverse term of the terahertz equation.

The corresponding formal terahertz equation uses the centered z difference in Eq. (19),
the temporal and transverse differences in Eq. (17), and the computed optical intensity [¢”]2.
The fourth-order temporal term is evaluated by applying Dy twice. This formulation states the
numerical approximation to the displayed continuous model; it must not be identified with the
explicit update used for the plotted data.

In particular, a centered update consistent with the field equation has the structure

E%j_l = QE% — E% L + hz [;DttE%—v + Dtt (/J,(E%)Q + O"T/J]’2) — fyDttttE%" — ana;E% . (24)
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All products in Eq. (24) are evaluated pointwise. This expression makes explicit how the
optical intensity drives the terahertz wave and how the fourth-order dispersion and transverse
term enter the propagation step.

For the centered formulation, Eqgs. (22), (23), and (24) describe one complete propagation
step. The local truncation estimates in Eq. (20) apply to these centered stencils. They do not
establish the order, convergence, or stability of the different explicit routines used to generate
the figures.

4 Numerical results

4.1 Updates used to generate the figures

The first plotting program does not implement the three-level terahertz step in Eq. (24).
Instead, after two explicit optical updates it computes a right-hand side

2
n
Fr(E,¢) = C—zTDttE + uDy(E?) + 0Dy |p|* — YDy E — aDyr E (25)

and advances the field by . , o
B = E) 4 b Fr(E), ). (26)

Thus the plotted terahertz calculation uses one previous propagation layer and an increment
proportional to h,; the formal second-order propagation equation uses two previous layers and
an increment proportional to h2. Equation (26) is a faithful description of the code, but it is not
a consistent discretization of Er ., = Fr without an additional velocity variable or a separate
reformulation. The figures therefore cannot validate the formal three-level scheme.

The boundary treatment in the executable programs also differs from Eqs. (4)—(6): their
difference-operator arrays are set to zero where a full stencil is unavailable, but the optical field
values are not generally reset to zero at the edges. The first program additionally sets the
first three temporal rows of each updated terahertz layer to zero. The Gaussian in Eq. (31)
is uniform in x at z = 0 and therefore does not satisfy a homogeneous optical value at x = 0
or x = L,. These discrepancies must be removed before a convergence claim about the stated
initial-boundary-value problem can be made.

The optical code similarly performs two explicit increments. Its right-hand side is

Fy(V,E) = ﬂD Vi 2y _iaBv - < pov (27)
PV, tt 5 2.2 2nww xzx V.

With ¢(©) = 7 copied from the previous layer, the program computes

J (r .
WUt =90 4 b7y (d’zw EJT) . r=0,1. (28)
The result 12 drives the terahertz update in Eq. (26). These two increments differ from solving
the implicit equations (22) and (23) to a stated tolerance.
The second plotting program changes more than the grid. It uses L, = 0.1, N, = 20, and
N, = 40, starts from a Gaussian localized in both ¢ and x, and repeats the optical and terahertz
updates inside a loop of two passes. Its optical right-hand side is
6 ic
Fp sweep(V, E) = —V + V —iaBV — 7DmV. (29)
’ B nyw
The first term in Eq. (29) contains V' where the continuous equation has . In its terahertz
update, the source-code variable aaa, denoted by p here, multiplies the fourth-order coefficient



Ysweep = 0.05, while the transverse term is multiplied by zero:

2
n
Frp(E,1)) = C*QTDttE + uDy(E?) + 0 Dy ||* — pYsweep ittt - (30)

The effective fourth-order coefficients in the two displayed comparisons are therefore pysweep =
0.01 for p = 0.2 and 0.025 for p = 0.5. The images label p as aaa; it is not the transverse
coefficient a in Eq. (2). The separate source-code loops also include p = 1 and p = 0.23, but no
figures for those cases are included in this paper.

4.2 Computational setup

The numerical implementation uses Python arrays for the complex optical field and the
real terahertz field. Second-order temporal and transverse differences are evaluated directly
from neighboring array elements, while the fourth-order temporal difference uses Eq. (18). Real
and imaginary parts of the optical field are differentiated separately and then recombined. The
plotted optical quantity is the intensity |¢|2 = (R¢)% 4 (Sv)?; the terahertz plots show Ep
itself.

The initial optical pulse in the first plotting program is

(t —25)2] ’

dole.1) = exp {— (31)

and is initially uniform over the transverse grid. The terahertz field is initially zero. The second
plotting program uses a different initial profile,

(32)

Neither Gaussian equals the illustrated sech? profile in Eq. (7). Accordingly, the calculations
test propagation of Gaussian inputs in the numerical routines rather than perturbations of that
localized profile.

The coefficients and grid values in the two programs are listed in Table 2. The first program
sets a = 0. The second program also suppresses the transverse terahertz term and varies p in
Eq. (30); it does not vary a. In both programs the optical coupling parameter is a = 0.1.

Table 2: Parameters recorded in the two plotting programs.

Quantity First program Second program

o, B, o 0.1,1.0,0.2,0.1  0.1,1.0,0.2,0.1

Y OF Ysweep 0.01 0.05 before multiplication by p
a in terahertz update 0 0

p (source label aaa)  not used 0.2,0.5 in displayed figures

Vg 1.0 absent from second code; phase term uses 2/
c 3.0x108m/s 3.0 x 10® m/s

N, N 1.5,1.2 1.5,1.2

w 2m x 102 rad/s 27 x 10'2 rad/s

Ly, Ly, L, 10,2, 1 10,2,0.1

Ni, N, N, 80, 3,200 80, 40, 20

heyhy, by 0.125,2/3,0.005 0.125,0.05,0.005

The plotting routine labels an optical half layer by

1
Zplot = 10° <j + 2) hs.

9
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This convention explains why labels such as 27.5, 152.5, 177.5, and 252.5 appear in the figures
even though the normalized computational length is L, = 1. They are scaled layer labels from
the program rather than dimensional distances. Axis ranges differ across panels, so amplitude
comparisons are made from the displayed scales and remain qualitative.

4.3 Propagation of the localized packet

Figure 2 shows a separate localized-profile visualization. Its optical axis is labeled ||, and
its terahertz axis is nonzero at the displayed z = 0. It therefore does not represent the initial
data E7(0) = 0 of the numerical code in Eq. (3); it illustrates the shape and opposite signs of
a localized optical-terahertz pair. Figures 3—6 are the distinct propagation sequence produced
by the first plotting program, whose optical panels display |1|2.

3D surface: |psi(t,x)| at z=0 3D surface: E(t,x) at z=0

-50
-100
-150 E
—-200
—250
-300

Ipsi|

Figure 2: Separate localized-profile illustration at its displayed z = 0: optical amplitude |¢| (left)
and terahertz field (right). The nonzero terahertz panel is not the zero-field initial condition of
the propagation code.

Y Intensity Distribution at 1xz = 27.500 Terahertz Field E_T Distribution at 1xz = 27.500

lwl?

Figure 3: Optical intensity (left) and terahertz field (right) at the plotted propagation label
z = 27.5.
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y Intensity Distribution at 1xz = 152.500 Terahertz Field E_T Distribution at 1xz = 152.500

0.8
0.6
lwl?
0.4
0.2

0.0

Figure 4: Optical intensity (left) and terahertz field (right) at the plotted propagation label
z = 152.5.

At zplor = 27.5, the optical intensity remains smooth and localized, and the terahertz
response is still confined near the temporal center of the Gaussian input. At zp6 = 152.5,
the optical peak is retained but the terahertz surface contains more pronounced positive and
negative variations. These snapshots indicate that the optical component is less visibly distorted
than the terahertz component over this part of the first-program calculation.

At the plotted label zp,q = 177.5, the optical intensity still appears localized, but the
terahertz surface exhibits stronger, less regular excursions (Fig. 5). The later snapshot at
Zplot = 252.5 has extremely large plotted amplitudes and sharp spikes in both fields (Fig. 6).
This is numerical blow-up in the displayed calculation. It cannot, by itself, distinguish instability
of the continuous solution from instability or insufficient resolution of the explicit discretization.

The transition between these figures is important for interpreting stability. Persistence
of a localized peak over several layers shows that the program transports the Gaussian input
for a finite interval. The rapid amplitude growth at the later layer indicates numerical blow-
up. Because this calculation uses N, = 3 transverse intervals and no grid-refinement series is
available, the growth cannot be attributed to instability of a continuous exact solution.

W Intensity Distribution at 1xz = 177.500 Terahertz Field E_T Distribution at 1xz = 177.500

0.03
0.02
0.01
0.8 0.00 E-T
~0.01
0.6 2 002
0.0 0.4 ¥ -0.03
0.5
0.2
1.0
X 0.0
15
8
2.0 , 4 °
0 t

Figure 5: Optical intensity (left) and terahertz field (right) at the plotted propagation label
z = 177.5. The terahertz field shows pronounced oscillatory excursions.
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W Intensity Distribution at 1xz = 252.500 Terahertz Field E_T Distribution at 1xz = 252.500

le31

Figure 6: Optical intensity (left) and terahertz field (right) at the plotted propagation label
z = 252.5. The very large vertical scales indicate breakdown of the reported numerical solution.

4.4 Sensitivity to the fourth-order dispersion multiplier

The second appendix program compares two values of the multiplier p in Eq. (30) while
keeping av = 0.1. At p = 0.2, both fields appear localized in the displayed snapshot (Fig. 7). At
p = 0.5, the optical peak remains localized, but the terahertz panel shows considerably larger
oscillatory excursions (Fig. 8). The source image titles use aaa for p; their value z = 0.050 is
an unscaled coordinate from the second program.

Since p changes —pYsweep Dittt o7 While the transverse term is zero in that code, this compar-
ison concerns fourth-order terahertz dispersion, not the transverse coefficient a of the continuous
equation. The two displayed cases do not locate a critical value of p. Moreover, the second pro-
gram differs from the first in its initial pulse, grid, optical right-hand side, and repeated update
loop. Its plots must be interpreted as a separate experiment.

Optical Field |psi|~2 at z=0.050 (aaa=0.2)

Terahertz Field E_T at z=0.050 (aaa=0.2)

|psi|~2

Figure 7: Second-program fields at z = 0.050 for dispersion multiplier p = 0.2 (aaa=0.2 in the
source image), corresponding to PYsweep = 0.01.
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Optical Field |psi|~2 at z=0.050 (aaa=0.5)

Terahertz Field E_T at z=0.050 (aaa=0.5)

Ipsi|~2

Figure 8: Second-program fields at z = 0.050 for dispersion multiplier p = 0.5 (aaa=0.5 in
the source image), corresponding to pysweep = 0.025. The terahertz surface has a much larger
vertical range than in Fig. 7.

4.5 Summary of the displayed evolution

Table 3 collects the observations associated with the figures. It separates the plotted
evidence from the interpretation: localization refers to the visible concentration of the surface,
whereas numerical instability refers to the rapid growth and spiking seen in the later calculation.

Table 3: Qualitative summary of the numerical surfaces.

Case Optical field in the source plot Terahertz field Ep

Separate z = 0 il- Localized optical amplitude |¢)| = Nonzero terahertz profile; distinct

lustration from the code’s initial data

Zplot = 27.5 Localized profile retained Confined structure near the opti-
cal pulse

Zplot = 152.5 Main peak remains visible Larger positive and negative vari-
ations

Zplot = 177.5 Localized peak still present Stronger and less regular excur-
sions

Zplot = 252.5 Sharp growth and loss of a reg- Extremely large spikes indicating

ular profile numerical breakdown

p = 0.2 at z = Localized in the second program Localized response

0.050

p = 0.5 at z = Localized peak remains Much larger vertical range and

0.050 stronger excursions

The sequence suggests three stages in the reported calculation. In the first stage, both fields
remain localized and the optical pulse changes only weakly. In the second stage, the terahertz
field develops stronger oscillatory structure while the optical peak persists. In the final displayed
stage, both surfaces contain amplitudes that are incompatible with a bounded numerical soliton.
This progression is consistent with the terahertz equation being more sensitive to high-frequency
numerical components because it contains both second- and fourth-order temporal derivatives.
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5 Criteria for numerical instability and nonconvergence

For a grid field u;, define ||uloo,, = maxy |u x| and |lull2n = (hihs Z”C |ul7k|2)1/2. At
every propagation layer, record

j
M,

= max Wl],k;|27 My = max |E%7l,k|, (34)
as well as [|47 |55 and ||E]T||2h A run fails numerically if either array develops a NaN or infinity.
Sustained rapid growth in both the maxima and norms is evidence of numerical blow-up; isolated
large points should additionally be checked for grid-scale oscillations. The late first-program
plots show intensity and terahertz scales of approximately 1032 and 103!, respectively, whereas
the initial optical amplitude is of order one. This is direct visual evidence of blow-up in that
run.

For a reproducible onset coordinate, choose a finite reference layer j.o¢ > 1 with nonzero
field norms and fix a reporting factor K before examining the runs. Define

i 147 )| oo | £7 [l 0,h K — i B
B; = max ‘ ) . , zp(h; K) =min{z; : B) > K}. (35)
max(|[¢7<tloc ., €) " max([| EE|oo ps €)

For example, K = 10 marks six orders of magnitude of growth relative to the chosen layer;
the chosen K and j.of must be reported. Nonfinite values count as failure even when zp cannot
be evaluated. This diagnostic identifies a numerical onset in a particular run and must be
compared across meshes before drawing a continuum conclusion.

For each field, relative changes between consecutive layers can be monitored using

. . 1 .
5j _ ||¢]—"_1 —‘W! 2,h gf _ HE%“ _‘E%HQJL (36)
¢ max([|17 2,0, €) max (|| Ex|2,n, €)

where £ > 0 prevents division by zero at the initial zero terahertz field. Growth of 6% before
would quantify the ordering suggested by the figures. The available record supplies only plots,
so numerical values of these diagnostics are not claimed here.

If the formal optical equations are solved by repeated fixed-point iterations, their algebraic
convergence should be checked separately from propagation stability. At each layer define

, ||w3+1’j+1/2 _ ¢s7j+1/2||2 h
P = ([T g )

(37)

One should stop only after pg falls below a stated tolerance and the discrete optical-equation
residual is comparably small. A fixed count of two explicit increments, as in the plotting
programs, provides no such convergence evidence.

To test convergence, repeat one and the same program with identical initial and boundary
data and with spacings h = (hz, h¢, hy), h/2, and h/4. Compare solutions at the same physical
z after restricting fine-grid values to coarse-grid nodes. Let I denote that restriction and set

eo(hiz) = [9on(2) — Innya(2)l2,n |ETp(2) — InEr ny2(2)|l2n
i max([|7pn/2(2)ll2n,€)’ max (|| I Erpy2(2)ll2,n:€)

er(h;z) = (38)

Convergence is supported when both errors decrease under refinement and the onset of rapid
growth approaches a stable z value. With three grids, the observed order can be estimated as

qu(z) = log, <m> , u € {¢, Er}. (39)

14



This estimate is meaningful only while the errors are nonzero and the solutions remain finite.
A nondecreasing error, a strongly grid-dependent blow-up coordinate, or nonfinite values under
refinement indicate that a stability threshold inferred from one run is unreliable. No such grid
series is available for the reported calculations.

An interior Fourier-mode calculation gives a more specific check on the explicit terahertz
update. Isolate its linear fourth-order term, E%H = EJT — hz’yefthtttE%, with ef = v in the
first program and et = PYsweep in the second. For E%,z = (Y exp(ilk), the stencil in Eq. (18)
has symbol 16 sin*(x/2)/h{. Hence

PzYefr . 4 (Ii) P2 Yett
sin ,

1
Gk)=1-16 — <= 40

2
is the condition |G(k)| < 1 for every Fourier mode of this isolated explicit term. The ratio is
0.2048 for the first program and for p = 0.2 in the second, and 0.512 for p = 0.5. All three
exceed 1/8; the respective highest-mode factors are —2.2768, —2.2768, and —7.192. Thus the
isolated high-frequency component can grow on the stated meshes, and increasing p makes that
mechanism stronger. This is an interior, linearized test of one update term; it does not establish
the exact growth rate of the full nonlinear code with its finite-boundary handling, nor instability
of the continuous coupled equations. Because the step bound scales as h?, a refinement test
must reduce h, suitably as h; is reduced.

For the formal three-level scheme, one can also monitor the discrete terahertz equation

residual ' ‘ o
R%,h = DZZE%‘ - ]:T(E’%a @ZJ]) (41)

The one-step residual of Eq. (26) is small by construction and cannot validate the different
second-order equation. Consistency with the continuous system must be checked with a method
that actually discretizes Er ...

6 Discussion and conclusion

We have presented the optical-terahertz Schrodinger—-Boussinesq-type model, its localized
profile form, a formal staggered finite-difference scheme, and the available numerical surfaces.
The first-program images show a localized optical profile over early layers, increasing irregularity
in the terahertz component, and eventual numerical blow-up in both fields. The second-program
images show greater terahertz excursions when the multiplier of fourth-order dispersion rises
from p = 0.2 to p = 0.5.

The continuous equations suggest a possible mechanism for stronger terahertz sensitivity:
the terahertz equation contains nonlinear self-action, the temporal derivative of optical intensity,
and fourth-order temporal dispersion. High-order differences can amplify grid-scale variation in
an explicit calculation. The available plots do not isolate this mechanism from step-size effects
or from the mismatch between the formal equations and the update routines.

The centered spatial and temporal stencils have second-order local accuracy for smooth
fields at interior points. The plotting programs, by contrast, use explicit optical and terahertz
updates that differ from the formal centered scheme. In particular, a first-order explicit terahertz
increment is used where the continuous model contains E7 ... The second program also uses
a different optical right-hand side. The plots therefore document behavior of those programs,
not convergence of the stated centered discretization to the continuous model.

The diagnostics in Eqs. (34)—(38) provide a reproducible way to assess numerical blow-up
and grid convergence. The late first-program figures demonstrate large amplitude growth, but
the available data contain no same-problem grid-refinement comparison.

The isolated Fourier-mode calculation in Eq. (40) identifies a concrete numerical risk: the
stated h, and h; violate the explicit fourth-order step bound in both programs, more severely for
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the larger second-program multiplier. This supports a numerical explanation for the observed
sensitivity without assigning a physical stability threshold to the continuous system.

The figures support conclusions about the two numerical programs. They do not establish
nonlinear stability of a verified soliton of Eqgs. (1)—(2), a critical value of the transverse coefficient
a, a critical value of the dispersion multiplier p, or a physical onset distance. Resolving those
questions requires consistent equation-to-code implementation, refinement tests in z, ¢, and x,
and perturbation experiments using a profile verified to solve the continuous equations.

Within these limits, the study provides a mathematical model, an explicit description of
the two plotting programs, and visual evidence of numerical blow-up in the first program. The
second comparison indicates sensitivity to the effective fourth-order coefficient pysweep under its
own discretization. Separating the formal equations from the executable updates is essential for
a reproducible interpretation of the numerical results.

Future calculations should first implement the same differential equations, initial conditions,
and boundary conditions in every run. A three-level update or a first-order formulation with
an explicit terahertz velocity would be needed for the Er ., term. Grid refinement and the
diagnostics above should precede any claim of a stability boundary. Substituting a candidate
localized profile into the continuous equations, followed by perturbations in amplitude, width,
and wave-front angle, would permit a direct soliton-stability test.
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A Layer-by-layer numerical algorithm

For completeness, the first appendix program that produced Figs. 3—6 can be summarized
in the following layer-by-layer form. The steps describe the executable routine rather than the
formal scheme in Eq. (24).

1. Create the arrays 1/Jljk € C and E%l r €ERon (N, +1) x (N; + 1) x (N, + 1) points.
2. Set 1Y, = exp[—(t; — 5)?/2] and E2.,, = 0 for all transverse indices.

3. At propagation layer j, copy the previous optical field as the initial iterate for the new
layer.

4. Evaluate Dy, D,,1), the linear phase term, and —iaEp1y; then perform the first optical
update.

5. Recalculate the half-layer field and apply a second explicit optical increment.
6. Form |7/1|2» Dy Er, Dtt(E%)a Dtt|¢|2a Dy Er, and Dy Ep.

7. Combine these terms according to Eq. (25), advance Ep with Eq. (26), set the first three
temporal rows of the new terahertz array to zero as in the source code, and store the new
layer.

8. Save or plot |¢|? and Er at the selected values of ot from Eq. (33).

The implementation uses NumPy for multidimensional arrays and finite differences, the
standard mathematical library for constants and elementary functions, and Matplotlib for three-
dimensional surfaces. The plotting coordinates are constructed with a mesh grid in ¢ and x.
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The optical and terahertz panels are generated separately because their amplitudes and signs
differ.

The organization of the source implementation is summarized in Table 4. This records the
numerical content of the program without reproducing a long language-specific listing.

Table 4: Correspondence between implementation steps and mathematical operations.

Implementation component Mathematical operation

Second temporal difference Applies Dy to real scalar arrays

Fourth temporal difference Applies the five-point stencil in Eq. (18)

Second transverse difference Applies D, at interior transverse nodes

Half-layer construction Forms the average in Eq. (21)

First optical update Applies an explicit increment using the available half-
layer value

Second optical update Applies a second explicit increment using the updated
half-layer value

Terahertz layer update Combines the five terms in Eq. (25) and applies Eq. (26)

Initial optical profile Evaluates the Gaussian in Eq. (31)

Field visualization Plots |¢|> and Er over the (¢, z) mesh

The complex optical derivative is obtained by applying the same real-valued difference
operator to the real and imaginary parts. The optical intensity is then formed as (%)% +
(39)2. For the first terahertz update, the program separately evaluates the linear temporal
term, quadratic self-action, optical source, fourth-order dispersion, and transverse term before
summing them. The explicit propagation step in Eq. (26) differs from the second derivative on
the left-hand side of Eq. (2).

The output routine samples selected propagation layers rather than plotting every layer. At
layer j, it creates the temporal and transverse coordinates, computes [¢//|2, and draws separate
three-dimensional surfaces for the optical and terahertz quantities. Equation (33) converts the
array index to the label printed in the first-program figures. The second-program figures instead
display z = jh. without the factor of 103.

B Consistency of symbols and indices

The notation distinguishes the coupling coefficient « in the optical equation from the trans-
verse coefficient @ in the continuous terahertz equation. The second program’s variable aaa is
denoted by p because its only active use is to scale the fourth-order term, —pysweep DitteEor. In
that program the transverse terahertz coeflicient is zero. The displayed p = 0.2, 0.5 comparison
therefore cannot be described as a sweep of a.

The refractive index at the optical frequency is n, and the terahertz refractive index is
nr throughout. The optical quantity used in the terahertz source and in the numerical in-
tensity plots is |1|?; the separate localized-profile illustration labels its optical amplitude [t|.
Integer indices j,[, k refer to z,t,z, respectively. Half-integer propagation levels occur in the
formal staggered equations, while the appendix programs store fields at integer array indices.
Superscript s is used only for the formal optical iteration.
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