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Abstract

Adaptive collocation is often described as placing training points where a physics-informed neural
network needs them most. That description hides two distinct operations: estimating a fixed residual
objective more efficiently, and deliberately changing the objective to emphasize selected regions.
This review derives the distinction using importance sampling, examines the difference between
residual magnitude and gradient variance, and develops an analytical hot-spot example to quantify
missed-region risk. Applications to wake dynamics, thermal layers, solid mechanics, and interfaces
show why sampling must be tied to geometry and engineering quantities of interest. Independent
verification, support-preserving sampling, causal time allocation, and complete computational
accounting are assembled into a proposed evaluation protocol. The worked probability model
connects sampling choices to the risk of missing a critical region.

1. The residual has a measure

Physics-informed neural networks minimize combinations of differential-equation residuals,
boundary and initial residuals, and observation errors [1, 2]. A residual average is meaningful only
after specifying where the points lie and which measure their average approximates. Uniform spatial
sampling estimates a different integral from sampling concentrated near a wall. Uniform samples in a
reference coordinate system may not be uniform in physical space when a geometry map has a
nonconstant Jacobian.

Let Ω be a physical domain and let p(x) be a normalized target density. For a nonnegative scalar loss
f_θ(x), such as a scaled squared PDE residual, the desired objective is

J(θ) = ∫Ω fθ(x) p(x) dx = Ep[fθ(X)].

If p is uniform, J is a domain-average residual rather than an unnormalized volume integral. The
distinction matters when comparing geometries of different volume or cases with different time
horizons. Surface losses, volume losses, and observation likelihoods are separate measures; their raw
point counts should not silently determine their relative importance.

Residual-adaptive strategies have been compared across multiple PINN problems, and
importance-sampling methods have been proposed to improve training efficiency [3, 4]. These
studies motivate adaptation but do not supply a universal best density. A method can improve a
training objective while worsening an engineering quantity that the objective does not adequately
control. Consequently, both the target measure and the engineering validation measure should be
declared.



2. Correcting a changed sampling density

Suppose training locations are drawn from a proposal density q with positive support wherever p f_θ
can be nonzero. Importance weighting gives the estimator

Ĵ = (1/N) Σi=1
N fθ(Xi) p(Xi)/q(Xi), Xi ∼ q.

Eq[Ĵ] = J.
Varq(Ĵ) = (1/N)[∫ fθ(x)2 p(x)2/q(x) dx − J2].

The expectation and variance expressions assume independent draws for the stated fixed θ and
density. If one omits p/q, the sample average instead estimates the q-weighted objective. That can be
a deliberate and useful choice, such as emphasizing a boundary layer, but it should be described as
residual reweighting. It is not merely a lower-variance estimate of the original domain-average
residual.

For estimating a fixed nonnegative scalar f, the formal zero-variance density is q*(x) = p(x)f(x)/J on
its nonzero support. Every importance-weighted sample then equals J. This observation is mainly
explanatory: evaluating the exact density and normalizing constant may already require the integral
being estimated. Practical methods approximate the density using candidate points, coarse partitions,
or previously evaluated residuals. Nabian et al. use approximate importance-sampling ideas to avoid
evaluating a costly exact sampling distribution at every step [4].

Training requires a gradient, not only a scalar objective. With g_θ(x) = ∇_θ f_θ(x), minimizing the
second moment of the Euclidean norm of the importance-weighted gradient formally gives q
proportional to p||g_θ||, under the same support and integrability conditions. A residual-based density
is therefore a proxy for an efficient gradient density, not generally its optimum. Computing per-point
parameter-gradient norms can itself be expensive, so the relevant comparison is the improvement per
unit total computation.

When q is updated from the current model, one can condition on the chosen density and treat it as
fixed while computing the importance-weighted gradient. Automatically differentiating only the
denominator q_θ in the sampled expression introduces extra terms and does not give the intended
gradient estimator. A treatment that differentiates a parameter-dependent sampling distribution
requires the corresponding distributional terms. A practical implementation should state whether the
sampler and weights are detached from automatic differentiation.

3. A hot-spot example with exact probabilities

Consider a unit-volume domain with a region H occupying one percent of its volume. Suppose the
squared residual f is 100 inside H and 1 elsewhere. Under the uniform target density, the exact mean
is 0.01 × 100 + 0.99 × 1 = 1.99. The second moment is 100.99 and the variance of a single uniform
sample is 100.99 − 1.99² = 97.0299. An average of N independent uniform samples has variance
97.0299/N.



The probability of drawing no point in H is 0.99^N. It is approximately 0.366 for N = 100 and
0.00657 for N = 500. Thus a training or verification set with one hundred independent uniform points
has a substantial chance of missing the entire high-residual region. These probabilities describe the
specified toy field. Their interpretation depends on the specified residual field, region size, and
independent uniform sampling assumptions.

Now choose a proposal that places half its probability in H and half outside. Its densities are 50
inside H and 0.5/0.99 outside. The importance-weighted sample values become 2 inside and 1.98
outside. Their mean is still 1.99, and their single-sample variance is 0.0001. Without importance
weights, the expected sampled loss is instead 50.5. The dramatic numerical difference illustrates both
the potential value of informed sampling and the need to identify which objective is being estimated.

Sampling and estimator Expected reported loss Single-sample variance

Uniform sampling, ordinary
average

1.99 97.0299

Half the probability in H,
corrected average

1.99 0.0001

Half the probability in H,
uncorrected average

50.5 2450.25

The example assumes that H is already known. Discovering it is part of the real computational
problem. A proposal fitted from a sparse candidate set may never discover a thin region that receives
no candidates. High residuals at observed points guide exploitation; continued exploration is needed
to reveal unobserved errors. Moreover, reducing the variance of this scalar residual estimate does not
prove an equal improvement in the gradient estimator or the final engineering field.

4. Preserve exploration and account for geometry

A support-preserving proposal can mix an adaptive density q_a with the target density: q = (1 − ε)q_a
+ εp, where 0 < ε ≤ 1. Then p/q ≤ 1/ε wherever p is positive. The mixture guarantees exploration
under p and bounds the importance ratio. It does not guarantee a finite variance when f itself lacks a
finite second moment, nor does it guarantee that a practical finite sample resolves every layer. The
exploration fraction is a numerical design parameter that should be reported.

Separate interior, boundary, initial, and interface samplers. Each should have its own normalized
target measure and physical scaling. Increasing boundary points should reduce uncertainty in the
boundary estimate, rather than accidentally multiplying the physical importance of the boundary term
through an unnormalized sum. In curved or moving geometries, use the correct volume or surface
Jacobian when sampling in reference coordinates. A uniform distribution in a parameter coordinate is
not necessarily a uniform distribution along a physical boundary.

For material interfaces, sample both sides as well as the interface itself. A globally smooth network
can obscure a legitimate derivative jump, and an interior residual evaluated away from the interface



cannot verify a transmission condition. Finite-basis and domain-decomposition approaches offer
ways to localize approximation, while variational and hp-variational PINNs introduce test functions
and quadrature with their own resolution requirements [5, 6, 7]. Adaptation should respect these
formulations rather than treating all points as interchangeable residual samples.

Exact boundary ansatzes and constrained optimization also change the sampling task [8, 9]. An
algebraically satisfied Dirichlet trace may not require a boundary penalty, but derivatives near that
boundary and other physical boundary conditions still need verification. An augmented-Lagrangian
condition is not necessarily exact at finite optimization tolerance. Sampling requirements follow the
actual residual system, not the label hard constraint.

5. Residual magnitude versus engineering importance

A region with the largest residual need not dominate the error in the quantity the engineer cares
about. For a linear problem Lu = f with appropriate homogeneous error boundary conditions, let u_h
be an approximation, e = u_h − u, and r = Lu_h − f. For a linear quantity Q(e) = ⟨c,e⟩, an adjoint z
satisfying L* z = c gives, when the integrations by parts and boundary conditions are valid,

Q(e) = ⟨c,e⟩ = ⟨z,Le⟩ = ⟨z,r⟩.

This identity explains why a residual weighted by adjoint influence can be more relevant than
residual magnitude alone. A small residual in a region with large influence on a sensor output can
matter more than a larger residual elsewhere. For nonlinear problems the corresponding argument
requires linearization and remainder terms. Unknown or unsatisfied boundary conditions add
boundary contributions. Certification with a learned adjoint requires controlling its approximation
error as well.

In flow engineering, quantities such as pressure drop, lift, or wake frequency depend on different
spatial and temporal structures. Frequency-compensated PINNs illustrate the importance of
representing periodic flow behavior across geometry and operating conditions [10]. Fourier features,
sinusoidal representations, and analyses of multiscale eigenvectors address approximation capacity
[11, 12, 13]. Adaptive collocation addresses where the equations are tested. One cannot compensate
indefinitely for inadequate frequency representation simply by adding points, or for an unresolved
residual region simply by adding frequencies.

Mixed-variable flow models, hidden-fluid reconstruction, and vortex-induced-vibration studies
further illustrate that outputs and observations alter the relevant residual system [14, 15, 16]. In heat
transfer and additive manufacturing, moving heat sources and thin thermal layers motivate spatial
and temporal refinement [17, 18]. In solid mechanics, stress concentrations and constitutive
consistency require checks beyond a displacement residual [19, 20, 21]. These examples justify
application-specific refinement criteria; they do not establish that residual-only adaptation captures
every important engineering error.



6. Time, optimization, and measurement points

Time-dependent problems introduce a causality issue. An optimizer may reduce late-time residuals
while the early-time state remains inaccurate, creating an apparently favorable global average. Causal
training strategies explicitly account for temporal ordering [22]. Adaptive time sampling should
record whether early intervals must meet a criterion before later ones receive substantial weight. A
sampling density that shifts toward easy intervals can otherwise reduce the displayed loss without
improving the trajectory where it matters.

The residual components themselves may be imbalanced. Gradient pathologies,
neural-tangent-kernel analyses, and documented PINN failures show that optimization can favor
some terms over others [23, 24, 25]. Self-adaptive and relative-progress weighting methods change
term emphasis [26, 27]. Gradient-enhanced PINNs add residual derivative information [28]. These
are separate interventions from spatial sampling. A study that changes weights, architecture, residual
order, and collocation simultaneously cannot isolate the benefit of its sampler.

Physical collocation points must also be distinguished from measurement locations. Evaluating a
PDE residual at another point is computational work using an assumed model. Acquiring a sensor
reading supplies information from the physical system. Sparse-sensor design addresses observation
placement and information content [29]. Increasing collocation density cannot eliminate an inverse
ambiguity that requires a new measurement, and uncertainty in boundary data cannot be cured
merely by enforcing those uncertain values at more points.

7. Independent verification and computational accounting

Use an independent verification set whose design is fixed before comparing samplers. It should
include a target-measure sample, structured checks near boundaries and interfaces, and task-specific
evaluations. The same adaptive points used to minimize a residual are an optimistic place to estimate
final error. If an independent audit repeatedly guides model revisions, retain another final audit set or
disclose that the procedure has become iterative development.

Conditional convergence results for certain linear PDE classes explain why residual control can
support solution accuracy under appropriate assumptions [30]. Inverse-problem stability estimates
make additional assumptions on observations and the PDE [31]. Neither result implies that a finite,
adaptively selected training set certifies the continuous residual norm. Verification requires sufficient
quadrature, support coverage, and an understanding of the stability relationship for the specific
problem.

Count the cost of candidate generation, residual evaluation, density normalization, resampling,
differentiation, and actual optimization. A method that reduces gradient steps may still take longer if
every update scores a large candidate pool. Report accuracy against elapsed time as well as against
training iterations, and include memory use when candidate arrays or derivative graphs become
large. Conventional solver comparisons remain relevant because the best adaptive PINN may still be
less efficient than a mesh-based solve for the intended task [32].



Benchmark collections and common implementations support reproducibility [33, 34, 35]. They
should be supplemented by engineering stress cases, such as a thin layer, a localized source, a
geometry change, or a long temporal horizon. Published training guidance provides a useful baseline
for optimizer and scaling choices [36]. The sampler comparison should hold those choices fixed
initially, then examine interactions through explicitly described ablations.

Item to report Why it is needed

Target measure and all proposal
densities

Distinguishes objective reweighting from corrected estimation

Exploration fraction and
candidate-pool policy

Reveals coverage and missed-region risk

Resampling frequency and
differentiation treatment

Makes the actual gradient estimator reproducible

Separate volume, surface, and time
budgets

Prevents hidden changes in physical term weighting

Independent residual and
engineering checks

Separates training success from physical accuracy

Total time and failed runs Exposes adaptation overhead and instability

8. A controlled sampler experiment for a thermal layer

A useful proposed comparison is transient conduction with a localized heat source and a resolved
conventional reference solution. Keep the network, dimensionless residual, initial condition,
boundary treatment, optimizer, and total computational budget fixed. Compare uniform collocation,
an uncorrected residual-focused sampler, and an importance-corrected sampler. The first and third
estimate the same target objective; the second intentionally emphasizes a different one. Report this
distinction before comparing final losses.

Measure temperature error over the complete domain, normal heat-flux error on the relevant surface,
energy-balance error, and maximum-temperature error. Record the probability mass assigned to the
source region and the fraction of the domain receiving few candidates. Evaluate all three models on
identical independent quadrature and time slices. If the adaptive model reduces hot-spot error but
increases background error, the result may still be useful for the intended decision, but the tradeoff
should be visible.

A stale proposal can remain an unbiased importance proposal for the current residual as long as the
actual proposal density used to generate the samples is known and the correct ratio is retained. Its
efficiency may deteriorate as the field changes. In contrast, reusing samples and assigning them
weights from a newly fitted density that did not generate them generally invalidates the simple



estimator. Store proposal metadata with batches, or use a sampling scheme whose weighting rule
explicitly accounts for sample reuse.

For adaptively selected densities, conditional unbiasedness of each fresh weighted batch does not
mean that every retrospective statistic is unbiased. Choosing the best checkpoint using noisy audit
estimates favors checkpoints with favorable estimation noise. Stopping after an unusually small
residual estimate produces a related selection effect. Separate training feedback from the final audit
and retain uncertainty estimates for Monte Carlo verification when they are material to the
acceptance decision.

This controlled experiment would distinguish improved numerical integration, changed physical
emphasis, and improved optimization. Adding a separate architecture ablation could then test
whether the layer requires a richer representation. The sequence avoids attributing every
improvement to sampling when several mechanisms have changed simultaneously, and it supplies a
reproducible basis for extending the comparison to wakes, stress concentrations, and moving-source
manufacturing problems.

9. Conclusions

Adaptive collocation has two legitimate purposes: improving the estimation of a specified residual
objective, and changing emphasis toward important regions or times. Importance weighting
distinguishes the first from the second. Residual-based sampling can be effective, but the density that
estimates a scalar residual efficiently is not generally the density that optimizes parameter gradients
or engineering quantities most efficiently.

The analytical hot-spot example shows why exploration and independent verification matter even
when average training losses appear small. For engineering use, a sampler should preserve coverage,
respect physical measures and interfaces, and be evaluated with complete computational cost. Its
success should ultimately be judged by independently verified quantities of interest rather than by a
favorable loss trace alone.
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