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ARTICLE INFO ABSTRACT

Keywords: This paper presents a three-dimensional high-order geometry-aligned immersed finite element
Immersed finite element (IFE) method for elliptic interface problems with curved interfaces. The framework supports
High-order finite element two alternative geometric pathways: direct evaluation from a sufficiently regular global surface
Geometry-aligned approximation parameterization, and high-order element-wise Legendre-Monge reconstruction from surface
Elliptic interface problems samples and, when available, consistently oriented normal data. In the latter case, the local
Legendre—-Monge reconstruction height function is approximated by scaled Legendre polynomials and converted into a signed
Saye-type quadrature implicit representation. Since the IFE basis functions are constructed within the same Legendre

polynomial space, the geometric description and physical finite-element approximation share a
unified mathematical foundation, which is the extension of the classical isoparametric concept.
This consistent local reconstruction and its implicit representation mitigate error coupling
between geometric approximation and finite-element discretization, while facilitating both IFE
basis-function construction and numerical integration. A purely algebraic procedure is developed
to evaluate higher-order normal derivatives of the Laplacian using the chain rule and metric
tensor variations, without explicit symbolic expansions. Numerical integration on interface
elements is realized using the Saye-type dimension-reduction scheme. Only one-dimensional
root-finding and one-dimensional Gaussian quadrature are required, which greatly lowers the
integration complexity. Numerical experiments confirm optimal convergence rates of the present
method.

1. Introduction

In this paper, we introduce a new high-order geometry-aligned immersed finite element (GA-IFE) approach for the
second-order elliptic interface problem in three dimensions:

—V-(fVu) = f, onQtuQ-,
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where, without loss of generality, the domain Q C R? is assumed to be a tensor-product domain divided by an interface
I" into two subdomains Q* and Q~, and the diffusion coefficient § is piecewise constant: f|q: = f* > 0. In addition
to Eq. (1), the solution u is assumed to satisfy the following jump conditions at the interface I':
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where [v]r = vt|— v | with v = v|: denotes the jump of v across the interface I', and n is the unit normal vector
of I'. Also, following [3-5], for constructing IFE functions with polynomials of degree m > 2, we assume the source
term f is sufficiently smooth around the interface such that
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Three-dimensional GA-IFE method

The above elliptic interface problem arises in plasma simulations [31, 36, 37, 47], topology optimization [23],
multiphase flows [14, 18], and many other applications where it is preferable to use a solver designed on non-body-
fitted meshes. These problems typically involve discontinuous coefficients, or prescribed jumps across the interface,
making accurate treatment on non-body-fitted meshes a critical challenge [42, 45]. Furthermore, high-precision
numerical solutions are increasingly essential for such problems. For instance, phenomena including anomalous wall
erosion [13, 61] and high-frequency energy coupling [19] in electrostatic Particle-in-Cell (PIC) simulations heavily
rely on the accuracy of field solvers and interface capturing; simulations with low-order accuracy may even fail
to resolve such physical behaviors. In addition, memory capacity and bandwidth act as the dominant bottlenecks
limiting simulation performance under modern supercomputing architectures. High-order algorithms can exploit the
computational throughput of hardware, thereby delivering distinct performance advantages.

Several non-body-fitted-mesh approaches have been developed for these problems, like cut finite element methods
(CutFEM) [12, 20-22, 55, 56], immersed interface methods (IIM) [42], extended finite element methods (XFEM)
[11, 32, 52], and immersed finite element methods (IFE) [33, 44, 45], to name a few. Within this family, the IFE
methods adopt standard polynomial basis functions for non-interface elements, while specially constructed piecewise-
polynomial IFE basis functions replace them on interface elements to enforce the jump conditions [44, 46]. The
piecewise IFE basis function resembles the well-known Hsieh—Clough—Tocher macro C I element [16]. However,
achieving high-order accuracy with traditional IFE methods is difficult because the interface within each element is
typically approximated by a line segment in two-dimensional (2D) or a planar patch in three-dimensional (3D), limiting
convergence and complicating basis construction [2—4, 24].

A recent 2D geometry-conforming IFE (GC-IFE) method [5-7, 9, 51] overcomes this by introducing a Frenet
transformation [1] that maps the curved interface to a straight line in local coordinates, enabling the construction of an
IFE basis with a universal Q,,-type polynomial basis. This approach achieves higher-order, exact enforcement of jump
conditions, well-conditioned local systems, and Sobolev-conforming IFE spaces with optimal approximation constants
independent of interface position. High-order 2D PIC simulations, topology optimization and other algorithms can be
then conveniently implemented within the framework of the 2D GC-IFE method. Also, we are working on coupling
the GC—IFE method with the PIC method to address challenging physical phenomena, such as anomalous plasma
erosion and high-frequency energy coupling in plasma thrusters. Nevertheless, it turns out that many critical physical
process are intrinsically 3D and cannot be simplified, like the electron drift instability and the discharge uniformity
[30, 43, 47, 60]. In addition, many physical or engineering applications such as electrostatic levitation of dust particles
and spacecraft surface charging also heavily relies on 3D simulations [17, 26-29, 29, 48, 49, 58, 59]. For these
real-world applications, the programmability and engineering deployability of 3D simulations are also critical. These
considerations naturally motivate the next key task: extending the 2D GC-IFE method to three dimensions while
preserving ease of implementation.

However, this extension is far from straightforward. First, a general surface in three dimensions requires two local
tangential coordinates, and a single global parameterization may be unavailable for complex geometries because of
patch transitions, coordinate singularities, and topological obstructions [1]. Second, assembling the interface condition
matrix is much more involved because expanding the Laplacian in the local surface coordinates, along with its
normal derivatives, yields complicated formulas. Third, high-order numerical integration on 3D interface elements is
substantially more complex, as cutting a hexahedron by a curved surface generates numerous subelement configurations
with curved faces and edges [22, 40, 41, 54].

In this paper, a 3D high-order GA-IFE framework is developed with two geometric representations for interfaces
to address the three challenges mentioned above. When a sufficiently regular global parameterization is available,
interface geometric quantities, including surface coordinates and geometric derivatives, are directly evaluated from
this analytical parameterization. For general interfaces lacking such parameterization, discrete surface samples are
employed to perform element-wise geometric reconstruction using a signed local Monge patch, in which the interface
height function is approximated within a scaled Legendre polynomial space, and consistently oriented normals, if
available, can be used to enhance the fitting. High-order geometric derivatives can thus be obtained from either
analytical parametric surfaces or reconstructed approximate surfaces. The unified Legendre—Monge representation
supports IFE basis-function construction and numerical quadrature for a broad range of interface types. In both
geometric paradigms, the resultant local geometric quantities serve as consistent inputs for the same IFE construction
and quadrature infrastructure. By adopting Legendre polynomial spaces for both geometric reconstruction and field

. Preprint submitted to Elsevier Page 2 of 34



Three-dimensional GA-IFE method

approximation, the proposed method establishes a unified high-order algebraic framework. It extends the geometry-
aligned spirit of the classical isoparametric concept [15] and it shares an essential idea with the isogeometry analysis
(IGA) method [10, 35] in the sense of using the exact geometry in finite element computations.

Building upon the aforementioned unified geometric foundation, this work further addresses two critical challenges
in 3D IFE discretization: the cumbersome expansion of higher-order differential operators and the intricate numerical
integration over interface elements. The overall accuracy of the method is governed by the polynomial approximation
order, the quality of the local geometric representation, the resolution of the interface curvature, and the accuracy of
the numerical integration. Accordingly, the proposed framework consists of three core components that jointly address
these challenges and the underlying geometric approximation issues, as summarized below.

e Geometric representation: The framework supports two alternative representations of the interface. When
a sufficiently regular global parameterization S(u, v) is available, the surface geometry and its derivatives
are evaluated directly from the parameterization. For general interfaces, a local signed Legendre—Monge
representation is reconstructed element-wise from surface samples and, when available, consistently oriented
normal data. The two representations provide the geometric information required by the subsequent IFE
construction and can be selected according to the available interface description.

o Interface conditions and their algebraic treatment: The 3D interface conditions are assembled on the local
surface patch. Their higher-order normal derivatives are evaluated by an algebraic procedure that avoids explicit
symbolic expansion of the full curvilinear Laplacian. This procedure is also applicable to 2D settings.

e High-order quadrature: On interface elements, we employ the dimension-reduction Saye-type [54] quadrature
strategy to integrate over the implicitly defined phase subdomains. This provides a unified high-order integration
procedure for the 3D cut-cell geometry.

The remainder of this paper is organized as follows. Section 2 revisits the 2D GC-IFE method and elaborates
its extension to the 3D GA-IFE framework. Section 3 details the geometric modeling techniques, including direct
parametric surface evaluation and high-order Legendre—Monge reconstruction, along with the computation of essential
geometric quantities. Section 4 presents the construction of 3D GA-IFE basis functions and the assembly procedure
of the interface condition matrix. Section 5 introduces the full matrix-vector assembly workflow and the tailored high-
order quadrature strategy for the discontinuous Galerkin (DG) formulation. Section 6 presents numerical experiments
for both parametric and reconstructed curved interfaces, validating the optimal accuracy and convergence performance
of the proposed method.

2. The GC-IFE Method

This section briefly reviews the 2D GC-IFE method developed in [5-7, 9, 51]. We then present the corresponding
3D formulations and highlight the key issues when extending the method from 2D to 3D.

2.1. Review of the 2D GC-IFE Method

Let @ C R? be a domain partitioned by a smooth interface I into two subdomains Q* and Q™. The diffusion
coefficient f(x) is piecewise constant, i.e., f(x) = f* for x € Q*. Let T, be an interface-independent Cartesian mesh
and &, be the set of edges of the solution domain . Then, in the 2D GC-IFE method, the Symmetric Interior Penalty
Galerkin (SIPG) formulation is used for the elliptic interface problem to seek u;, € H*(7,,,I’; §) such that:

ap(up. v) = Ly(y), Vv, € H(T). T3 B), ®)
where H*(7;,,T’; f) is the immersed Sobolev space[5], the bilinear form aj,(uy,, v,) is defined as:
apup.vp) = Y. | pVuy,- Vo, dx

KeT, ' K

-y / (48Vuy - m) Lol + (BV0y - m My ] = 2y Ty 1 ) ds, ©)

e€E)

. Preprint submitted to Elsevier Page 3 of 34



Three-dimensional GA-IFE method

and Lj(vy) is defined as:

Ly(vp) = 2 /fUth+ Z /<_<ﬁvvh'ne>+%vh>gd3’ (N
KeT, /K e e

e€E)y

with n,, [-] and (-) denoting the normal vector, the standard jump and average operators across the mesh edges &,
respectively.

In the construction of equation (5), if K is a non-interface element, the standard Legendre basis functions are used. If
K is an interface element that intersected by I" with corresponding fictitious Frenet element K r the IFE basis functions
are used and the 2D GC-IFE method is used to construct local IFE basis functions by the Frenet transformation. Let
g(&) = (g,(&), £,(&))7 be the regular parameterization of the interface curve I', and let 'y = I'n K and I Kr denote the
corresponding parameter domain of I'g. The unit tangent vector 7(£) and the unit normal vector n(¢) are defined as:

4]
g’ Ol
The local Frenet coordinate mapping x(n, &) = g(&) + nn(€) maps the curvilinear coordinates (», &) to the physical

coordinates x = (x, y)T, where 5 represents the signed normal distance to the interface. Under this transformation, the
2D Laplacian operator A, in the curvilinear system becomes:

(€)= n(é) = Qr(¢), where Q = [_01 é] ®)

At = L(@) 1= iy + Jo(n, Oitgs + Ty (1, Oty + Ty (1, iz, ©)

where the metric coefficients J,, J;, J, depend on the signed curvature k(&) and the metric scaling factor y(n, &) =
(1 +nxE)~

To construct the local IFE space, a well-designed tensor-product Legendre polynomial basis R;(#, &) = q,(n)p,(£)
[6] of degree m is defined. The piecewise local IFE basis functions 4;(, £) are constructed as:

(m+1)2
o C-R.(n &), <0,
Jey={ 2= e (10)
Zi=1 C[’jRi(r]a 5)7 n > 0
The coefficients C* = (Cl.ij) are determined by enforcing the weak interface jump conditions on I’ Kp
14,00, )1p,—1(§)dé =0, (11a)
Pk,
169, 2;(0.£)1py—1(§) d¢ = 0, (11b)
V'
/ 80, £4;(0, &)p—1 (&) dé = 0, (11c)
Tk,
fork=1,....m+1landn=0,...,m—2. This yields the interface condition matrix system:
AC* = JAC™. (12)

By solving the equation (12) and performing appropriate orthogonalization [7], we can obtain the IFE basis functions
locally on an interface element with good orthogonality properties.

2.2. Key Changes for Dimensional Extension

Extending the GC-IFE method from 2D to 3D requires replacing the curve-based Frenet apparatus with surface-
based differential geometry. Table 1 summarizes the mathematical correspondence between the 2D and 3D formula-
tions.

While the formal mathematical extension summarized in Table 1 appears straightforward, the actual implementa-
tion requires substantial modifications in three key aspects:
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Table 1

Comparison of mathematical formulations between 2D and 3D GC-IFE.
Quantity Two-Dimensional (2D) Three-Dimensional (3D)
Interface T’ Curve g¢) € R? Surface S(u,v) € R?
Normal coordinate n € l—d,d] ( el—d,d]
Tangent coordinate(s) & €[£,&]1CR (u,v) € f“KF c R?
Coordinate mapping x(n1, &) = g(&) + m(&) x(u, v, ) = S(u, v) + ¢{n(u, v)
Local polynomial space  Q,,(n) ® P,,(€) 9,O)P,(w) P, (v)
Basis dimension (m+1)? (m+1)>
Jump test space P, (&) on fKF P, ®P,(v) on fKF
Underlying operator Au Au
Evaluation strategy Explicit curvilinear form L£(1)  Algebraic procedure via implicit differentiation

1. Geometric representation: In 2D, the interface curve is parameterized by a global coordinate &, and the Frenet
frame provides a natural tangent-normal decomposition. In 3D, the interface is a surface with two independent
tangential directions. When a sufficiently regular global parameterization S(u, v) is available, it can be used
directly to define the surface coordinates, the normal coordinate, and the geometric quantities required in the
basis-function construction. This direct parametric approach offers considerable convenience. However, such a
global parameterization is generally unavailable for arbitrary interfaces, which motivates our local-geometric-
reconstruction strategy. Using interface points, together with consistently oriented normals when available, we
fit a local Monge graph on an orthonormal tangent plane. The height function, approximated via scaled Legendre
polynomials, defines a signed local implicit function. The resulting Monge patch furnishes the local coordinates
and geometric derivatives needed for constructing the IFE basis functions. In summary, the proposed 3D framework
provides two alternative geometric pathways: the direct evaluation approach through a global parameterization when
one is available, and the element-wise Legendre—-Monge reconstruction approach for general interfaces.

2. IFE basis construction and algebraic treatment of interface conditions: In 2D, basis functions are constructed
with a (m 4+ 1)?-dimensional tensor-product polynomial space, and jump conditions are imposed on a one
dimensional (1D) curve segment. In 3D, the underlying polynomial space expands to (m + 1)3 dimensions, and
the jumps are enforced on a 2D surface patch. The 3D weak jump conditions become:

// [4;(u, v, 0)] P (u, v) dudv = 0, (13a)
Ikp
ﬂ [0 A;(u, v, 0)] P, (u, v) dudv = 0, (13b)
Ixp
// 180} (Ajoe;(ut, v,0)) 1 P(u, v) dudv = 0, (13¢)
FKF

where A, denotes the 3D Laplacian in the local curvilinear coordinates, P, (u,v) = P, (u)pkz(u) represents the
2D tangent test polynomials of degree m. Furthermore, the 3D curvilinear Laplacian involves the full metric tensor,
Christoffel symbols, and principal curvatures, making explicit symbolic derivation impractical. Our method replaces
explicit expansion by an algebraic kernel that computes the required normal derivatives of A, . using the chain rule
and the Leibniz rule, together with the variations of the metric tensor. This approach is directly programmable.

3. Numerical integration: In 2D, interface elements are cut by a curve, resulting in polygonal subdomains that can be
conveniently triangulated. Standard Gaussian quadrature on the reference triangle can then be applied to each trian-
gular subregion, possibly with one curved edge, through a suitable mapping. This approach is standard and efficient,
as the subdivision and mapping are well-established in the finite element literature [8, 38, 39, 50, 53, 57, 62]. In
3D, however, the cut geometry becomes substantially more complex: a hexahedral element cut by a curved surface
produces subdomains with curved faces and edges, making a direct extension of the triangulation strategy highly
nontrivial and often limited to low-order accuracy. To overcome this difficulty, we adopt the dimension-reduction
philosophy of Saye [54], which reduces multi-dimensional integrals over implicitly defined domains to a sequence
of 1D integrations along coordinate lines.

The following three sections present the detailed implementation of each key aspect:
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e Section 3: The Local surface representations and geometric derivative evaluation.

e Section 4: The construction of 3D IFE basis functions and the algebraic assembly of the interface condition
matrix.

e Section 5: The matrix/vector assembly and numerical integration for the GA-IFE method within the discontin-
uous Galerkin framework is presented, including the Saye-type quadrature scheme for 3D interface elements.

3. Local surface representations and geometric derivative evaluation

This section describes two alternative approaches for representing interface surfaces in the 3D GA-IFE framework.
When a sufficiently smooth global parameterization is available, the interface geometry is used directly. For interface
surfaces of general geometry that do not admit such a global parameterization, a local signed Monge patch is
reconstructed from high-order surface samples and, when available, consistently oriented normal data. Both approaches
provide the local surface coordinates and the associated geometric derivatives required for constructing the IFE basis
functions.

Analogous to the 2D GC-IFE method, each interface element K is associated with a tubular-neighborhood fictitious
element K in physical space, which encloses the portion of the interface in a neighborhood of K and accommodates
the interface sampling data. Via a local orthonormal-frame transformation, the physical-space region K is mapped to
a fictitious element K - in the local coordinate system. Figure 1(b) shows the physical-space tubular neighborhood K 5,
the interface surface segment, and the associated sampling points, whereas Figure 1(a) illustrates the corresponding
fictitious element K r in local coordinates. This fictitious-element infrastructure is shared by both geometric strategies:
the direct parametric approach and the Legendre-Monge reconstruction approach. It provides the foundation for the
unified local-coordinate and elementwise-scaling framework used in the construction of IFE basis functions and in
numerical integration.

@ (b)
Kp
ﬁ\
Or
— Pum/)
f[{ B C =0 —
-—
Rmup
¢ — |
(u,v,¢) = Rypgp(x)
v

local coordinates
u

Figure 1: Schematic illustration of the local interface representation:(a) the fictitious element K r in the local coordinate
space; and (b) the tubular neighborhood K of an element K, the local interface surface, and the sampling points in
the physical space.

3.1. Direct construction from a parameterized surface
When the interface I" is given with a sufficiently smooth global parameterization, the surface geometry can be used
directly. Let

Sk, v)=Sw,v),  (wv)ely cR? (14)

denote the restriction of S(u, v) onto the parameter region r x corresponding to the neighborhood of interface element
K and the parameters (u, v) inherited from the global surface parameterization serve as tangential coordinates on the
surface. The restricted parameter coordinates (u, v) are subsequently incorporated into the common local-coordinate
and elementwise-scaling procedure described in Section 3.4.
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On this parameter subdomain, we further assume that S is sufficiently smooth and regular, and the orientation of
the parameterization is selected consistently with the prescribed sign convention of the interface. The corresponding
tangent vectors are

oS oS
— °K S, =K

Sy, = , = . 15
K™ "oy Ko™ "op (15)

The second-order tangential derivatives required by the IFE basis-function construction are obtained directly from
the parameterization:

_ 9°Sg _ 0°Sg _0°Sg 6
Kuw = 3 Kuo = 55 Kow = 55 (16)
Then let
a=SK,uXSK,U’ JF = ”a“, (17)
and the oriented unit normal is defined by
Sk, XS
n= —<#""Kv _ 2 (18)
”SK,uXSK,U” JF
The derivatives of a are
a, = SK,uu X SK,U + SK,u X SK,uU’ (19)
a, = SK,uv X SK,U + SK,u X SK,UU' (20)
With the orthogonal projection
P=I-nn', 2n
the first derivatives of the unit normal are
Pa, Pa, 22)
n, = , n, = .
u Jl" 1% Jr

To compute the second-order derivatives of the unit normal, the third derivatives of the surface parameterization
are used. Define

a,, = SK,uuu X SK,U + 2SK,uu X SK,uv + SK,u X SK,uuv’ (23)
a, = SK,uuv X SK,U + SK,uu X SK,UU + SK,uU X SK,uU + SK,u X SK,uuv’ 24
A, = SK,uuu X SK,U + 2SK,uu X SK,UU + SK,u X SK,UUU' (25)

Then, for i, j € {u, v},

Pa;—n;(n"a;) —n(na;) py
n; = 7 I J—;(nTaj). (26)

3.2. Signed local Monge reconstruction

When the interface I" does not admit a sufficiently smooth global parameterization, we reconstruct a signed local
Monge patch for I' on each interface element using nearby interface sample points. The reconstruction proceeds in four
steps: we first select a base point and construct a local orthonormal frame; we then express the neighboring interface
samples in this local coordinate system; next, we fit a polynomial height function over the local tangent plane; finally,
we use the fitted graph to define a local surface parameterization and a corresponding signed implicit representation.
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Specifically, on an interface element K, the reconstruction starts from a set SIO< of points locally sampled from the
interface I':

52={xp|xpanKF, 1 <p<Ngy}

The sample points in 52 may be generated by sampling a CAD surface or supplied directly as discrete input data. When
available, consistently oriented unit normals associated with samples points in 510< may also be incorporated into the
reconstruction. However, only the reference normal at the base point is required to construct the local Monge frame;
normals at the remaining sample points are optional. Such additional normals provide first-order derivative information
and can improve the reconstruction quality, whereas in their absence the procedure reduces to position-only fitting.

We next choose a base pointxy € S ,0( near the barycenter of the sample set. Its associated unit normal n, is obtained
from the CAD surface normal at X, when a CAD representation is available, and otherwise from the oriented discrete
normal data. We then complete n, to a right-handed local orthonormal frame {e;, e,,ny} satisfying

e -e =0, e -ny=0, e; X e, =n,. (27)

This frame provides the local coordinates in which the Monge graph is reconstructed. In particular, each sample point
X, € S} is represented by

u, = (Xp —Xp) - €y, v, = (xp —Xg) - €, w, = (Xp —Xp) - Ny (28)

To restrict the reconstruction to a locally coherent portion of the interface, we choose a threshold parameter 0
and retain sample points whose normals are sufficiently aligned with the reference normal:

max

Sk ={x,€S% n, ny>cos(O,) >0} (29)

The filtered sample set Sk is then used to construct a polynomial height function ’1,15 (u, v). Since a total-degree
polynomial of degree at most m, has
(mg + 1)(mg +2)
g~ 2
coefficients, the sample set must contain sufficiently many points, namely |S K| > N,; otherwise, additional interface

sample points should be added.
Let

Cx 1 = max(u,) — min (u ‘x> = max(v,) — min (v
Kl PESK p) PESK p)* k2 PGSK( p) PESK( p)

denote the tangential parameter ranges of the filtered sample set. We introduce the scaled local coordinates

u ~ v
- v=—>—, (30)
fK,l l’ﬂK,Z

~
u =

and seek the height function as a total-degree Legendre expansion,

nw o)=Y afp@p;®), 31)
i,j>0
i+j<mg

where p; denotes the i-th standard Legendre polynomial. Thus, ;1;1( is a bivariate polynomial of total degree at most
m,, represented in a Legendre basis.
When normal data are available, they can be used to supplement the position data with first-order derivative

information. Let Sg) C Sk denote the subset of samples for which consistently oriented normals n, are available.

For a pointx, € Sg') , the unit normal to the Monge graph w = r/f’f (u, v) is parallel to

K K
_”h,u(”p’ vp)el - "h,u(”p’ Up)ez +n,.
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Matching this direction with the sampled normal n,, yields the target slope values
n,-e

9
n,-n

n,-e,

n, - n

qu,p = ”ilf,u(up’ Up) = - qu’p = rl],Il(’U(up’ Up) = - (32)
We note that the denominator n,, - n, is bounded away from zero by the normal-filtering condition in (29).
The coefficient vector ak

= {afj. } is determined from the available position and normal data by the weighted
least-squares problem

2
K _ : ©O) |,,K -
a —argmam Z w, ‘"h (up,vp) wp‘
PESK

2 1
+/1K Z a);)[

(n)
PES K

2
+

aurl}ll((ups Up) - qu,p ayn}lf (up’ Up) - qy,p

2] (33)

Here, Ax = O(hg) is a scaling factor that balances the dimensional difference between the height residuals and the
slope residuals, while the weights o and o'V

D »  account for nonuniform sample density and the spatial distance from
the patch center.

When oriented normals are available for some samples, S;:) is nonempty and (33) gives a Legendre—Hermite
reconstruction that incorporates derivative information. If no sample normals other than n, are available, we set

S;?) = @, so that the slope term vanishes and the reconstruction reduces to the position-only least-squares problem
2
ak = arg min Z a)fpo) |11}Il<(up, v,) — W, . (34)
PESK

In both cases, the resulting overdetermined linear system is solved using a column-scaled pivoted QR decomposition
or a singular value decomposition (SVD) for numerical robustness.

Once the coefficients have been determined, the fitted height function represents the reconstructed interface locally
as a graph over the tangent plane spanned by e, and e,. Lifting this graph back to physical space naturally yields the
local surface parameterization

S, (u,v) =Xy + ue; + ve, + n{f(u, v)ng. 35)

The image of S, forms the reconstructed local Monge patch. Thus, the height-function reconstruction not only
approximates the interface geometry but also provides the local parameterization needed for subsequent geometric
calculations.

The fitted height function nf also provides a convenient signed implicit description of the reconstructed interface.
For a point x in the local neighborhood, define

by (%) = (X = Xg) - g — 75 (X —X0) - €, (X — X)) - &) . (36)
Consequently, the reconstructed local interface patch associated with K is represented by

I ={xeKp:p)x)=0}.
Its gradient is

Vedr = —n,’lfuel - n,’ivez +ny, (37)

which satisfies qubf -ny = 1. Hence, qﬁf has a nonvanishing gradient, varies monotonically in the n, direction, and
naturally inherits the sign convention of Q* without requiring auxiliary offset layers.
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3.3. Derivatives of the Monge map and unit normal

The local Monge map S;, defined in (35) also provides the geometric quantities needed in the subsequent IFE
construction. Since the local frame vectors ey, e,, and n, are fixed with respect to the local coordinates (u, v), the
derivatives of S, can be evaluated directly from those of the fitted height function n{f. In particular, the first-order
derivatives are

K K
Shu = €1 + 1y, Mo, Sho = € + 1, Mo, (38)
while the second-order derivatives are
_ K _ K _ K
Sh,uu - ’1;1,,,““0’ Sh,uv - ﬂh,uuno’ Sh,vv - nh,vun()' (39)

All derivatives of n{f are evaluated analytically from the Legendre expansion (31).
The two tangent vectors in (38) determine the local surface normal. Using the orientation e; X e, = ny), their cross
product is

. K K
a; .= Sh,u X Sh,U = —nh’uel — ﬂh’uez + ng. (40)

Accordingly, the surface Jacobian is

2 2
e = gl = [+ (1)1 + (0, an
and the corresponding unit normal is
K
B (42)

h= =
Jrn VoKl

Thus, the unit normal obtained from the Monge map agrees with that induced by the signed local implicit function (36).
We next derive the derivatives of n;,. To differentiate the normalization in (42), define the orthogonal projection
onto the tangent plane by

P,=1- nhnz. (43)

For i € {u, v}, differentiation of (40) gives
K K K K
ah,u = _nh,uuel - nh,uve2’ ah,U = _nh,uvel - nh,uuez' (44)

Using the standard derivative formula for a normalized vector, the first-order derivatives of the unit normal can then
be written compactly as

_ Py,

i =
>

n, i € {u,0). (45)

Jrn
To obtain the second-order derivatives of n;, we differentiate (45) once more. For i, j € {u, v}, this yields
T T
Puay;; —mp ;(n,a,;) —n,(ny a,;) P,

Ta, ). 46
JF,h Jr2’h (nhaha]) ( )

n,;; =

The quantities aj, ;; involve third-order derivatives of the fitted height function:

_ K K

U = _nh,uuuel - nh,uuve2’ (47)
— K K

A = Myl = My ywo€2> (48)
_ K K

Anpp = _nh,uvvel - nh,uuvez' (49)

Because n}’f is represented in the Legendre basis, these higher-order derivatives are again evaluated analytically from
(31).
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3.4. Local coordinates and elementwise scaling

The preceding two subsections provide a local surface representation and the associated geometric derivatives for
the reconstruction-based pathway. The same geometric information is available directly when a sufficiently smooth
global parameterization of the interface is given. We now place these two pathways in a common local-coordinate
framework, which will subsequently be used for the construction of the 3D IFE basis functions and for numerical
integration.

To this end, let X (u, v) denote the local surface parameterization associated with an interface element K. For the
direct parametric pathway, Xy is the restriction Sy (u, v) of the given global parameterization to the local parameter
patch associated with K; for the reconstruction-based pathway, X is the fitted Monge map S;(u, v) defined in (35).
Let ng (u, v) denote the corresponding unit normal. Thus, the two geometric pathways differ only in how Xy and ng
are obtained, while the local-coordinate construction below is identical for both.

Using X and ng, we define the local tubular-coordinate map

Frx,v,0) = Xgu, v) + {ng(u, v). (50)

Here, (u, v) are tangential surface coordinates and ¢ is the signed normal offset. Let € > 0 denote a half-width for a
tubular neighborhood of I' on which this normal-coordinate representation is smooth and one-to-one. We assume that
the mesh is sufficiently fine so that the physical fictitious neighborhood K associated with each interface element
K lies inside such a tubular neighborhood. Under this assumption, every point X € K admits a unique local
representation

x =Fgu,v,). (51

It remains to determine the local coordinates (u, v, {) of a given point X € K. The tangential coordinates (u, v)
are first obtained by projecting x normally onto the local surface. Equivalently, they satisfy the closest-point system

(X — Xg(u, U)) - Xg W, 0) =0,

52
(x — Xk, 0)) - Xg (1, 0) = 0. 52)

This nonlinear 2 X 2 system is solved for (u, v) by Newton iteration. Its Jacobian involves the first- and second-order
derivatives of X, which are available analytically in both geometric pathways, see Subsection 3.1 and Subsection 3.3.
Once (u, v) has been determined, the signed normal coordinate follows from

= (x — Xk (u, U)) ~ng(u,v). (53)

Thus, solving (52) together with (53) provides the inverse of the tubular-coordinate map (50) on K.

The two geometric pathways use different initial guesses for the Newton iteration. For the Legendre—Monge
reconstruction, the local orthonormal frame {e, e,,ny} introduced in Subsection 3.2 provides a natural tangent-plane
approximation. We therefore set

u® = (x —xg) - e, v = (x —xg) - €. 54

For the direct parametric pathway, we follow the strategy used in the 2D GC-IFE method [5]. A set of surface sample
points and their parameter values is precomputed on the local parameter patch associated with K. For a given point
X, the nearby precomputed surface sample provides an initial parameter pair (u?, v®) for solving (52). With these
pathway-specific initializations, the same Newton procedure is used thereafter.

We next use this pointwise coordinate transformation to define elementwise scales for the fictitious neighborhood
Kp. Let Xg = {x; }§=1 denote the eight vertices of the hexahedral interface element K. For each vertex x; € Xy, we
compute its local coordinates (u;, v}, {;) from (52) and (53). The tangential midpoint and half-widths are then defined
by

maxjuj+min-u- max; u; —min; u;

jUj U jUj
Umig = > ; up = > , (55

_ man Uj+mlnj Uj _ man Uj—mlnj Uj 56
Umid = ) , Uh = 3 ) (56)
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and the normal half-width is taken as
= max 151 (57)

These quantities characterize the elementwise extent of K in the local tangential and normal directions and provide
the natural scales for the local IFE construction.
Accordingly, we introduce the normalized local coordinates
U — Unid U~ Umid ¢

M=T, U=T, (:=a (58)

The same normalized coordinate system is therefore used for both the direct parametric and Legendre-Monge
reconstruction pathways. In this way, the geometric description of the interface is separated from the subsequent

IFE basis construction: once the local surface map and its derivatives are available, both pathways enter the same
elementwise-scaled formulation.

Remark 1. For the reconstruction-based pathway, the accuracy and robustness of the local-coordinate transformation
depend on the quality of the Monge reconstruction as well as on the Newton projection. In particular, the reconstruction
quality is governed jointly by the approximation order m, the geometric reconstruction order m,, the mesh size, and
the local interface curvature. If the curvature is large relative to the element size, the tangent-plane initial guess may
become less accurate, and the Newton iteration may converge slowly, fail, or converge to an unintended point.

The required geometric accuracy also becomes more stringent as the approximation order increases. For a low-
order discretization, such as m =1, taking m, = m may still be adequate under moderate curvature. For a higher-
order method, however, errors in either the reconstructed geometry or the closest-point projection can dominate
the discretization error and prevent the optimal convergence rate from being observed. Highly curved regions may
therefore require a finer mesh, a smaller effective reconstruction patch, an improved Newton initial guess, and/or a
geometric reconstruction order satisfying my > m.

Finally, the interface sampling region used in the Monge reconstruction must extend sufficiently far in the tangential
directions so that the resulting physical fictitious neighborhood Ky contains the entire interface element K. This
ensures that the local-coordinate transformation, reconstructed surface geometry, and subsequent quadrature are well
defined throughout K.

4. Local IFE Basis Functions and Interface Condition Matrix

This section presents the construction of local IFE basis functions on 3D interface elements. The construction
follows the same extension principle as in the 2D setting [5]. We first introduce a polynomial basis in local curvilinear
coordinates, then formulate the interface-condition matrix used to enforce the jump conditions weakly over the interface
patch, and finally develop the algebraic machinery for computing the required normal derivatives of the Laplacian in
physical coordinates.

4.1. Local polynomial basis in local curvilinear coordinates

For each interface element K C R3 intersected by I', we establish a local curvilinear coordinate system (u, v, ¢) as
described in Section 3.4. The interface patch I'y, = I' N K corresponds to the zero-level surface { = 0, and the two
subdomains within K are distinguished by the signof {: { <0in K~ =KnNQ and ¢ >0in KT = KnQt.

Let Q,, denote the space of tensor-product polynomials of degree at most m in the three local coordinates (u, v, §).

We choose a basis { R;(u, v, { )}I.]ib1 for Q,,, where N, = (m + 1)3, in the tensor-product form:

R;(u,v,8) = q,(¢) Py(u, v), i=s+tN +1, (59)
with N, = (m + 1)2, s =0,...,N,—1,t = 0,...,m. The tangent basis functions P,(u, v) are chosen as the tensor
products of 1D Legendre polynomials:

U= Unig U= Unmid o
PS(U,U)=P,‘1 <Tml> DPi, (Tml>, i1,ip=0,...,m, (60)
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where s = ij(m+1)+i,+1. Here u,;q, Umiq» Up» and vy, are the local geometric scaling parameters defined in Section 3.4
that map the tangent coordinates to the standard interval [—1, 1].

The normal basis functions ¢,({) are constructed to have the desirable property that ¢,(0) = Oforz > 1 and qt’ =0
for t > 2, which simplifies the enforcement of the jump conditions on the interface. Following the 2D GC-IFE [6], we
define:

(@) = 1. ql<c>=p1<£>, q,@):@t(ﬁ), (>0, 61)
¢h Ch

where {, is the maximum normal deviation defined in Section 3.4, and §,(x) for # > 2 is given by:
§,(x) = 2t = Dx p;_1(x) = 2t = D)p,_1(0) x, 1>2. (62)

These polynomials satisfy 4,(0) = cjt’(O) = 0 for t > 2 and ¢,(0) = 0, which are crucial for the stability and efficiency
of the basis construction.

4.2. The IFE space and construction of basis functions
Following the 2D GC-IFE framework, we define the IFE space on the local fictitious element K F as:

Vﬂm(KF) = {i : KF - R ’ /ﬂkf € Qm(lef), A satisfies the jump conditions (13)} , (63)

where I?;—; = {¢ Z 0}. On the physical interface element K, the IFE space is defined via the pull-back through the
local coordinate mapping:

Vi'(K) = {,1 K >R ’ A=ldox7!, de Vﬂm(I%F)}, (64)

where the mapping x = Fx(u, v, {) is defined by (51).

The well-posedness of this space follows from the same argument as in the 2D case (Lemma 1 in [5]). For any
polynomial A~ € @m(K;) on one side of the interface, there exists a unique polynomial A* € @m(K;) on the other
side such that the combined function A satisfies the weak jump conditions (13). This guarantees that the dimension of
the TFE space is N, = (m + 1), and the extension procedure described below is well-posed.

To construct a basis for this space, the IFE basis functions §) j(u, v,$),j=1,..., Ny, are defined piecewise on the
two subdomains within the fictitious element:

Ny
w0 =Y CLRwv,(), <0,
A, v.0) = v (65)

N
T, v,0) = Z} CHiRw 0.0, ¢ >0,

where C™ = [C7)] and C*t = [Ci+j] are N, X N, coefficient matrices to be determined.
Without loss of generality, assume that |[K~| > |K + | Then, the construction proceeds by choosing a basis { ;lj_ };V=b]
for the polynomial space Q,, on K=, and then extending these functions across the interface by enforcing the jump

conditions to determine {)AL;r }jibl- This extension procedure is well-posed because, for any polynomial on one side,
the jump conditions uniquely determine the polynomial on the other side. Computationally, we set C™ to the identity
matrix or another nonsingular matrix and solve for the other coefficient matrix C* from the interface condition matrix
system derived in the following subsection.

4.3. Interface condition matrix

The interface jump conditions, expressed in the weak form on the interface patch I', consist of the continuity of the
solution, the continuity of the normal flux, and the continuity of the higher-order normal derivatives of the governing
elliptic operator. In the local curvilinear coordinates, these conditions take the form (13). Substituting the piecewise
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polynomial expansion (65) into the jump conditions (13) yields the linear system (12) for the coefficient matrices C~
and C*, where the interface condition matrix A can be expressed in the following block matrix:

By
B,
~ A©
A= K(l) P (66)
Am-2)
and the jump scaling matrix J; is defined as:
. B~ B~
Jﬁ=d1ag 1,...,1,—,...,—|. 67)
SR
Nl
mN,
The entries of the matrix A are defined as follows. For the zeroth-order block B, (continuity of the solution):
(By),, = // R;(4, v,0) Py (u, v) dudo, (68)
9 l’é\K
where k=1,...,N,andi=1,..., N,.
For the first-order block B; (normal flux continuity):
(Bl)ki = // 9 R;(u, v,0) Py(u,v) dudv. (69)
5 fK
For the higher-order blocks A®™, n = 0,...,m — 2:
(A»),, = //F 07 (Byoe Ry (1, 0,0)) Py ut, v) due . (70)
K

Following the same argument as in the 2D case, the matrix A is nonsingular. This ensures that the extension
procedure is well-posed: for any choice of C~, the coefficient matrix C™ is uniquely determined by (12).

Remark 2. We emphasize that all integrals in (68), (69) and (70) are evaluated on the parameter domain fk rather
than on the physical surface I . This parametric formulation is adopted intentionally for the local basis construction:
it bypasses the evaluation of the surface Jacobian J(u,v) = ||g, X g,|| in the local system, significantly reducing
computational cost and improving numerical stability. The smoothness of the Monge patch mapping ensures that this
parametric L? projection is mathematically equivalent to the physical surface integration.

4.4. Algebraic derivation of Laplacian normal derivatives

A key challenge in assembling the blocks A®™ s the evaluation of the normal derivatives of the Laplacian in
physical coordinates, 02’ (AIOCR(u, v, 0)). A direct expansion of Ay, in the curvilinear coordinates u = (u, v, ¢ )T can
become algebraically cumbersome when the value of m becomes large, as it involves Christoffel symbols and their
derivatives. To avoid this complexity, we develop a recursive algebraic formulation based on the chain rule and the
Leibniz rule, using the geometric quantities derived in Section 3.1 or Section 3.3.

Let x(u, v, {) be the coordinate transformation defined by (51) for mapping the local curvilinear space to the physical
space. At the interface ({ = 0), the Jacobian matrix J, and its inverse M, are given by:

Jo=[0,x 9x 0§X]| =[S, S, n], My=J" (71)

£=0
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Since the mapping x(u, v, {) is linear with respect to the transverse coordinate ¢, the higher-order normal derivatives
of the Jacobian matrix J, o = 0§J0 simplify significantly:

Jl,() = [nu n, 0] 5 Jk,O =0 Vk>=2). (72)

To obtain the normal derivatives of the inverse Jacobian matrix Mf)k) = 62‘J51, we differentiate the identity
MyJ, = Irecursively. Applying the Leibniz rule yields the following recurrence relation:

MO =M, MYV =—(k+ DMPT, M, (k2 0). (73)

Consequently, the g-th normal derivative of the inverse metric tensor Gal = MOMg, denoted by inng’) = ()gGal,
can be computed via the Cauchy product:

a T
G = <Z )Mg) (M§=) (74)
a=0

To transform the Laplacian operator, we define the Hessian matrix of the physical coordinates with respect to the
curvilinear coordinates. Let H.({) = VlzlxC be the Hessian of the c-th physical coordinate (¢ € {x,y, z}). Due to the
linearity of the mapping in ¢, we write H.({) = H_y + {H_ |, where:

Suwde Sy (), (n,). (@m,). O
Hc,O =[Sude Spp)e @My |, Hc,l =|m,). @my,), 0]. (75)
(nu)c (nu)c 0 0 0 0

We then introduce the auxiliary vector B@ & R3, which represents the geometric contribution of the coordinate
curvature to the Laplacian:

BY =tr (inva)q)Hc,()) e (invGE)q_l)HCJ) . ce{xnyzl, (76)

where the second term vanishes for g = 0.
By applying the chain rule to the identity A,x = 0, the Laplacian of the curvilinear coordinates u at { = 0 is
expressed as Axu| (=0 = ~M,B©. Differentiating this relation ¢ times with respect to ¢ yields:

q
q - _ q (@) (g—a)
6c(Axu)'§=0 uz:;) <a>M0 B9, (77)

For any local tensor-product basis function R(u, v,{) = ¢,(§)P,(u, v), its physical Laplacian A, R at { = 0 is
expanded via the chain rule as:

§
AyR[,_y=tr <V121R|C=0 651 )+ (VuRlzo) (Avulesy)- (78)

Finally, by applying the Leibniz rule to differentiate Eq. (78) n times with respect to {, we obtain the desired recursive
formula at the interface ({ = 0):

0! (BieR(w,0,0) = 0f (AR)| _ = 26 <Z> ltr (or (VaR)|., invG )
p=

+ (ag—q (VHR)|C=0>T 6Z <A"u)’¢=0] . (79)

Eq. (79) serves as an efficient and algebraic machinery for computations involving the high-order interface matching
conditions. The terms ag‘q (VﬁR)| _,and ag“? (VuR)’ _, are computed directly from the analytical derivatives of

the 1D Legendre polynomials ¢,({) and the 2D polynomials P,(u, v), ensuring both efficiency and high precision.

Remark 3. Algorithm 1 in Appendix A illustrates the complete construction procedure of the IFE basis functions. For
the orthogonalization of the IFE basis functions, we used the exact same method as in [6].
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5. Matrix/Vector assembly and numerical integration within the DG framework

This section presents the matrix and vector assembly and numerical integration procedures for the proposed GA-IFE
method. We first present the algebraic matrix/vector form of the SIPG discretization. We then describe the hierarchical
line-splitting quadrature for both volume and face integrals.

5.1. Discrete DG formulation and matrix assembly
Let 7}, be a partition of the domain  into hexahedral elements, and let £, = 8;1 Ué Z denote the set of all mesh

faces, where £ ;l and 8}: represent the interior and boundary faces, respectively. We partition the elements into the set

of non-interface elements 7," and the set of interface elements Th’ Accordingly, the mesh faces are classified into four
disjoint subsets:

o Regular-interior faces £ ;l": faces shared by two non-interface elements K, K, € 7.
o Interface-affected interior faces £ ;f : interior faces where at least one adjacent element belongs to Th’ .
e Regular-boundary faces Efl": boundary faces within non-interface elements K € 7.
o Interface-affected boundary faces £ }l:i : boundary faces within interface elements K € Th’
The global bilinear form (5) leads to the following global discrete system:
(Mo + My + Mg, ) u =1, (80)

where the global volume stiffness matrix M, face flux matrix Mg,,, penalty matrix M, and load vector f are
assembled from their local element and face counterparts:

— K — —
Mvol - z Kvol’ Mﬂux - Z Kgux’ Mpen - Z K;env (81)
KeT, e€sy e€Ey,
f= K+ f (82)
KeT, ecel

where, the ) is in the standard sense of merging the local degrees of freedom into the global degrees of freedom in
finite element computations.

For a standard element K € Th”, orafacee € &£ ;l”, orafacee € SZ", the calculations of the local matrices and
vectors are standard (see, e.g., [34]).

For an interface element K &€ Th[, the local volume stiffness matrix and local vector are computed using the IFE

basis functions {4} }:
(M), = /K PV VIS dx+/ prVat - vatdx, (83)

K+
(£%), = / fA7dx + / fArdx. (84)
K- K+

For the interface-affected interior and boundary faces, the local matrices and vectors are computed by distinguishing
among the following cases.

Case 1: Interface-affected interior faces (e € £ ;li ) For an interior face e = dK; N 0K, where at least one adjacent
element belongs to Th", we define a unified local basis function y; on K € {K;, K, } to simplify the notation:

A5, if K € T/ (interface element),
vilk = { ' ; (85)

p;, ifKe Th” (regular element),

where /115 (s € {—,+}) denotes the active piece of the IFE basis function in the subdomain containing the face e, and
@; denotes the standard Legendre basis function.
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Case la: Uncut interior faces (e N'I" = @) In this case, e lies entirely within one subdomain Q° (s € {—, +}),
the diffusion coefficient is constant on the face (f K, = B K, = B%). The local matrices are:

(Mf),; = —/<<ﬁ“Vv/i 0 )y, 1 + (A Vy; -ne>l[u/,-]]) ds, (86)

(M5..), / [y 1 1 ds. (87)

Case 1b: Cut interior faces (e N T" # @) In this case, e is intersected by T, it is partitioned into e~ = e N Q~
and et = e N Q*. Both adjacent elements are interface elements, and the integration is split:

(Mg, = —/e_ (<ﬂ‘W,~‘ M)A+ (VA -ne>[M;]1)ds

(88)
- / (<ﬁ+W,-+ )T +(pTVAT - ne>[u,.+]]) ds,
ME¢ _ O . _ O oy +
< pen>[j_/e_ h_e[[/li ]“Iﬂj]]ds-i_/e.;. h—e[[),[ ﬂ[/ljﬂds (89)

Case 2: Interface-affected boundary faces(e € € ;Zi ) For aboundary face e = 0K N9dQ with K € Th’ the Dirichlet
boundary condition u = gy, is weakly enforced using the GA-IFE basis functions. The formulation depends on whether
the face e itself is intersected by the interface I'.

Case 2a: Uncut boundary faces (e N I" = @) In this case, the boundary face e is not intersected by T, it lies
entirely within one subdomain Q° (s € {—, +}). The local matrices and boundary load vector are:

(Mﬁux),-j = —/((ﬂsvllf M)A+ (B°V A -ne)/l;‘) ds, (90)
pen / A4} ds, 1)
), = /(—ﬁ“Vﬂj -n, + %Af) gpds. (92)

Case 2b: Cut boundary faces (e N T" # @) In this case, the boundary face e is intersected by T, it is split into
e” =enQ and et = en Q7. The integration is split accordingly:

(Meﬂux) ij == /e_ <(ﬂ_V/1,_ : ne)/lj_ + (ﬂ_V/lj_ . ne))','_> ds

93)
/ ((ﬁ+V/l+ n)At+ (VAT n),1+)ds
e+
(Mlgen / Zehas ds+/+ St A ds, (94)
e e
(), =/ (-ﬁ—w; n, + h-%;) g ds+/ <—ﬁ+v/1,.+ n, + %Aj) gp ds. 95)
e~ e et e

5.2. Saye-type quadrature for volume and face integrals

To evaluate the volume integrals in Eqs. (83)—(84) and face integrals in Egs. (86)—(95), we adopt a Saye-type
recursive dimension-reduction quadrature scheme [54] with hierarchical subdivision and 1D root-finding, which
supports both 3D volume integration and 2D face integration over element faces. A unified recursive dimension-
reduction framework is employed, whereas interface intersection and phase classification are implemented differently
depending on the underlying geometric representation.

Let D C R? denote the root integration box, with d = 3 for volume integrals and d = 2 for face integrals. For
assembling the local matrices and vectors on an element K, D = K, and for assembling the local matrices and vectors
on an element face e, D = e. The integration domain is partitioned into two phase subdomains

D =DnQ ,D'=DnQ".
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On each phase subdomain, the same quadrature procedure is invoked independently under the corresponding phase
condition, yielding two sets of quadrature points and weights,

}N_ or = { (x}.07) }N+ . (96)

b
g=1 g=1

0 ={(5.9)
For an integrand f, the phase-wise integral approximation is

N=*

| TWdxs 2{ W f(xE). o7
p

Quadrature weights carry volume units for d = 3 and area units for d = 2. On physical element faces, the d = 2
weights represent surface-measure weights under Cartesian face coordinates.

5.2.1. Quadrature construction

Fig. 2 illustrates the dimension-reduction quadrature procedure. The construction is described first for d = 2 and
then for d = 3. In both cases, the quadrature is constructed by first generating quasiquadrature nodes on a transverse
projection domain and then lifting these nodes along the height direction. The transverse nodes are used to define
height lines; they are not, by themselves, the final volume quadrature points.

For a Cartesian integration box D, let X, denote its center. For a parameterized interface, let X ;, be a closest point
on the interface patch under consideration to Xz, and let ny, be the oriented unit normal at X . In practice, the closest
point is approximated by the sample point on the current interface patch that is nearest to xp,. For an implicit interface,
the height direction is selected using V¢, (Xp).

Two-dimensional case. Let

D= [xmin’xmax] X [ymin’ ymax] - Rz'

The current face D may contain multiple interface constraints. For an implicit interface representation, these constraints
are described by multiple level-set functions ¢)(C), ¢ = 1,..., Np. For a parameterized representation, they may be
described by multiple parameterized interface curves. The construction below accounts for all constraints on D.

1. Select the height direction. If multiple interface constraints are present on D, select any one of them to determine
a candidate height direction. For a parameterized interface, choose

n=argmax [n” . e
=argt D Vi’
1<j<2

(co

where n,

) is the oriented unit normal of the selected constraint ¢o. For an implicit interface, choose

n = arg max
1<j<2

0, 9, (xp)|

where ¢§ICO) is the level-set function of the selected constraint and Xz, is the center of D. Here e; is the j-th

Cartesian unit vector.
The candidate height direction must satisfy the admissibility conditions in Sec. 5.2.2 for every interface constraint
on D, not only for the selected constraint. Without loss of generality, reorder the coordinates so that n = 2, i.e.,
y is the height coordinate and x is the transverse coordinate. Thus e, = e, and L n = x. The lower and upper
height boundaries are

DJ_n,min = [Xmins Xmax] X {ymin}’ DJ_n,max = [Xmin> Xmax] X {ymax}'

We use the lower boundary as the projection reference; the upper boundary could instead be used if the
construction were applied consistently. If the candidate height direction is inadmissible for each constraint,
subdivide D and apply the procedure in Sec. 5.2.2.

. Preprint submitted to Elsevier Page 18 of 34



Three-dimensional GA-IFE method

2. Determine all interface traces on the lower and upper height boundaries, considering every constraint on D. For

an implicit interface, define, forc = 1, ..., Np,
) (0= 00X i) B = B, Va)-

The lower- and upper-boundary traces are the roots of qbffli)n(x) = 0 and ¢§flz)ix(x) = 0, respectively, for all c.
For a parameterized interface, find all intersections of every interface curve on D with both the lower and upper
boundary segments, subject to the corresponding interface-parameter bounds and segment bounds. Retain only
intersections whose transverse coordinates lie in [, Xpax]-

3. Project the upper-boundary traces onto the lower boundary along the height direction. This projection preserves
the x-coordinate. Let P, be the set of distinct transverse coordinates of all lower-boundary traces and all
projected upper-boundary traces, collected over every constraint. For an implicit interface,

Py, = ﬁj ({ € Comins ¥ | 51,00 = 0} U {x € Chmins X |6, 0) = 0} ).

c=1
For parameterized interfaces, use the transverse coordinates of the intersections found in Step 2, including the
projected upper-boundary intersections. Sort the distinct coordinates and add the endpoints:
X = Xpin <X <0 <Xy < Xpggg = Xpax M =|Py,|.

The traces of all constraints on the lower and upper boundaries jointly define this transverse subdivision.
4. On each subinterval [X;, X;,,], apply a ¢, -point Gauss—Legendre rule. Let (x ) denote its reference
nodes and weights on [—1, 1]. Map them to the subinterval:

ref,p> a)ref,p

X+ X X —X ~ X1 T X
wi,p = 2 a)ref’p.

Xip = ) 5 refp

Denote the resulting transverse points and weights, over all subintervals, by {(X, 5#)}. These are transverse
pseudo-quadrature points used to define height lines; they are not final volume quadrature points.
5. For each transverse point X, find all interface intersections on the height line

X, (1) = (X, 1), ! € [Vmin> YmaxJ»

considering every constraint on D. For an implicit interface, find the roots of d)gf)(%k, t) = 0 on this segment for
allc =1, ..., Np. For a parameterized interface, find all intersections of every interface curve on D with this
height segment, subject to the corresponding interface-patch and segment bounds. Sort the distinct intersection
heights and append the segment endpoints:

Y0 = Ymin < Vit < <Vir, <Vkr+1 = Ymax-

If there are no interface intersections, this list consists only of y,;, and y.«-
6. Each interval [y ;, ¥ ;1] lies within one phase. Apply a g,-point Gauss-Legendre rule to each interval. Let
(Vref p» @ref,p) denote its reference nodes and weights on [—1, 1]. Map them to the interval:

Vi + Vriv N Viir1 = Vi

yk,i,p = 2 ) yref,p’ (98)
Xeip = X Vicip)s 99)
~ Vi1 = Vi
1 7k, s
Dy jp = B Oref - (100)

The points x; ; , and weights w, ; , are the final points and weights for the quadrature on D. Assign the points
from each interval to the phase containing its midpoint. For parameterized interfaces, use the prescribed phase
ordering; for implicit interfaces, use the signs of all level-set functions ¢§f) to identify the phase.

7. Collect the final points and weights over all transverse points and height intervals. Partition the resulting
quadrature into @~ and Q" according to the phase assignments in Step 6.
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Three-dimensional case. Let

D= [xmin’ xmax] X [ymin’ ymax] X [Zmim Zmax] - R3'

The current box D may contain multiple interface constraints, described either by level-set functions qb(c), ¢

1,..
D.

., Np, or by multiple parameterized interface patches. The construction below accounts for all constraints on

. Select the height direction using the rule in Step 1 of the two-dimensional construction, with 1 < j < 3. If

multiple constraints are present, use one constraint to select a candidate direction, then check its admissibility
for every constraint. If necessary, apply the fallback procedure in Sec. 5.2.2. Without loss of generality, assume
n = 3, so z is the height coordinate and (x, y) are the transverse coordinates. The lower and upper height faces
are

Dln,min = [xmin’ xmax] X [ymin’ ymax] X {zmin }? DJ_n,max = [xmin’ xmax] X [ymin’ ymax] X {Zmax }

Use the lower face as the projection reference.

. Determine all interface traces on the lower and upper height faces, considering every constraint on D. For an

implicit interface, these are the zero sets

) (.9) = 0y Zin)s DD () = (Y. Za), =1, Np.

min

For a parameterized interface, find all intersections of every interface patch with each height face, subject to the
face and interface-patch bounds.

. Project the upper-face traces onto the lower face along the height direction. This projection preserves (x, y).

Let P, , be the union of the lower-face traces and the projected upper-face traces, collected over all constraints,
together with the boundary of the transverse rectangle

D, = [Xmins Xmax] X [Vmin> Ymax]-

These curves partition D |, into subregions. As in two dimensions, the projected traces identify where the number
or ordering of interface intersections along a height line may change.

. On D, construct a two-dimensional quadrature rule using the prescribed quadrature procedure under two-

dimensional case. Denote the resulting nodes and weights by
{(S;k’ﬁi_)}s S;k :(’)?k’;k) € DJJI'

These are transverse pseudo-quadrature points used to define height lines; they are not final volume quadrature
points.

. For each transverse pseudo-quadrature point ¥, = (X, J;), apply Steps 5-7 of the two-dimensional height-line

construction and phase-classification procedure to

Xk(t) = (%/0 .)7[(9 t)s re [Zmin’ Zmax]'

The resulting final volume points inherit the phase labels from that procedure, and their weights are the
corresponding one-dimensional mapped weights multiplied by 5% Collect these points and weights in O~ and
O according to their inherited phase labels.

5.2.2. Height direction admissibility

The Saye-type construction accepts a Cartesian direction » as the height direction only when the interface is locally

single-valued and the associated geometric distortion remains bounded. For an implicit interface, with

Vo,
n= ,
IVl
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the key admissibility condition is

Vel _ 1
|0, bl ey T

equivalently In-e;| > I , (101)

Tadm

where 7,4, is a prescribed admissibility threshold. Following [54], this work takes 7,4, = 4. In addition, 0xj ¢;, must
preserve a nonzero sign throughout the box. For a parameterized interface, the corresponding condition is imposed
directly on ny, - e;.

When multiple interface restrictions are present in the current box, the same Cartesian direction must be used for all
of them. Thus, a candidate direction is admissible only if each restriction satisfies the corresponding condition above,
including the required sign preservation throughout the box.

These conditions ensure that the interface remains single-valued in the chosen height direction and that the
induced Jacobian factor does not vary excessively. If no direction satisfies these requirements, the box is subdivided
before quadrature generation. A sub-box lying entirely within either phase is then integrated using a standard tensor-
product Gauss rule, whereas a sub-box still cut by the interface is treated by the aforementioned dimension-reduction
framework. Generating quadrature points without this subdivision may produce an invalid height representation and
therefore fail to attain the desired integration accuracy. If the prescribed maximum subdivision depth is reached without
an admissible direction, a low-order fallback rule is used.

Remark 4. Algorithm 2 and Algorithm 3 in Appendix B detail the implementation workflow of the above-mentioned
steps. The resulting quadrature sets are stored separately and employed independently during assembly to compute
phase-wise volume and face contributions. Algorithm 4 in Appendix C summarizes the complete assembly procedure
for local matrices and vectors associated with an interface element K.

(c) Three-dimensional lifting
and volume quadrature points

(b) Quadrature on the transverse box

K

(a) Selection of height direction 1

0.8 Vo .

0.6 £ 4§ 8 : 2 : ol 1
H L] HE i H H H H .
054 AN SR S L I

———> :lifting

n=y

I
</

'y

apartitioning by the trace union

0 0.2 0.4 0.6 038 1 y 0 0 z
z

Figure 2: Schematic illustration of the Saye-type dimension-reduction quadrature, applied simultaneously to Q™ and
Q. (a) A Cartesian coordinate z is selected as the height direction. (b) The lower-dimensional quadrature is constructed
on the transverse box. For the current box, the height direction is n = y. The lower-dimensional interface consists of the
union of the interface traces on the two faces y = y;, and y = y... BEach trace is intersected with its corresponding
horizontal edge; the resulting x-coordinates, x; and x,, are merged and used to partition the one-dimensional transverse
interval. The resulting transverse quadrature points are pseudo-quadrature points, not final volume quadrature points.
(c) For each transverse pseudo-quadrature point, the two-dimensiona height-line construction is applied to generate
the final volume quadrature points and weights.

6. Numerical examples

This section presents numerical experiments to validate the accuracy and demonstrate the geometric flexibility
of the proposed high-order GA-IFE method. Unless stated otherwise, diffusion coefficients are set to f~ = 1 and
Bt = 10, and relative L? and H! errors are reported. Computations employ uniform Cartesian N> meshes with
tensor-product Legendre basis functions of polynomial degree m = 1,...,4. For m = 1,...,3, we set the geometric
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reconstruction order m, = m. For m = 4, the errors and convergence rates continue to benefit from increasing the
geometric reconstruction order; accordingly, we adopt m, = m + 2. The expected optimal convergence rates are

”l/l - uh”LZ(Q) = O(hm-'—l)y |u - uhIHl(Q) = (D(hm)

Two distinct geometric workflows are tested. In Example 1, a globally parameterized surface is directly used for
all geometric evaluations and quadrature. In Examples 2, 3 and 4, the interface geometry is supplied as sampled point-
normal data and locally reconstructed using the Legendre-based procedure from Section 3. For benchmark problems
defined by implicit functions, analytical level-set formulas are only used to generate interface samples, oriented
normals, and reference plots; they are not adopted within the GA-IFE discretization. Interface samples are generated
on sufficiently fine grids. For each interface element, the sampling neighborhood is slightly enlarged beyond the
physical element to fully contain the associated fictitious element. For parameterized-surface tests, surface quantities
and derivatives are evaluated directly from the analytical parameterization.

A key feature of the present GA-IFE scheme is that both subcell regions inside an interface element share identical
element-wise degrees of freedom. Contributions from arbitrarily small cut subregions are assembled consistently with
the rest of the element. Unlike many conventional unfitted approaches that introduce separate active-mesh degrees of
freedom on each side of the interface, the proposed method requires neither cell aggregation for tiny cut subcells nor
high-derivative ghost-penalty corrections.

6.1. Example 1:

This example validates the direct-parameterization geometric pathway. The computational domain is Q = [—1, 1]°.
As shown in Fig. 3, the interface is given directly by a globally parameterized paraboloid, and the computational
interface is the portion of this parameterized surface lying inside €:

u
S(u, v) = v ., wuv)ef, (102)
a(w—u)*+@-0v)) -y
where
F={wv)eR: @w-u)+@w-v)*<R*}. (103)

Here, (u,, v,) is the center of the parameter disk in the (1, v)-plane. Since x = u and y = v, it also coincides numerically
with the center of the projection of the parameterized surface onto the physical xy-plane.
A manufactured solution is given by

L_P(x), xeQ,
ux) =44 X (104)
ﬂ_+P(X)’ x e QF,

where P(x) = ¢(x)°, with ¢(x) = z — a((x —u)* + (¥ — v,)*) +7.

For this example, we set R > 2, a = 0.5, y = 0.25, and the center offset (u,,v,) = (0.2,0.3). Source
terms, interface jump conditions, and Dirichlet boundary data follow analytically from (104). Tests adopt mesh
resolutions N = 6,9, 12, 15 and polynomial degrees m = 1, ..., 4. Because the interface is supplied via exact global
parameterization, this example isolates the performance of the parametric geometric pathway, free of point-normal
reconstruction errors.
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Table 2
Relative L? errors and convergence rates for the globally parameterized paraboloid interface.
m=1 m=2 m=3 m=4
N Error Rate Error Rate Error Rate Error Rate
6 | 5.5748e—1 — 5.8563e—2 — 5.1103e-3 — 5.1897e—4 —

9 | 2.6237e—1 1.8588 | 1.6964e—2 3.0558 | 7.5306e—4 4.7227 | 4.2884e—5 6.1494
12 | 1.5168e—1 1.9048 | 7.4064e—3 2.8808 | 2.4528e—4 3.8993 | 1.0726e—5 4.8172
15 | 9.8377e-2 1.9402 | 3.8626e—3 2.9174 | 1.0211e—4 3.9274 | 3.5253e—6 4.9865

Table 3
Relative H' errors and convergence rates for the globally parameterized paraboloid interface.
m=1 m=2 m=73 m=4
N Error Rate Error Rate Error Rate Error Rate
6 | 5.1586e0 — 8.4079%¢—1 — 9.9823e-2 — 9.1789%-3 —

9 | 3.6158¢0 0.8764 | 3.7933e—1 1.9630 | 2.6699e—2 3.2525 | 1.4194e-3 4.6038
12 | 2.7622e0  0.9360 | 2.1649e—1 1.9495 | 1.1395e—2 2.9598 | 4.6364e—4  3.8893
15 | 2.2287e0  0.9619 | 1.3944e—1 1.9715 | 5.8535¢e—3 2.9851 | 1.9092e—4 3.9762

Computational domain @ = [—1, 1]°
Direct parameterization S(u, v)
v = varying u =2

ying
©  Vertex (uc,ve, —)
B Projection (uc, v.)

—— Unit surface normals

Figure 3: Globally parameterized paraboloid interface.

Tables 2 and 3 report the relative L? and H'! errors for varying mesh resolutions and polynomial degrees. As this test
case employs an exact global surface parameterization, geometric reconstruction errors are absent from the numerical
results. We observe that the method in the direct parametric geometric pathway achieves optimal convergence rates:
the L convergence order approaches m + 1 and the H' order is close to m.

6.2. Example 2:

The computational domain is the cube Q = [—1, 1]3. The interface is a sphere centered at the origin with radius
ro = 1/ \/g, see Figure 4. Mesh resolutions N = 6,9,12,15 are used. On the finest 15 X 15 X 15 mesh, each
local sampling neighborhood contains at least 988 interface samples, providing sufficient data for local geometric
reconstruction.
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Table 4
Relative L? errors and local convergence rates for Example 2.
m=1 m=2 m=23 m=4
N Error Rate Error Rate Error Rate Error Rate
6 | 6.078le-2 — 3.7043e-3 — 5.1791e—4 — 1.9393e-5 —

9 | 2.5201e-2 2.1713 | 1.0211e-3 3.1781 | 1.1783e—4 3.6523 | 2.7548¢e—6 4.8131
12 | 1.4464e-2 1.9299 | 4.4037e—4 2.9234 | 3.8680e—5 3.8722 | 6.4396e—7 5.0523
15 | 9.2620e-3 1.9976 | 2.2664e—4 2.9768 | 1.4040e—5 4.5417 | 1.8568e—7 5.5731

Computational domain [-1,1]*
Ellipsoidal interface

® Interface samples
——= Outward normals

x 1 -1

Figure 4: Spherical interface and the corresponding sampling points.

Source terms and boundary conditions are prescribed such that the exact solution reads

—r9, xeQ,

u(x) = ﬂ1 L (105)
—ra+<———>rg x € QF
pr g~ pt ’ '

where r = [|x|[, 7y = 1/\/5, and a = 5. The corresponding source term is
f=-a(a+r2.

Tables 4 and 5 list relative L? and H' errors for different mesh resolutions and polynomial degrees. Unlike
Example 6.1 that uses an exact global parametric representation, this test case relies entirely on element-wise
local Monge-patch reconstruction from discrete interface samples and oriented normals. Despite the approximation
introduced by local geometric fitting, the numerical results attain near-optimal convergence rates, namely O(h™+!)
for the L? norm and @(h™) for the H'! seminorm. This example demonstrates that the proposed local reconstruction
strategy works reliably for smooth surfaces with constant curvature, and it provides a baseline reference for subsequent
test cases involving more complicated interface geometries.
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Table 5
Relative H' errors and local convergence rates for Example 2.
m=1 m=2 m=23 m=4
N Error Rate Error Rate Error Rate Error Rate
6 | 3.9963e—1 — 5.0002e-2 — 1.4200e-2 — 4.6872e-3 —

9 | 2.6959e—1 0.9708 | 2.0984e—2 2.1415 | 4.0512e—3 3.0932 | 1.0825¢e—3 3.6145
12 | 2.0591e—1 0.9367 | 1.2032e—2 1.9334 | 1.8426e—3 2.7381 | 3.7852e—4 3.6525
15 | 1.6571le—1 0.9733 | 7.7042e—-3 1.9977 | 9.3153e—4 3.0554 | 1.5050e—4 4.1332

6.3. Example 3:

The computational domain remains Q = [—1, 1]°. The interface is an ellipsoid centered at
¢ =(cys ¢y, ;) = (=0.2,-0.2,0),
with semi-axis lengths
4 1

= —, a3
5v/3 V3

illustrated in Figure 5. Simulations are performed for N = 6,9,12,15. On the finest mesh, each local sampling
neighborhood contains at least 1722 samples.

a =a

Computational domain [-1, 1]
Ellipsoid

o Interface samples
——= Outward normals

Figure 5: Ellipsoidal interface and the corresponding sampling points.

The manufactured exact solution is

L_s(x)q/z, x e Q,
u(x) = 1 n 1 1 . (106)
—s(x)4 +<———>, xeQT,
gt B~ pt
where
(x —c,)? (y—rc,)? (z —c,)?
5(%) = ——* T T 4=5.
4 4, a3
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Table 6
Relative L? errors and local convergence rates for Example 3.
m=1 m=2 m=23 m=4
N Error Rate Error Rate Error Rate Error Rate
6 2.0484¢0 — 1.2771e-1 — 1.2451e-2 — 9.5652¢—4 —

9 | 9.578%e—1 1.8746 | 3.8757e—2 2.9410 | 2.9616e—3 3.5417 | 1.4096e—4 4.7225
12 | 5457%—-1 1.9553 | 1.6300e—2 3.0107 | 9.1615¢e—4 4.0784 | 3.2031e-5 5.1507
15 | 3.4829e—1 2.0131 | 8.4015e-3 2.9701 | 3.8945¢e—4 3.8336 | 1.0870e—5 4.8431

Table 7
Relative H' errors and local convergence rates for Example 3.
m=1 m=2 m=3 m=4
N Error Rate Error Rate Error Rate Error Rate
6 2.0554el — 2.1977e0 — 3.8146e—1 — 6.5521e-2 —

9 | 1.3988¢l 0.9491 | 9.9369e—1 1.9576 | 9.4022e—2 3.4538 | 1.0234e—2 4.5791
12 | 1.0559%e1 0.9777 | 5.518%—1 2.0442 | 3.4472e—-2 3.4876 | 2.9500e—-3 4.3239
15 | 8.4815e0 0.9818 | 3.535le—1 1.9962 | 1.6846e—2 3.2088 | 1.2112e-3 3.9893

Source terms and boundary data are derived analytically from (106).

Tables 6 and 7 summarize relative L> and H' errors for varying mesh resolutions and polynomial degrees.
Compared with the spherical interface in Example 6.2, the ellipsoid exhibits spatially varying principal curvatures
due to its unequal semi-axes, which provides a more demanding test for the local Legendre—Monge reconstruction.
Moreover, the elongated geometry inevitably produces interface elements with extremely small cut subregions on the
Cartesian mesh. Nevertheless, the numerical results maintain near-optimal convergence rates of @(h"*!) in L? and
O(h™) in H' across all tested polynomial degrees. This outcome demonstrates that the proposed GA-IFE scheme
robustly handles arbitrarily small cut subregions without resorting to cell aggregation, ghost-penalty stabilization, or
any other special treatment for ill-conditioned tiny subcells. The key enabler is that both subcell regions within an
interface element share the same set of element-wise degrees of freedom, so the contribution of a vanishingly small
subregion is assembled consistently with the rest of the element.

6.4. Example 4

This example considers a portion of a Route-C Fourier-sphere interface embedded in Q = [—1, 113, as shown
in Fig. 6. This interface is selected from the full Fourier sphere. It is smooth and non-polynomial. Its representative
interface samples together with the outward unit normals are shown in Fig. 6.

Define the center and the base radius

¢ = (¢y, ¢ cy) = (=02, =02, 0, Ry =0.9, e =0.35,
and the five amplitudes
(01,02,03,514, a5) = (10, 20, 15, 03, 10)

Forx = (x, y, z)T, set

z—c,

p=x—cl, 9=arccos< > , @ =atan2(y —c,, x —c,).

Define the auxiliary function
G@,9)=a cosf +a,sinfcosp+aysinfsing + ay sin® 6 cos(2@) + as sin® 0 sin(2¢),
and the radius function

R
0, ) = ———.

V1+eG0,p)
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The interface is the zero level-set of

o2
H(x) = oo 1. (107)

Equivalently, the interface is the surface p = r(0, @).
The manufactured exact solution is given by

s(x)P/2
ﬂ_
/2
s(x)P +< 1 1

() xeo

s xeQ,

u(x) = (108)

where

e

0= 0o

and p is a fixed parameter. In the simulations below we set p = 5. The interface is s = 1, i.e. Q7 = {s < 1} and
Q*t = {5 > 1}. Since r(8, @) contains the non-polynomial Fourier-type angular dependence, both the interface s = 1
and the manufactured solution (108) are non-polynomial. Thus, this example tests the approximation properties of
the GA-IFE method for a smooth but geometrically complex non-polynomial interface and a non-polynomial exact
solution.

Computational domain [—1, 1]
Fourier sphere

@ Interface samples
—= Outward normals

0.5+

0.5 -15
X 1

Figure 6: Route-C Fourier-sphere interface with representative interface samples and outward unit normals.

Source terms, interface jump data, and Dirichlet boundary conditions are constructed from the manufactured
solution (108). Simulations use mesh resolutions N = 6,9, 12, 15. Sampling is performed on a tensor-product grid
in spherical coordinates: 240 points in 6 € (0, x) and 480 points in ¢ € [0, 27), together with the two poles. Duplicate
points and samples near gradient singularities are discarded prior to reconstruction. Tables 8 and 9 collect the relative
L? and H! errors. This test evaluates the GA-IFE approximation of a smooth, strongly undulated, non-polynomial
interface and a non-polynomial exact solution.
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Table 8
Relative L? errors and local convergence rates for the Route-C Fourier-sphere interface in Example 4.
m=1 m=2 m=23 m=4
N Error Rate Error Rate Error Rate Error Rate
6 | 6.4298e—1 — 3.5737e-2 — 3.0581e-3 — 1.1343e—4 —

9 | 2.7024e—1 2.1378 | 1.0245e—2 3.0815 | 5.6842e—4 4.1500 | 1.6853e—5 4.7024
12 | 1.4871le—1 2.0763 | 4.3284e—3 2.9948 | 1.6909¢e—4 4.2145 | 4.1928e—6 4.8358
15 | 9.2391e-2 2.1330 | 2.1360e—3 3.1651 | 6.4747e—5 4.3019 | 1.4102e—6 4.8831

Table 9
Relative H' errors and local convergence rates for the Route-C Fourier-sphere interface in Example 4.
m=1 m=2 m=73 m=4
N Error Rate Error Rate Error Rate Error Rate
6 | 4.7651e0 — 5.4725e—1 — 5.9841e-2 — 3.1847e-3 —

9 | 3.1458¢0 1.0241 | 2.3896e—1 2.0436 | 1.6042e—2 3.2468 | 7.0540e—4 3.7176
12 | 2.3338¢0 1.0379 | 1.3426e—1 2.0042 | 6.3858¢—3 3.2019 | 2.3008e—4  3.8944
15 | 1.8547e0 1.0295 | 8.4101e-2 2.0961 | 3.0908e—3 3.2519 | 9.8181le—5 3.8164

Numerical results demonstrate near-optimal convergence rates across all tested polynomial orders m = 1,2,3,4,
with L? convergence approaching m + 1 and H! convergence near m. These results demonstrate that the GA-IFE
method preserves near-optimal convergence for both a smooth, strongly undulated non-polynomial interface and a
non-polynomial manufactured solution. Thus, this example complements the previous validations on spherical and
ellipsoidal geometries by confirming the method’s effectiveness for more complex non-polynomial interfaces.

7. Conclusion

This paper presents a high-order geometry-aligned immersed finite element (GA-IFE) method for 3D elliptic
interface problems with curved interfaces. The proposed framework supports two complementary geometric pathways
for interface description. For an interface surface with a sufficiently regular global parameterization, interface-
related geometric quantities can be directly evaluated from the analytical parametric representation. For general
interfaces lacking such global parameterization, local interface geometry is reconstructed via high-order Legendre-
Monge patches, yielding local signed implicit level-set representations. The IFE basis functions are built upon the
same Legendre polynomial space used for geometric reconstruction, following an isogeometric principle that unifies
geometric approximation and physical field discretization within a single mathematical setting. In this sense, the
construction shares a fundamental idea with IGA, namely, the use of exact geometry in finite element computations.

This consistent formulation ensures that geometric and discretization errors reside in the same Sobolev norm, with
convergence behavior governed primarily by the polynomial approximation order. Within each interface element, a
local Monge orthonormal frame parameterizes the interface neighborhood, and all required geometric derivatives are
obtained analytically. An algebraic procedure evaluates high-order normal derivatives of the Laplace operator through
the chain rule and metric-tensor variations, circumventing cumbersome explicit differential expansions. Numerical
integration over cut-cells is realized by the dimension-reduction Saye-type quadrature scheme, which relies only on
1D root-finding and Gaussian quadrature to lower computational complexity.

Numerical examples are presented to validate the proposed GA-IFE method with a suite of test cases whose
interfaces include a globally parameterized paraboloid, sphere, ellipsoid, and the non-polynomial Route-C Fourier
sphere. For interfaces that are either analytically parameterized or described by polynomial or non-polynomial
functions, the method robustly demonstrates the optimal L2 and H' convergence, even for elements containing
arbitrarily small cut subregions and without resorting to cell-aggregation or ghost-penalty stabilization techniques.
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Construction and Evaluation of IFE Basis Functions

Algorithm 1 Construction and Evaluation of IFE Basis Functions

Require: Background grid 7),, interface representation, diffusion coefficients =, evaluation point x,,
Ensure: Basis value 4;(x,,) and physical gradient V,4/(x,)

19:
20:
21:

22:
23:

24:

25:
26:

AN

Stage 1: Interface preparation and interface-element detection
if globally parameterized surface then
Detect interface elements Th’ via analytical surface intersection tests.
else
Generate oriented interface samples, perform grid binning and collect Th’
end if
Stage 2: Local geometric preprocessing per interface element
for each K € 7, do
if globally parameterized surface then
Evaluate surface geometry and geometric derivatives analytically (Egs. 15— 26).
else
Build local orthonormal Monge frame {e;, e,,ny} (Eq. 27).
Collect and filter neighborhood samples; solve Legendre-Hermite least-squares fitting for height function
’7/11( (Eq. 33).
Construct local map S, implicit representation ¢, and associated geometric quantities (Egs. 35— 49).
end if
Map element vertices to tubular coordinates and calculate elementwise scaling factors (Eqs. 52-58).

: end for

Stage 3: Assembly of interface-condition matrices
for each K € 7, do
Compute Jacobian-related normal derivatives, auxiliary curvature quantities and Laplacian derivatives
(Egs. 72-77). -
Evaluate high-order Laplacian normal derivatives and assemble interface blocks By, B;, A® via L? projection
(Eq. 79 and Egs. 68-70).
Form global matrix A and jump-scaling matrix J; (Eqs. 66, 67).
Solve for coefficient matrices C* (Eq. 12) and perform orthogonalization [6] .
end for
Stage 4: Pointwise evaluation at x,,
Determine phase sign s.
Map x,, to local coordinates u, and compute inverse Jacobian M.

. N,
Evaluate basis: 4;(x,) = Zkzbl(Cs)k’,—Rk(up).

Evaluate physical gradient: V A3(x,) = M" Zj:l:"l(Cs)k’iVuRk(up).
return 4;(x,), V447 (x,)
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Saye-type quadrature for both phases

Algorithm 2 Two-dimensional Saye-type quadrature

Require: Axis-aligned box D = [Xpins Xmax] X [Vmins YmaxJ> @ll interface constraints on D, Gauss orders ¢; and g,,,

and maximum subdivision depth L

Ensure: Phase quadrature rules O~ and Q*

~

Initialize Q~ and Q%
if D is not cut by any interface constraint then
Construct a tensor-product Gauss—Legendre rule on D and assign it to the corresponding phase
return (9, Q%)
end if
Select a candidate height direction using one interface constraint on D, as described in Step 1 of the two-
dimensional construction
Check the candidate direction for admissibility with respect to every interface constraint on D

8: if the candidate direction is inadmissible then

if the subdivision depth is less than L then
Subdivide D, apply Algorithm 2 to each child box, and merge the resulting phase quadrature rules
else
Apply the prescribed low-order fallback rule and assign its points and weights to the corresponding phases
end if
return (9, Q%)

. end if

Without loss of generality, set n = 2, so that y is the height coordinate and x is the transverse coordinate
Find all traces of all interface constraints on y = y,., and y = y,..., as in Step 2 of the two-dimensional construction
Project the upper-boundary traces onto y = y,;, and collect their transverse coordinates together with those of the
lower-boundary traces
Sort the distinct transverse coordinates and add x,;;,, and x,,, to form the subdivision points X, ..., X741
for all transverse subintervals [X;, X; ;] do
Map the g -point Gauss—Legendre rule to the subinterval using Step 4 of the two-dimensional construction
Store the resulting points and weights as transverse pseudo-quadrature points (X, 5?)

: end for

for all transverse pseudo-quadrature points (X, 5#) do
Find all distinct intersections of all interface constraints with the height line

Xk(t) = (;Iw t)3 IS [ymi[p ymax]

Sort the intersection heights and append y,,;, and y,,,, to form the height intervals
for all resulting height intervals do
Classify the interval using an interior point and the prescribed phase-classification rule
Map the g,-point Gauss—Legendre rule to the interval
Multiply each mapped height weight by 5t
Append the resulting final points and weights to @~ or @ according to the interval’s phase
end for

: end for

return (Q—, Q%)
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Algorithm 3 Three-dimensional Saye-type quadrature

Require: Axis-aligned box D = [X 0, Xmax] X [Vmins Ymax] X [Zmin» Zmax > all interface constraints on D, Gauss orders

q, and g,, and maximum subdivision depth L

Ensure: Phase quadrature rules @~ and Q%

~

Initialize @~ and Q%
if D is not cut by any interface constraint then
Construct a tensor-product Gauss—Legendre rule on D and assign it to the corresponding phase
return (Q—, Q")
end if
Select a candidate height direction using one interface constraint on D, as described in Step 1 of the two-
dimensional construction
Check the candidate direction for admissibility with respect to every interface constraint on D

8: if the candidate direction is inadmissible then

10:
11:
12:
13:
14:
15:

17:
18:

19:

20:
21:

22:
23:

24:
25:

if the subdivision depth is less than L then
Subdivide D, apply Algorithm 3 to each child box, and merge the resulting phase quadrature rules
else
Apply the prescribed low-order fallback rule and assign its points and weights to the corresponding phases
end if
return (Q—, Q%)
end if
Without loss of generality, set n = 3, so that z is the height coordinate and (x, y) are the transverse coordinates
Find all interface traces of all constraints on z = z;, and z = z,,
Project the upper-face traces onto z = z;, and combine them with the lower-face traces to partition the transverse
rectangle

D, = [Xmin> Xmax] X [Ymins Ymax]

Apply Algorithm 2 to D, using the transverse traces of all interface constraints. Retain the resulting two-
dimensional quadrature nodes and weights as transverse pseudo-quadrature data

{Fed) s Te=Gohi.

for all transverse pseudo-quadrature points (¥, 5#) do

Form the height line X, () = (X, Vi, 1), t € [Zmin» ZmaxJ> and find and sort all its distinct intersections with the
interface constraints, including the box endpoints.

Split the height line at these intersections. On each resulting interval, determine the phase from an interior
point, map the one-dimensional reference Gauss rule to the interval, and multiply its weights by 5t

Append the resulting points and weights to Q™ or QF, according to the phase.
end for
return (Q—, Q%)
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Assembly of local matrices and vectors for interface element

Algorithm 4 Assembly of local matrices and vectors for interface element

Require: Interface element K, penalty parameter o,, boundary data g, source term f
Ensure: Local matrices Kﬁ) " K2K K9K and local load vectors £X, £9K

flux pen
1: Initialize KK =0, KX =0, KX =0,fK =0,k =0
vol flux pen
2: Generate volume quadrature sets Q~, Q% using Algorithm ??
> 1. Volume Integration
3: for each s € {—,+} and (x,, w,) € Q° do
4: Evaluate 4;(x,) and Vi (x,) for all i using Algorithm 1
K K
5 (Kvol)ij « (Kvol)ij + W, VA (x,) - VA(X,)
6: (£5), < (£5), + w, f ()2 (x,)
7: end for
> 2. Face Integration (Interior and Boundary)
8: for each face e C 0K do
9: Initialize face-specific matrices: Keﬂ =0,K¢ =0,f°=0
.. ux pen .
10: Determine face type: e € E;l’ (interior) or e € EZ’ (boundary)
11 Generate face quadrature sets Q7 = {s,,, w, } for active subdomains s (using Algorithm ?? if cut)
12: for active s € {—, +} and (sp, wp) € Q7 do
13: Evaluate 4;(s,) and VA}(s,) for all i using Algorithm 1
14: if e € &' then > Interior Face (Cut or Uncut)
15: Accumulate (Kgux)ij and (K;en)ij using Eqs. (88)—(89) (or uncut equivalents)
16: else > Boundary Face (Cut or Uncut)
17: (Keﬂux)ij « <Keﬂux)ij -w, ((ﬁSV/l;.‘ . ne))»; + (ﬂSVij . ne)/lf>
18 <K§en>ij - (ngn>ij w0, A
19: (F), < (F9), + w, (—ﬁsv,lf ‘n, + Z—Z/l;‘) 2p(s,)
20: end if
21: end for
. 0K 0K 0K 0K oK 0K
22: Kin < Kix + Kgux, ern < K pen T K;en, for — f98 4 f¢
23: end for
. K oK oK gK goK
24: return Kvol, Kﬂux, ern, | R §
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