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A B S T R A C T

This work develops a high-order geometry-conforming immersed finite-element
particle-in-cell (GCIFE–PIC) method for electrostatic plasma simulations with
charged curved interfaces on Cartesian meshes. The potential is approximated
by standard Legendre basis functions on ordinary elements and specially con-
structed GCIFE basis functions on interface elements, confining geometry-
dependent constructions to interface elements to retain efficient regular-grid
operations and represent curved interfaces without a fitted mesh. A sepa-
rate function satisfies the prescribed nonhomogeneous jump conditions, al-
lowing surface charge and one-sided deposited density to be treated consis-
tently. Smooth tensor-product particle shapes contribute directly to the Pois-
son load through integrals against field test functions, avoiding intermedi-
ate nodal charge interpolation and, for supports crossing the interface, using
side-restricted, normalized shapes to preserve represented charge and main-
tain deposition-gathering consistency. Absorbed particle charge is transferred
to the curved interface through an arclength-normalized surface kernel. Boris–
SDC advances particles within the self-consistent field update, completing
the high-order coupling of field solution, particle transfer, and time integra-
tion. Numerical results validate the proposed method and show that even the
lowest-order GCIFE–PIC yields higher accuracy than the bilinear IFE–PIC
with straight-segment geometry approximation, providing a foundation for ac-
curate high-order PIC simulations of complex charged interfaces.
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1. Introduction

Particle-in-cell (PIC) methods are a central tool for kinetic plasma simulations, including fusion plasmas, charged-

particle devices, and plasma–material interactions. By evolving particle ensembles in self-consistent mesh fields, PIC

estimates statistical physical observables without resolving the full phase-space distribution [1]. More particles or

longer averaging can reduce sampling fluctuations, but cannot remove systematic errors in the field solve, particle–

mesh transfer, or particle advance. In conventional electrostatic PIC methods, such errors arise from the difficulty

of resolving steep gradients and complex or nonconforming geometries [2], and the numerical dispersion and phase

errors associated with the discretization of plasma oscillations[3]. Specially, when charge accumulates at a complex

material interface, the resulting field may vary sharply near the surface, making sheath fields and other near-interface

observables particularly sensitive to low-order spatial discretization. These errors can bias quantities such as the

sheath fields that control ion impact energies and plasma-wave damping rates. High-order discretizations can reduce

these errors when the relevant scales are resolved, providing a numerical foundation for reliable statistical predictions.

Combined with suitable geometric treatment, conservation-aware coupling, and sampling strategies, they may also

improve applicability to complex geometries and overall computational performance.

Cartesian meshes are attractive for PIC because their regular structure supports particle location, tensor-product

field operations, and repeated particle–mesh transfer. Curved boundaries and material interfaces, however, may be

represented by staircasing, whose geometry error can obscure the benefit of a high-order field approximation. This

issue is especially consequential when charge is deposited at an complex interface: strong near-surface field varia-

tions, together with the associated jump conditions, can lead to substantial errors if the geometry and field are treated

with low-order approximations. Adaptive mesh refinement (AMR) can mitigate this staircasing error by concentrating

Cartesian cells where finer resolution is needed [4], and it has been applied to plasma PIC simulations [5, 6]. Refine-

ment alone, however, does not remove the geometric approximation or raise the approximation order. In particular,

in a conventional first- or second-order PIC discretization, refinement does not by itself increase the approximation

order. Such geometric and low-order discretization errors can accumulate in long-time simulations and may remain

significant even on relatively fine meshes. Realizing high-order accuracy near a curved material interface therefore re-

quires more than refinement. The interface geometry must be represented accurately, and the field discretization must

account for material coefficients and prescribed jumps without degrading the approximation order near the interface,

and the finite support of particle shapes must all be treated consistently, especially when a single support crosses the

interface.

Unstructured meshes provide another route to both geometric flexibility and high-order PIC discretization. Jacobs

and Hesthaven [7] developed a high-order nodal discontinuous Galerkin PIC method on such meshes, combining a

high-order field solver with smooth particle shapes and full-order field interpolation. Brown et al. [8] represented

smooth finite-support particle shapes by weighted virtual particles derived from Gaussian quadrature, thereby evalu-

ating their weak-form coupling on unstructured elements. Stindl et al. [9] developed a fully electromagnetic DG-PIC

solver for complex-shaped domains and systematically compared different particle-grid coupling approaches, evaluat-
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ing their accuracy and computational demand. These developments show the value of combining geometric flexibility

with high-order PIC. They also highlight the work required to couple a particle support to field tests when the support

crosses multiple elements.

Immersed finite element (IFE) methods on Cartesian meshes provide a different route to geometric flexibility

while retaining the regular background grid. They use specially constructed basis functions on elements crossed by

an interface and standard finite-element basis functions on ordinary elements. This local construction incorporates

interface conditions into the field approximation [10, 11, 12, 13, 14, 15, 16]. Up to now, many IFE variants have

been developed [17, 18, 19, 20, 21, 22, 23, 24, 25]. These methods have also been coupled with PIC to simulate a

wide range of plasma problems, including ion thrusters [26, 27, 28, 29], plume dynamics [30, 31, 32], lunar surface

charging [33, 34, 35, 36, 37, 38, 39, 40], and asteroid plasma environments [41, 42, 43, 44, 45, 46, 47, 48, 49].

However, conventional IFE methods remain limited to second-order accuracy, which restricts their use in high-order

PIC schemes.

A recently developed two-dimensional geometry-conforming immersed finite-element (GCIFE) method further

overcomes the second-order accuracy barrier of conventional IFE methods. This approach leverages a Frenet trans-

formation to enable high-order enforcement of interface jump conditions with a universal Qm-type polynomial basis

[50]. Featuring well-conditioned local formulations and optimal approximation properties—with approximation con-

stants insensitive to coefficient contrast and interface position—GCIFE offers a promising pathway toward high-order

PIC simulations on Cartesian meshes containing curved material interfaces. Naturally, realizing this potential still

requires addressing several particle–field coupling challenges. First, nonhomogeneous flux and source jumps origi-

nating from surface charge and one-sided particle deposition need to be properly incorporated. Second, the disparate

particle-shape and GCIFE field bases must be coupled self-consistently to maintain deposition-gathering reciprocity,

particularly near curved interfaces. Failure to resolve these issues can lead to spurious self-forces, grid-crossing noise,

and deteriorated conservation behavior.

This work develops a high-order GCIFE–PIC formulation on a Cartesian background mesh, with particular atten-

tion to charge deposition at curved material interfaces and the associated nonhomogeneous interface jump conditions.

Ordinary elements use tensor-product Legendre basis functions, while interface elements use GCIFE basis functions

constructed in local Frenet coordinates. A separate function satisfying the prescribed nonhomogeneous jumps is com-

bined with the homogeneous GCIFE approximation; its contribution is included in the Poisson load. Instead of first

interpolating particle charge to nodal density values, the method forms the Poisson load directly from moments of

fixed, normalized analytical particle shapes against the field test functions. For particles whose supports intersect the

interface, the shape is restricted to the material side containing the particle center and normalized over its complete

accessible support, including portions on ordinary elements. To obtain source-jump data, the deposited charge density

is projected independently on each material portion of an interface element onto raw Frenet basis functions. The re-

sulting one-sided traces and normal derivatives determine the source-induced jumps. The same side-restricted shape

is used to gather the electric field from the GCIFE solution; absorbed particle charge is deposited on the true curved

interface through an arclength-normalized surface kernel.
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The formulation combines curved-interface field approximation, particle–field coupling, nonhomogeneous jump

treatment, and high-order time integration while retaining the regular structure of ordinary Cartesian elements. Its

main components are:

• A group of functions satisfying prescribed nonhomogeneous flux and source-induced jumps, combined with the

homogeneous GCIFE approximation for curved-interface Poisson problems, so jump data enter the field solve

without an interface-fitted mesh.

• Direct particle–basis moments for the Poisson load, together with independent projections of deposited charge

density onto raw Frenet basis functions on the two material portions of each interface element to obtain source-

jump data, avoiding nodal charge interpolation while retaining efficient evaluation on ordinary elements.

• Material-side normalization over each particle’s complete accessible support, consistent use of the side-restricted

shape for field gathering, and arclength-normalized deposition of absorbed charge on the interface, preserving

represented charge and consistent particle–field transfer near the interface.

• A self-consistent particle advance using Boris–SDC time integration with interface absorption handled at ac-

cepted step endpoints, coupling high-order particle advancement to the field update and interface charging.

The remainder of this paper is organized as follows. Section 2 presents the governing equations and interface

conditions. Section 3 details the homogeneous and nonhomogeneous GCIFE constructions. Section 4 elaborates the

high-order PIC coupling and time step advance. Section 5 presents numerical illustrations. Section 6 concludes the

present work.

2. Governing Equations and the Electrostatic PIC Framework

Under the collisionless approximation, the phase-space distribution function fp(x, v, t) of a particle species, satis-

fies the Vlasov equation
∂ fp

∂t
+ v · ∇x fp +

qp

mp
(E + v × B0) · ∇v fp = 0, (1)

where qp and mp are the charge and mass of one charged particle, respectively, and B0 denotes a prescribed static

magnetic field.

In the electrostatic regime considered in this work, the electric field is irrotational and can be expressed in terms

of an electrostatic potential u as

E = −∇u. (2)

Let the computational domain Ω ⊂ R2 be partitioned by a smooth curved interface Γ into two disjoint subdomains Ω+

and Ω−, such that Ω = Ω+ ∪ Γ ∪ Ω−. The interface may represent, for example, a plasma–dielectric boundary or an

interface between two materials with different permittivities. The electrostatic potential satisfies

−∇ · (ε(x)∇u(x, t)) = ρ(x, t), x ∈ Ω+ ∪Ω−, (3)
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where ρ is the total charge density of all charged particles, and the permittivity ε is piecewise constant,

ε(x) =

⎧⎪⎪⎨⎪⎪⎩ε+, x ∈ Ω+,
ε−, x ∈ Ω−.

(4)

Appropriate Dirichlet, Neumann, or mixed boundary conditions are prescribed on the outer boundary ∂Ω.

For a general electrostatic interface problem, the potential and the normal electric displacement satisfy

⟦u⟧Γ = g0, (5)

⟦ε∂nu⟧Γ = gσ, (6)

where ⟦w⟧Γ = w+
⃓⃓⃓
Γ
− w−

⃓⃓⃓
Γ
, and n is the unit normal directed from Ω− to Ω+. In this work, the electrostatic potential

is assumed to be continuous, so that g0 = 0. The flux jump gσ accounts for an interface surface charge.

In addition to the flux jump, a discontinuous volume charge density produces higher-order source-induced jump

conditions. Since ε± are constant in their respective subdomains, taking the n-th normal derivative of this relation on

both sides of Γ gives

⟦ε∂ n
n∆u⟧Γ = −⟦∂ n

nρ⟧Γ = gn
ρ, n = 0, 1, . . . ,m − 2 (7)

Here, gn
ρ denotes the n-th source-jump datum used in the nonhomogeneous GCIFE construction. Imposing these

jump conditions removes the requirement that the deposited charge density be continuous across the interface, yet

independent one-sided reconstructions of the deposited source are required to compute the discrete approximation of

gn
ρ. The reconstructions of both gσ and gn

ρ are defined in Section 4.3.

Equations (6) and (7) represent two distinct types of nonhomogeneous interface data. The flux jump gσ is pre-

scribed by the interface surface charge, whereas the source jumps gn
ρ are determined by the one-sided volume charge

densities generated by particle deposition. They are therefore incorporated as separate prescribed components in the

nonhomogeneous GCIFE construction. In the special case of zero surface charge and a source whose relevant normal

derivatives are continuous across Γ, these conditions reduce to gσ = 0, gn
ρ = 0, and the standard homogeneous GCIFE

formulation is recovered.

To discretize the Vlasov equation (1), the PIC method represents each distribution function by a finite collection

of macroparticles:

fp(x, v, t) ≈
Np∑︂
p=1

NpS p

(︂
x − xp(t)

)︂
δ
(︂
v − vp(t)

)︂
, (8)

where Np is the number of macroparticles ,Np is the corresponding statistical weight, and xp and vp denote the particle

position and velocity. The spatial shape function S p determines the finite extent and smoothness of the macroparticle.

The macroparticle trajectories satisfy the Newton–Lorentz equations

dxp

dt
= vp, (9)

dvp

dt
=

qp

mp

[︂
Ep

(︂
xp

)︂
+ vp × B0

]︂
, (10)

where Ep is the electric field gathered to the particle position.
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The volume charge density in Eq. (3) is contributed by particles:

ρ(x, t) =
∑︂

s

qs
p

N s
p∑︂

p=1

N s
pS s

p

(︂
xs − xs

p(t)
)︂
. (11)

where s denotes the particle species, such as electronics or ions.

In the present work, the particle source (11) is coupled to Eq. (3) by direct mixed moments with the field test

functions. In particularly, for interface elements, the one-sided accessible particle shape S p is normalized over its

complete accessible support, and its moments against homogeneous GCIFE test functions are assembled directly into

the Poisson load. These moments are accumulated directly as Poisson load entries, but are not used to reconstruct the

density on either side of an interface element. For source-jump data, the deposited source is projected independently

on each material side into a raw Frenet polynomial basis, and the one-sided reconstructed traces and normal derivatives

define the jumps.

For particles absorbed at the material interface Γ, charges are accumulated over the time step and processed

together once the time step is accepted, at its endpoint. For each absorbed particle, a surface kernel is constructed

by centering the volumetric particle kernel at first contact, restricting it to the interface, and normalizing it over its

complete surface support using physical arclength. The resulting charge increment is projected onto each physical

interface segment, and its local polynomial extension supplies the flux-jump moments for the GCIFE field solve, as

specified in Subsection 4.3.

The self-consistent electrostatic PIC cycle over each time interval is therefore composed of the following coupled

stages:

1. Charge deposition and jump-data evaluation. On ordinary elements, particle-shape moments are assembled

against the standard finite-element basis. On interface elements, each particle is restricted to the accessible

side of its center and normalized once over its complete accessible support. The resulting moments against

homogeneous GCIFE field tests enter the Poisson right-hand side directly. Independently, one-sided density

reconstructions are obtained by projecting the deposited density on each material side into a raw Frenet poly-

nomial basis; these reconstructions are used to evaluate g j
ρ. These reconstructions provide jump data, not an

intermediate global density for the volume load. The flux-jump datum gσ comes from the surface-charge depo-

sition.

2. Nonhomogeneous GCIFE field solve. Using the density and jump data from the previous step, solve the

Poisson problem (3) subject to the prescribed nonhomogeneous flux and source-induced jumps (6) and (7). To

enforce these jumps, the solution is decomposed as

u = u0 + uJ , (12)

where uJ is a prescribed function satisfying the nonhomogeneous jump conditions (6) and (7), and u0 is the

unknown homogeneous part. The contribution of uJ is transferred to the right-hand side of the discrete system,

while u0 is expanded in the homogeneous GCIFE basis. The mesh electric field is then evaluated from the

resulting potential as Eq. (2).
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3. Field gathering. Gather the mesh electric field at each particle using the GCIFE field representation associated

with the material containing the particle center. The same analytical particle shape used in charge deposition,

with the same accessible-side restriction and normalization when required, is used in the particle–field coupling.

4. Particle push. Advance the particle positions and velocities according to Eqs. (9)–(10). In the high-order

formulation developed below, this stage is performed using the Boris–spectral deferred correction integrator

over a fixed time step. First-contact events are collected from the trial trajectories without subdividing the

global step. At acceptance, absorbed particles are removed and their surface charges are updated together;

surviving particles retain their full-step endpoint states. The endpoint field is then recomputed, as detailed in

Subsection 4.4.

3. Geometry-Conforming Immersed Finite Element Method with Nonhomogeneous Flux and Source Jumps

In this section, we introduce the GCIFE method with nonhomogeneous flux jumps from interfacial surface

charges and high-order nonhomogeneous source jumps from PIC charge deposition. This extension represents

the core innovation of the high-order GCIFE–PIC framework, permitting accurate electrostatic field solutions for

discontinuous interface conditions within self-consistent plasma simulations.

The GCIFE method possesses two prominent advantages over classical IFE methods: (1) it supports arbitrary

high-order polynomial construction; (2) it strictly enforces physical interface jump conditions on the exact curved

interface geometry. The fundamental building block of GCIFE is the Frenet coordinate transformation, which maps

the curved physical interface in Cartesian coordinates to a straight line in a local curvilinear coordinate system. This

transformation allows direct and accurate imposition of both homogeneous and newly proposed nonhomogeneous

jump conditions during local high-order basis construction.

3.1. Frenet Coordinate Mapping and Interface Straightening

Let the smooth material interface Γ ⊂ Ω with regular parametric representation g(ξ) : [ξs, ξe] → R2, oriented so

the normal below points from Ω− to Ω+. The local unit tangent, unit normal, and signed curvature are

τ(ξ) =
g′(ξ)
∥g′(ξ)∥

, n(ξ) =
[︄

0 1
−1 0

]︄
τ(ξ), κ(ξ) =

det(g′(ξ), g′′(ξ))
∥g′(ξ)∥3

. (13)

For any physical coordinate x = (x, y) near Γ, we define the Frenet forward transformation PΓ(η, ξ) and its inverse

mapping RΓ(x) = (η, ξ):

x = PΓ(η, ξ) = g(ξ) + ηn(ξ), (14)

where η denotes the signed normal distance to Γ, and ξ parameterizes the tangential direction. Under RΓ, a Cartesian

interface element K is mapped to a curvilinear domain K̂, enclosed within the rectangular Frenet fictitious element

K̂F = [−ηh, ηh] × [ξ1, ξ2], where ηh > 0 is its normal half-width and [ξ1, ξ2] its tangential interval. As illustrated

in Fig. 1, the curved interface is straightened to η = 0 (denoted Γ̂KF ). For each element, write this same tangential

interval as IK = [ξ0K , ξ1K] = [ξ1, ξ2], where ξ0K and ξ1K are the minimum and maximum tangential coordinates of its

vertices under the local Frenet map. Set ξmid,K = (ξ0K + ξ1K)/2 and ξh,K = (ξ1K − ξ0K)/2. Thus Γ̂KF = {0} × IK ; this

interval need not coincide with the parameter range of the physical segment Γ ∩ K.
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Remark 1. For each interface element K ∈ Th, K̂ is termed the Frenet interface element, K̂F the Frenet fictitious

element, KF the physical fictitious element, and Γ̂KF the straightened local interface. Geometric illustrations are

provided in Fig. 1.

η

ξ

K̂F

Γ̂KF

K̂−F K̂+F

K̂

x

y

Γ

K

KF

Fig. 1: Schematic of the Frenet mapping. Right: In the physical (x, y) domain, the Cartesian cell K is intersected by the curved interface Γ,
enclosed by a fictitious Frenet box KF . Left: The inverse mapping RΓ transforms KF into a standard rectangle K̂F , where the exact curved
interface is straightened into a linear segment Γ̂KF along the ξ-axis, precisely embedding the curvature physics into the local metrics.

In the local Frenet coordinates on the fictitious element K̂F , define the pull-back quantities

ε̂K(η, ξ) = εK(︁
PΓ(η, ξ)

)︁
, ûK(η, ξ) = uK(︁

PΓ(η, ξ)
)︁
, ρ̂K(η, ξ) = ρK(︁

PΓ(η, ξ)
)︁
.

Let L denote the Laplacian transformed into Frenet coordinates. Across Γ̂KF , the potential remains continuous:[︂[︂
ûK

]︂]︂
Γ̂KF

= 0. (15)

Unlike the original homogeneous GCIFE formulation, the present extension admits a prescribed nonzero flux jump[︄[︄
ε̂K ∂û

K

∂η

]︄]︄
Γ̂KF

= ĝK
σ , (16)

where ĝK
σ is the local Frenet pull-back of the prescribed flux jump, with sign consistent with the normal convention.

For polynomial degree m ≥ 2, the charge source generally yields distinct traces on the two sides of the interface. The

associated extended interface conditions are therefore nonhomogeneous:[︄[︄
ε̂K ∂

n

∂ηnL(ûK)
]︄]︄
Γ̂KF

= −

[︄[︄
∂nρ̂K

∂ηn

]︄]︄
Γ̂KF

= ĝK,n
ρ , n = 0, 1, . . . ,m − 2, (17)

whereL(û(η, ξ)) = ∆u(x). The local jump data are ĝK
σ and ĝK,n

ρ , evaluated at the field-solve stage in Frenet coordinates.

The homogeneous GCIFE basis functions are constructed by enforcing homogeneous counterparts of Eqs. (15)–

(17). As proved in [50], the local IFE space defined on the Frenet fictitious element K̂F is well-posed:

V̂m
ε̂,0(K̂F) =

{︃
ϕ̂ : K̂F → R

⃓⃓⃓⃓
ϕ̂
⃓⃓⃓
K̂±F
∈ Qm and ϕ̂ satisfies the homogeneous counterparts of Eqs. (15)–(17)

}︃
, (18)
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where Qm denotes the tensor-product polynomial space of degree at most m in each coordinate. Given prescribed

jump data G = (ĝK
σ , ĝ

K,0
ρ , . . . , ĝ

K,m−2
ρ ), the corresponding local nonhomogeneous GCIFE space is the affine space

V̂m
ε̂,G(K̂F) = ûK

J + V̂m
ε̂,0(K̂F), (19)

with ûK
J satisfying Eqs. (15) –(17). The homogeneous GCIFE space on the physical interface element K is defined

via pull-back from the Frenet domain:

Vm
ε,0(K) =

{︃
ϕ̂ ◦ RΓ|K

⃓⃓⃓⃓
ϕ̂ ∈ V̂m

ε̂,0(K̂F)
}︃
, (20)

and the associated nonhomogeneous local affine space reads

Vm
ε,G(K) = uK

J + Vm
ε,0(K). (21)

Unlike classical IFE methods, functions in the affine GCIFE space satisfy the physical jump conditions exactly on the

true curved interface, capturing both flux discontinuity from surface charge and high-order source jumps.

Given the computational domain Ω, let Th be its uniform rectangular mesh with element diameter h. An element

K ∈ Th is called an interface element if its interior intersects the interface, K ∩ Γ , ∅; otherwise it is a non-interface

element. Denote by T i
h and T n

h the sets of interface and non-interface elements, respectively. The global homogeneous

GCIFE space is defined by

Vh,0 =
{︂
vh ∈ L2(Ω)

⃓⃓⃓⃓
vh|K ∈ Qm(K), K ∈ T n

h ; vh|K ∈ Vm
ε,0(K), K ∈ T i

h

}︂
. (22)

The discrete solution belongs to the affine GCIFE space

Vh,G = uJ + Vh,0, (23)

where uJ is supported only on interface elements carrying nonzero jump data. Trial functions lie in Vh,G, while test

functions are selected from the homogeneous space Vh,0.

Because local GCIFE functions are constructed elementwise, they may be discontinuous across mesh edges. We

therefore use the symmetric interior penalty discontinuous Galerkin (SIPDG) formulation. Let Eh represent all mesh

edges, Ei
h represent all the interior edges and Eb

h represent all the boundary edges. For zh, vh ∈ Vh,0, define

ah(zh, vh) =
∑︂
K∈Th

∫︂
K
ε∇zh · ∇vh dx

−
∑︂
e∈Eh

(︂⟨︁
⟦ε∇zh · ne⟧e, {{vh}}e

⟩︁
e +

⟨︁
{{zh}}e, ⟦ε∇vh · ne⟧e

⟩︁
e

−
γeεe

he

⟨︁
⟦zh⟧e, ⟦vh⟧e

⟩︁
e

)︂
. (24)

Here the operators {{·}} and ⟦·⟧ denote the standard average and jump operators on mesh edges, ⟨·, ·⟩e denotes the L2

inner product on e, ne is the fixed unit normal on e, he is the characteristic edge length, εe is an edge permittivity, and

γe > 0 is the penalty parameter.
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The load functional reads

ℓh(vh) = DPIC,h(vh) + ℓ∂Ωh (vh), (25)

where DPIC,h(vh) is the direct PIC volume source term and ℓ∂Ωh (vh) collects the Nitsche boundary contributions. The

direct PIC volume source term is defined by

DPIC,h(vh) =
∑︂

p

qp

Qαp
p

∑︂
K∈Th

∫︂
K∩D

αp
p

S pvh dx, (26)

where the outer sum ranges over all particles, αp denotes the material side containing the particle center, Dαp
p is the

portion of its shape support lying on that side and inside the computational domain, and Qαp
p =

∫︁
D
αp
p

S p dx > 0 is

the corresponding normalization. This ensures that the total charge qp is deposited only over the retained support

on the side containing the particle center, even when the support is cut by the interface or the outer boundary of the

computational domain. Their precise definitions are given in Section 4. Taking Dirichlet boundary conditions as an

example, the boundary term is defined by

ℓ∂Ωh (vh) =
∑︂
e∈Eb

h

⟨︂
−εe∇vh · ne +

γeεe

he
vh, gD

⟩︂
e
, (27)

where gD is the prescribed Dirichlet datum.

The complete discrete equation for uh = u0,h + uJ,h is

ah(uh, vh) = ℓh(vh), ∀vh ∈ Vh,0. (28)

Equivalently, the homogeneous unknown component satisfies

ah(u0,h, vh) = ℓh(vh) − ah(uJ,h, vh), ∀vh ∈ Vh,0. (29)

This shows that the proposed nonhomogeneous jump extension only modifies the right-hand side, while the stiffness

matrix from the homogeneous GCIFE basis remains unchanged.

The above summarizes the GCIFE framework and its extension developed in this paper for high-order electrostatic

PIC simulations. Compared to standard homogeneous GCIFE, the present formulation incorporates nonhomogeneous

flux jumps from interface surface charge and high-order source jumps from PIC particle deposition. Jump constraints

are realized by local unit-jump nonhomogeneous functions, which contribute only to the right-hand side of the discrete

variational problem. The homogeneous stiffness matrix remains fixed as particle positions and surface charge evolve.

Further details for the baseline homogeneous GCIFE construction can be found in [50, 51].

3.2. Construction of GCIFE Basis with Homogeneous and Nonhomogeneous Jump Conditions

3.2.1. Homogeneous Basis Functions

To construct the high-order homogeneous GCIFE space V̂m
ε̂,0(K̂F) with dimension dm = (m + 1)2 on the Frenet

fictitious element K̂F , we employ tensor-product polynomials defined within the local Frenet coordinate system. For



Chang Lu etal / Journal of Computational Physics (2026) 11

each interface element K, geometric scaling parameters (ηh, ξh, ξmid) are extracted from element vertices following

[51]. The scaled one-dimensional basis functions read

p̂i(ξ) = pi

(︄
ξ − ξmid

ξh

)︄
, q̂ j(η) = q j

(︄
η

ηh

)︄
, 0 ≤ i, j ≤ m, (30)

where {pi}
m
i=0 denote standard L2-orthogonal Legendre polynomials on [−1, 1]. The element subscript on the geometric

scaling parameters and the superscript K on the local basis are suppressed here.

To decouple jump constraints imposed on the straightened interface Γ̂KF (η = 0), a family of custom polynomials

{q j(x)}mj=0 is defined recursively from Legendre polynomials [17]:

q0(x) = 1, q1(x) = x, q j(x) = (2 j − 1)xp j−1(x) − (2 j − 1)p j−1(0)x, 2 ≤ j ≤ m. (31)

These polynomials satisfy the critical double-zero property at the interface:

q j(0) = 0, q′j(0) = 0, ∀ 2 ≤ j ≤ m, and q1(0) = 0. (32)

This property enforces high-order modes and their normal derivatives to vanish on the interface, substantially simpli-

fying the imposition of jump conditions.

We next construct the generalized homogeneous GCIFE basis over the Frenet fictitious element K̂F . Let

R = {Rℓ}
(m+1)2

ℓ=1

be a basis for the tensor-product polynomial space Qm(K̂F). Explicitly, define

R(m+1)t+s+1(η, ξ) = q̂t(η) p̂s(ξ) = qt

(︄
η

ηh

)︄
ps

(︄
ξ − ξmid

ξh

)︄
, 0 ≤ s, t ≤ m, (33)

where {qt}
m
t=0 and {ps}

m
s=0 represent the one-dimensional polynomial bases along the normal and tangential directions,

respectively.

Then each homogeneous GCIFE basis function is built by extending one polynomial component from one side of

the interface across to the opposite side. For j = 1, . . . , (m + 1)2, define

λ̂ j(η, ξ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
λ̂−j (η, ξ) =

(m+1)2∑︂
ℓ=1

C−ℓ, jRℓ(η, ξ), η < 0,

λ̂+j (η, ξ) =
(m+1)2∑︂
ℓ=1

C+ℓ, jRℓ(η, ξ), η > 0.

(34)

The coefficient vectors C±j are determined such that λ̂ j satisfies the homogeneous interface conditions on Γ̂KF .

The interface constraints for the j-th basis function are enforced in weak form against the tangential basis {p̂k}
m
k=0

defined in Eq. (30):

(m+1)2∑︂
ℓ=1

⎛⎜⎜⎜⎜⎝∫︂
Γ̂KF

Rℓ(0, ξ) p̂k(ξ) dξ
⎞⎟⎟⎟⎟⎠C+ℓ, j =

(m+1)2∑︂
ℓ=1

⎛⎜⎜⎜⎜⎝∫︂
Γ̂KF

Rℓ(0, ξ)p̂k(ξ) dξ
⎞⎟⎟⎟⎟⎠C−ℓ, j, (35)

ε̂+
(m+1)2∑︂
ℓ=1

⎛⎜⎜⎜⎜⎝∫︂
Γ̂KF

∂ηRℓ(0, ξ) p̂k(ξ) dξ
⎞⎟⎟⎟⎟⎠C+ℓ, j = ε̂

−

(m+1)2∑︂
ℓ=1

⎛⎜⎜⎜⎜⎝∫︂
Γ̂KF

∂ηRℓ(0, ξ)p̂k(ξ) dξ
⎞⎟⎟⎟⎟⎠C−ℓ, j, (36)

ε̂+
(m+1)2∑︂
ℓ=1

⎛⎜⎜⎜⎜⎝∫︂
Γ̂KF

∂ n
ηL(Rℓ(0, ξ)) p̂k(ξ) dξ

⎞⎟⎟⎟⎟⎠C+ℓ, j = ε̂
−

(m+1)2∑︂
ℓ=1

⎛⎜⎜⎜⎜⎝∫︂
Γ̂KF

∂ n
ηL(Rℓ(0, ξ))p̂k(ξ) dξ

⎞⎟⎟⎟⎟⎠C−ℓ, j, (37)
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for k = 0, . . . ,m and n = 0, . . . ,m − 2.

Introduce the matrices

B(0)
k+1,ℓ =

∫︂
Γ̂KF

Rℓ(0, ξ) p̂k(ξ) dξ, (38)

B(1)
k+1,ℓ =

∫︂
Γ̂KF

∂ηRℓ(0, ξ)p̂k(ξ) dξ, (39)

˜︁A(n)
k+1,ℓ =

∫︂
Γ̂KF

∂ n
ηL(Rℓ(0, ξ))p̂k(ξ) dξ, 0 ≤ n ≤ m − 2. (40)

Stacking these blocks yields

˜︁A =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B(0)

B(1)˜︁A(0)

...˜︁A(m−2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, J = diag

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1, . . . , 1⏞  ⏟⏟  ⏞
m+1

,
ε̂−

ε̂+
, . . . ,

ε̂−

ε̂+⏞       ⏟⏟       ⏞
m(m+1)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (41)

The interface constraints may then be written compactly as

˜︁AC+j = J˜︁AC−j . (42)

By unisolvency of the homogeneous interface conditions, ˜︁A is nonsingular. Accordingly, one side of a homoge-

neous GCIFE basis function can be freely chosen within Qm(K̂F), and the component on the opposite side is uniquely

determined via (42). All entries of the matrices defined in (41) are evaluated via high-order quadrature along the

straightened interface. Integrals of reference polynomials can be precomputed, while geometry-dependent terms aris-

ing from the Frenet transformation are evaluated individually for each interface element.

3.2.2. Nonhomogeneous Basis Functions

This subsection constructs nonhomogeneous GCIFE basis functions to accommodate prescribed interface flux

and source jumps. Consistent with the homogeneous formulation in §3.2.1, we adopt the same tensor-product basis

R and two-sided piecewise polynomial framework on the Frenet fictitious element K̂F . We emphasize that the nonho-

mogeneous jump conditions are enforced weakly, not pointwise, since the source jump conditions (17) do not yield

polynomial equations for determining the polynomial terms. Instead, the jump of each basis function, when tested

against the tangential basis { p̂k}
m
k=0, matches the corresponding moment of the prescribed interface jump data, that is,

ûK
J,h satisfies the following moment-matching conditions for 0 ≤ k ≤ m and 0 ≤ n ≤ m − 2:∫︂

Γ̂KF

⟦ûK
J,h⟧ p̂k dξ = 0,∫︂

Γ̂KF

(︂
⟦ε̂∂ηûK

J,h⟧ − ĝK
σ

)︂
p̂k dξ = 0,∫︂

Γ̂KF

(︂
⟦ε̂∂n

ηL(ûK
J,h)⟧ − ĝK,n

ρ

)︂
p̂k dξ = 0.

(43)

As the continuity jump remains homogeneous, only the flux and higher-order source jumps need lifting, yielding

m(m+1) nonhomogeneous basis functions. For j = 1, . . . ,m(m+1), a general nonhomogeneous basis function χ̂ j(η, ξ)
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defined over K̂F takes the piecewise form

χ̂ j(η, ξ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
χ̂−j (η, ξ) =

(m+1)2∑︂
ℓ=1

C−ℓ, jRℓ(η, ξ), (η, ξ) ∈ K̂−F ,

χ̂+j (η, ξ) =
(m+1)2∑︂
ℓ=1

C+ℓ, jRℓ(η, ξ), (η, ξ) ∈ K̂+F .

(44)

The coefficient vectors C±j are determined such that χ̂ j satisfies the nonhomogeneous interface conditions on Γ̂KF .

All integral constraint blocks B(0), B(1), ˜︁A(n) and the assembled constraint matrix ˜︁A are identical to those derived

for homogeneous GCIFE basis functions. The key distinction of the nonhomogeneous system lies in an additional

jump source term s j on the right-hand side, yielding the unified extension equation

˜︁AC+j = J˜︁AC−j + s j. (45)

Thus the homogeneous and nonhomogeneous GCIFE constructions differ only in the jump-induced source vector s j.

To ensure a unique extension, we set the coefficients on the smaller-volume subdomain of K̂F to zero and solve for

the remaining coefficients on the opposite subdomain. This one-sided zero-coefficient constraint is purely a numerical

device for stable polynomial extension and imposes no physical restrictions on the interface jump behavior.

We define the canonical basis vectors ek ∈ Rm+1 satisfying

(ek)r+1 = δkr, 0 ≤ k, r ≤ m,

based on which two families of unit-jump vectors are constructed for basis generation: the normal flux-jump vectors

eσk and order-n source-jump vectors en
k . For flux-jump modes with 0 ≤ k ≤ m, the unit flux-jump vector is formulated

as

eσk =
[︄

0m+1⏞⏟⏟⏞
1 block

, ek, 0m+1, . . . , 0m+1⏞             ⏟⏟             ⏞
m−1 blocks

]︄T

∈ R(m+1)2
. (46)

For source-jump modes with 0 ≤ n ≤ m − 2 and 0 ≤ k ≤ m, the unit source-jump vector reads

en
k =

[︄
0m+1, . . . , 0m+1⏞             ⏟⏟             ⏞

n+2 blocks

, ek, 0m+1, . . . , 0m+1⏞             ⏟⏟             ⏞
m−1−n blocks

]︄T

∈ R(m+1)2
, (47)

where the non-zero unit vector ek is placed in the block corresponding to the constraint matrix ˜︁A(n). Both flux-jump

and source-jump basis functions follow the same two-sided polynomial extension strategy.

For the jump basis χ̂σj associated with normal flux jump modes, it corresponds to the global nonhomogeneous

basis index j = k + 1, k = 0, . . . ,m. The extension system is given by

sσj =
1
ε̂+

eσk , (48)

where sσj is the source vector for this mode, occupying the j-th position in the global nonhomogeneous basis enumer-

ation. For the jump basis χ̂n
j associated with order-n source jump modes, 0 ≤ n ≤ m − 2, it corresponds to the global

nonhomogeneous basis index j = m + 1 + n(m + 1) + k + 1, k = 0, . . . ,m. The extension system is given by

sn
j =

1
ε̂+

en
k , (49)
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where sn
j is the source vector for this mode, again occupying the j-th position in the global nonhomogeneous basis

enumeration.

The constructed unit-jump basis functions χ̂σj and χ̂n
j serve as unit-jump templates. The prescribed interface data,

i.e., the flux-jump datum ĝK
σ and the higher-order source-jump data ĝK,n

ρ , are integrated against the tangential basis to

produce the tangential jump moments defined below. These moments are then used directly as the lifting coefficients,

rather than the coefficient vectors C±j .

Over K̂F , define

(bK
σ)k+1 =

∫︂
Γ̂KF

ĝK
σ(ξ)p̂k(ξ) dξ, (50)

(bK
ρ,n)k+1 =

∫︂
Γ̂KF

ĝK,n
ρ (ξ)p̂k(ξ) dξ, 0 ≤ k ≤ m. (51)

The components of these moment vectors serve directly as the lifting coefficients, so that the nonhomogeneous lifting

on K̂F is

ûK
J,h =

m∑︂
k=0

(bK
σ)k+1χ̂

K,σ
k+1 +

m−2∑︂
n=0

m∑︂
k=0

(bK
ρ,n)k+1χ̂

K,n
k+1. (52)

By construction, ûK
J,h satisfies the moment-matching conditions (43).

3.2.3. Assembly of ah(uJ,h, vh)

In the final discrete system (29), the assembly of the boundary terms for the stiffness matrix and right-hand-side

vector follows [51]; details of the assembly can be found therein. The direct PIC volume source termDPIC,h(vh) is pre-

sented in Subsection 4.3. This subsection mainly describes the assembly of the nonhomogeneous lifting contribution

ah(uJ,h, vh).

The local basis functions on an interface element K ∈ T i
h are obtained by coupling the basis functions defined

on the Frenet fictitious element with the Frenet inverse transformation RΓ(x). In particular, the homogeneous GCIFE

basis function λK
j is defined by

λK
j (x) = λ̂K

j (RΓ(x)). (53)

For a standard element K < T i
h, the corresponding basis functions are the standard tensor-product Legendre basis

functions. Therefore, the global homogeneous basis is composed of standard Legendre basis functions on standard

elements and homogeneous GCIFE basis functions λK
j on interface elements.

Similarly, the nonhomogeneous basis functions are defined by

χK,σ
k+1(x) = χ̂K,σ

k+1(RΓ(x)), χK,n
k+1(x) = χ̂K,n

k+1(RΓ(x)). (54)

For each interface element K, the physical nonhomogeneous lifting uK
J,h is then defined by coupling ûK

J,h with RΓ(x):

uK
J,h(x) = ûK

J,h(RΓ(x)). (55)

Equivalently, using the nonhomogeneous basis functions defined above,

uK
J,h =

m∑︂
k=0

(bK
σ)k+1χ

K,σ
k+1 +

m−2∑︂
n=0

m∑︂
k=0

(bK
ρ,n)k+1χ

K,n
k+1. (56)
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The global nonhomogeneous lifting is obtained by assembling the local liftings over all interface elements:

uJ,h =
∑︂
K∈T i

h

uK
J,h. (57)

To assemble ah(uJ,h, vh), it is sufficient to consider interface elements K ∈ T i
h. Since the nonhomogeneous lifting

uJ,h is supported only on interface elements, the corresponding test functions in this assembly are the homogeneous

basis functions λ j. Standard basis functions on non-interface elements are therefore not involved in this part of the

assembly.

Consider first one nonhomogeneous basis function χ associated with an interface element K, extended by zero

outside K. For a homogeneous basis function λ j, its contribution is

ah(χ, λ j) =
∫︂

K
ε∇χ · ∇λ j dx

−
∑︂

e∈Ei
h(K)

(︂
⟨⟦ε∇χ · ne⟧e, {{λ j}}e⟩e + ⟨{{χ}}e, ⟦ε∇λ j · ne⟧e⟩e −

γeεe

he
⟨⟦χ⟧e, ⟦λ j⟧e⟩e

)︂
−

∑︂
e∈Eb

h(K)

(︂
⟨ε∇χ · ne, λ j⟩e + ⟨χ, ε∇λ j · ne⟩e −

γeεe

he
⟨χ, λ j⟩e

)︂
. (58)

The volume part of ah(χ, λ j) is evaluated separately on the two subdomains of an interface element:∫︂
K
ε∇χ · ∇λ j dx =

∫︂
K−
ε−∇χ− · ∇λ−j dx +

∫︂
K+
ε+∇χ+ · ∇λ+j dx. (59)

The functions χ± and λ±j denote the restrictions of the corresponding interface-element basis functions to K± = K∩Ω±.

The face contributions are evaluated according to the classification of the faces. For an interface-affected interior

face e ∈ Eii
h or an interface-affected boundary face e ∈ Ebi

h , two cases are distinguished.

If e ∩ Γ = ∅, the face is contained entirely in one subdomain Ωs, with s ∈ {−,+}. In this case, the complete face

e is used in the corresponding face integrals. Although the face is not cut by the interface, the traces of the basis

functions from an adjacent interface element are still evaluated using the corresponding active pieces of the interface

basis functions.

If e ∩ Γ , ∅, the face is partitioned into

e− = e ∩Ω−, e+ = e ∩Ω+.

Each SIPDG face contribution is then evaluated separately on e− and e+. For example, the contribution associated

with χ and λ j on a cut interior face is

Ae(χ, λ j) =
∑︂

s∈{−,+}

[︂
−
⟨︁
⟦εs∇χs · ne⟧es , {{λs

j}}es
⟩︁

es −
⟨︁
{{χs}}es , ⟦εs∇λs

j · ne⟧es
⟩︁

es +
γeεe

he

⟨︁
⟦χs⟧es , ⟦λs

j⟧es
⟩︁

es

]︂
. (60)

For an uncut face, the same expression is evaluated once on the complete face e, using the active subdomain s. Thus,

an interface-affected face that is not cut is integrated over its full measure, whereas a cut face is integrated separately

over its Ω− and Ω+ portions.
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For every interface element K, the local matrix associated with the nonhomogeneous lifting is defined by

MK
J =

[︂
MK
σ MK

ρ,0 MK
ρ,1 · · · MK

ρ,m−2

]︂
. (61)

Its entries are the values of the SIPDG bilinear form applied to each nonhomogeneous basis function and each homo-

geneous basis function: (︂
MK
σ

)︂
j,k+1
= ah

(︂
χK,σ

k+1, λ j

)︂
, k = 0, . . . ,m, (62)(︂

MK
ρ,n

)︂
j,k+1
= ah

(︂
χK,n

k+1, λ j

)︂
, k = 0, . . . ,m, n = 0, . . . ,m − 2. (63)

Each matrix entry consists of the volume contribution in (59) and the SIPDG face contributions on the faces associated

with K.

Using the previously defined coefficients of the nonhomogeneous lifting, the contribution of the local lifting uK
J,h

to the j-th interface test equation is

ah(uK
J,h, λ j) =

m∑︂
k=0

(︂
bK
σ

)︂
k+1

(︂
MK
σ

)︂
j,k+1
+

m−2∑︂
n=0

m∑︂
k=0

(︂
bK
ρ,n

)︂
k+1

(︂
MK
ρ,n

)︂
j,k+1
. (64)

Finally, the global contribution is obtained by adding the local contributions from all interface elements:

ah(uJ,h, λ j) =
∑︂
K∈T i

h

ah(uK
J,h, λ j). (65)

Equivalently, the action of the global nonhomogeneous lifting on the global homogeneous basis is assembled from

the local matrices MK
σ and MK

ρ,n through the standard local-to-global degree-of-freedom mapping.

Remark 2. For both homogeneous and nonhomogeneous GCIFE basis functions, this work employs the orthogonal-

ization procedure of [51] to enhance orthogonality. Curved-cell integrals are evaluated using geometry-conforming

mappings and high-order quadrature rules also consistent with [51].

4. Consistent High-Order PIC framework

This section introduces a high–order PIC framework self–consistently coupled to the nonhomogeneous GCIFE

field solver. Each particle adopts a fixed compactly supported tensor–product shape function specified analytically.

Charge density and electrostatic potential are discretized using element–adapted finite-element bases. On interface

elements, the Poisson load is assembled directly from particle-shape moments against homogeneous GCIFE tests,

while source jumps come from independent one-sided raw Frenet density projections. Particle–field coupling inte-

grates analytical shapes against finite-element bases over overlapping domains. Particle dynamics are advanced by

the high–order Boris–SDC time integrator.

4.1. Volume and Surface Particle Shapes

This subsection constructs the d-dimensional volumetric particle shape from a one-dimensional reference-kernel

family. Its restriction to the interface is normalized separately with respect to arclength.
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Common one-dimensional reference kernel. For an integer r ≥ 1, define the normalized one-dimensional reference

kernel by

sr(xre f ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩Cr(1 − x2
re f )

r, |xre f | ≤ 1,

0, |xre f | > 1,
(66)

where the normalization condition requires

Cr =

[︄∫︂ 1

−1
(1 − x2

re f )
r dxre f

]︄−1

=
Γ
(︂
r + 3

2

)︂
√
π Γ(r + 1)

. (67)

Fixed translated tensor-product volume shape. Let Kref = [−1, 1]d denote the dimensionless reference support cen-

tered at the origin. The d-dimensional reference particle shape is defined by the tensor product

S ref(xre f ) =
d∏︂
ℓ=1

sr
(︁
(xre f )ℓ

)︁
, xre f ∈ Kref , (68)

and vanishes outside Kref . The normalization condition is satisfied directly by this construction.

Let aℓ > 0 denote the prescribed physical support half-width in the ℓ-th coordinate direction. These user-defined

parameters are fixed at initialization and need not coincide with the Cartesian mesh widths hℓ. They may, for example,

be selected according to

aℓ = κℓhℓ, κℓ > 0, (69)

where κℓ is fixed at initialization. No subsequent rescaling of the volumetric particle support is performed during

deposition, field gathering, or particle advection.

For a particle centered at

xp = (xp,1, . . . , xp,d), (70)

the corresponding physical volumetric particle shape is

S p(x; xp) =
d∏︂
ℓ=1

1
aℓ

sr

(︄
xℓ − xp,ℓ

aℓ

)︄
. (71)

Equivalently,

S p(x; xp) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
d∏︂
ℓ=1

Cr

aℓ

⎡⎢⎢⎢⎢⎢⎣1 − (︄
xℓ − xp,ℓ

aℓ

)︄2⎤⎥⎥⎥⎥⎥⎦r

, |xℓ − xp,ℓ | ≤ aℓ for every ℓ,

0, otherwise.

(72)

Its physical support is

Kp(xp) =
d∏︂
ℓ=1

[xp,ℓ − aℓ, xp,ℓ + aℓ]. (73)

Increasing aℓ broadens the profile without changing r; particle motion changes only its center xp.

Interface-restricted surface shape. For an absorption event, let t∗p and x∗p = PΓ(ξ∗p) ∈ Γ denote the first-contact time

and position. The surface kernel is constructed directly from the normalized one-dimensional reference kernel sr

defined in Eq. (66), rather than from the restriction of a volumetric particle shape.
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Let aℓ > 0 denote the prescribed physical support half-width in the ℓ-th coordinate direction. The physical support

half-width of the interface kernel is chosen as

hp = max
1≤ℓ≤d

aℓ. (74)

If ξ is an arc-length parameter, so that ds = dξ, the surface kernel is defined by

S Γ,p
(︁
PΓ(ξ)

)︁
=

1
hp

sr

(︄
ξ − ξ∗p

hp

)︄
. (75)

For a general parameterization, let

ds
dξ
=

⃦⃦⃦
P′Γ(ξ)

⃦⃦⃦
, s(ξ) − s(ξ∗p) =

∫︂ ξ

ξ∗p

⃦⃦⃦
P′Γ(ζ)

⃦⃦⃦
dζ. (76)

The corresponding surface kernel is

S Γ,p
(︁
PΓ(ξ)

)︁
=

1
hp

sr

(︄ s(ξ) − s(ξ∗p)

hp

)︄
. (77)

When evaluated in parameter coordinates, the surface integral uses the physical interface measure

ds =
⃦⃦⃦
P′Γ(ξ)

⃦⃦⃦
dξ. (78)

4.2. Particle Supports Intersecting Only Standard Elements

Let Pstd and Pint denote the disjoint sets of particles whose supports intersect only standard elements and at least

one interface element, respectively. This subsection treats the contributions of particles in Pstd, considered separately

from particles inPint. For particle p, let x̂p denote the signed Frenet normal coordinate of its center xp. More precisely,

the side label introduced above is

αp = sign(x̂p) ∈ {−,+}, (79)

Then define the accessible portion of the particle support by

Dαp
p = supp(S p) ∩Ωαp . (80)

The particle-wise normalization factor is

Qαp
p =

∫︂
D
αp
p

S p(x; xp) dx, 0 < Qαp
p ≤ 1. (81)

It is evaluated once over the complete accessible support, not once per element. If the particle support is truncated

by the outer computational boundary, only the portion lying on the side containing the particle center and inside the

computational domain contributes to the element integrals, and Qαp
p is evaluated over this retained portion to preserve

normalization.

Particle Deposition. Let NK be the number of local basis functions on K (in two dimensions, NK = (m + 1)2), and

let PK denote the particles in Pstd whose physical supports intersect K. The contribution of these particles to DPIC,h

is evaluated through their particle–field moments. The set {ϕK
j }

NK
j=1 serves as the standard orthogonal Legendre basis
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for finite-element representations on K. The particle shape coupling to the finite-element space is defined directly

through the particle–field moments

MK
p, j(xp) =

∫︂
K

S p(x; xp)ϕK
j (x) dx. (82)

Since S p has compact support Kp(xp), this integral is equivalently evaluated over the overlap region:

MK
p, j(xp) =

∫︂
K∩Kp(xp)

S p(x; xp)ϕK
j (x) dx. (83)

For any particle p, let T regular
p := {K ∈ T n

h : K ∩ Dαp
p , ∅}. The corresponding contribution toDPIC,h is

DPIC,h =
∑︂

K∈T regular
h

∑︂
p∈PK

qp

Qαp
p

NK∑︂
j=1

MK
p, j(xp). (84)

The ordinary-element Legendre basis is orthogonal but not unit-normalized in L2(K). Define its local mass matrix

MK by

MK
i j :=

∫︂
K
ϕK

i (x)ϕK
j (x) dx = 0 (i , j), (85)

with generally nonunit diagonal entries MK
j j > 0. The corresponding density coefficients RK

j therefore satisfy

NK∑︂
i=1

MK
jiR

K
i =

∑︂
p∈PK

qp

Qαp
p

MK
p, j(xp). (86)

The right-hand side is assembled directly from the same particle–field moments that define DPIC,h(vh), without an

intermediate particle-shape projection. Recovering the density coefficients RK
j , when needed, requires the local mass

matrix, which is diagonal for these ordinary Cartesian elements. When reconstructed, their contribution to the de-

posited charge density is represented in this finite-element basis:

ρK
h =

NK∑︂
j=1

RK
j ϕ

K
j . (87)

Field Gathering. On a standard element, the discrete potential is represented as

uK
h =

NK∑︂
j=1

UK
j ϕ

K
j , (88)

and the corresponding electric field is

EK
h = −∇uK

h = −

NK∑︂
j=1

UK
j ∇ϕ

K
j . (89)

For p ∈ Pstd, using the same particle shape as in deposition, the field gathered from these standard elements is

Eregular
p =

∑︂
K∈T regular

p

1
Qαp

p

∫︂
K

S p(x; xp)EK
h (x) dx. (90)

Substituting Eq. (89) gives

Eregular
p = −

∑︂
K∈T regular

p

NK∑︂
j=1

UK
j GK

p, j(xp), (91)

where

GK
p, j(xp) =

1
Qαp

p

∫︂
K

S p(x; xp)∇ϕK
j (x) dx (92)

is the particle–field gradient moment.
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4.3. Particle Supports Intersecting at Least One Interface Element

A particle in Pint may contribute to both standard and interface elements. The same normalization factor Qαp
p is

used for all of its contributions to deposition and gathering, including those on standard elements. The contributions

on standard elements use the ordinary-element basis described in Subsection 4.2. On interface elements, the particle

contribution is restricted to the material side containing the particle center.

For an interface element K, letPK denote the particles inPint whose physical supports intersect K. The implemen-

tation evaluates the corresponding overlap integrals by two-dimensional Gaussian quadrature over the intersection of

the particle support, the element, and the accessible material side.

Particle Deposition. Let NK be the number of local homogeneous GCIFE basis functions on K; in two dimensions,

NK = (m+ 1)2. The set {λK
j }

NK
j=1 denotes the homogeneous GCIFE basis on the full physical cell K. For p ∈ PK , define

the one-sided particle–field moment by

MK,αp

p, j (xp) =
∫︂

K∩D
αp
p

S p(x; xp)λK
j (x) dx, j = 1, . . . ,NK . (93)

Let T interface
p := {K ∈ T i

h : K ∩ Dαp
p , ∅}. Consequently, the contribution of the interface particles to the Poisson load

functional is assembled directly from the same particle–field moments:

DPIC,h =
∑︂

K∈(T interface
h ,T

regular
h )

∑︂
p∈PK

qp

Qαp
p

NK∑︂
j=1

MK,αp

p, j (xp). (94)

Since the homogeneous GCIFE basis is orthonormal and normalized in the full physical-cell inner product,

MK
ji :=

∫︂
K
λK

j (x)λK
i (x) dx = δ ji. (95)

When density coefficients are needed on an interface element, the full-cell projection is represented in the homoge-

neous GCIFE basis:

ρK
h =

NK∑︂
j=1

RK
j λ

K
j . (96)

where

RK
j =

∑︂
p∈PK

qp

Qαp
p

MK,αp

p, j (xp), j = 1, . . . ,NK . (97)

The resulting projection may be nonzero on the material side containing no particle. It represents the full-cell finite-

element projection used for the Poisson load and does not replace the separate one-sided reconstruction required for

source-jump data.

One-sided density reconstruction for source-jump. The normalized one-sided particle source is defined on the acces-

sible support by

ρ
αp
p (x) =

qp

Qαp
p

S p(x; xp), x ∈ Dαp
p . (98)

It produces no volumetric-source contribution on the opposite material side. This one-sided restriction is imposed

directly through the integration domain K ∩ Dαp
p and therefore requires no separate side-indicator function.
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For source jumps, we use the reference tensor-product Frenet basis {Rℓ} defined in Eq. (33). Its raw physical

pullback on the material portion Kα is

RαK,ℓ(x) := Rℓ
(︁
RΓ(x)

)︁
, x ∈ Kα. (99)

Here “raw” means that these sidewise polynomial functions are used before imposing the coupled GCIFE constraints

or applying the homogeneous-basis orthogonalization.

For each α ∈ {−,+}, define

PαK := {p ∈ PK : αp = α}.

The density is reconstructed independently on each material side. The side-specific coefficients satisfy∑︂
r

MαK,ℓrc
α
K,r = bαK,ℓ, (100)

where

MαK,ℓr =
∫︂

Kα
RαK,ℓ(x)RαK,r(x) dx, (101)

bαK,ℓ =
∑︂
p∈PαK

qp

Qαp

∫︂
K∩Dαp

S p(x; xp)RαK,ℓ(x) dx. (102)

The independent one-sided reconstructions are

ρK,α
raw =

∑︂
r

cαK,rR
α
K,r, α ∈ {−,+}. (103)

These define the piecewise function ρK
raw on K−∪K+. Its interface traces and normal derivatives provide the deposited

source-jump data:

gK,n
ρ = −[∂n

ηρ
K
raw]Γ∩K , n = 0, . . . ,m − 2. (104)

Thus, the homogeneous GCIFE projection supplies the Poisson load moments, whereas the independent raw-basis

projections supply the one-sided source traces used to construct the jump data.

Field Gathering. The same normalized one-sided kernel is used for field gathering. For an interface element K, define

the particle–GCIFE gradient moment by

GK
p, j =

1
Qαp

p

∫︂
K∩D

αp
p

S p(x; xp)∇ϕK
j (x) dx. (105)

The electric fields are represented as

EK
h = −∇

⎛⎜⎜⎜⎜⎜⎜⎜⎝(m+1)2∑︂
j=1

UK
j ϕ

K
j + uK

J,h

⎞⎟⎟⎟⎟⎟⎟⎟⎠ . (106)

The electric-field contribution gathered from interface element K is

EK
p = −

(m+1)2∑︂
j=1

UK
j GK

p, j −
1

Qαp
p

∫︂
K∩D

αp
p

S p(x; xp)∇(uK
J,h)(x) dx. (107)
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The total interface-element contribution is

Einterface
p =

∑︂
K∈T interface

p

EK
p . (108)

For p ∈ Pint, the standard-element contribution Eregular
p is given by Eq. (90) with the integral restricted to K ∩Dαp

p and

S p divided by the same Qαp
p . The full gathered field and force are

Ep = Einterface
p + Eregular

p , Fp = qpEp. (109)

Conservative surface-charge update and interface load. Let Pn be the set of first-contact absorption events on Γ

during the accepted step [tn, tn+1]. Using the normalized surface kernels from Subsection 4.1. If the kernel support is

truncated by the finite interface, define

QΓ,p =
∫︂
Γ̂∩{|s(ξ)−s(ξ∗p)|≤hp}

1
hp

sr

(︄ s(ξ) − s(ξ∗p)

hp

)︄
ds. (110)

and replace the surface kernel by

S Γ,p
(︁
ξ
)︁
=

1
QΓ,php

sr

(︄ s(ξ) − s(ξ∗p)

hp

)︄
. (111)

Then define the unprojected charge increment ∆σn+1
Γ

by

∆σn+1
Γ (x) =

∑︂
p∈Pn

qpS Γ,p(RΓ(x)), x ∈ Γ, (112)

For an interface element K, let ΓK = Γ ∩ K be its physical interface segment. Its tangential basis is the Legendre

polynomials of Eq. (30). The basis uses the fixed virtual interval IK = [ξ − ξmid, ξ + ξmid] even when integrated over

ΓK . Write the projected increment as ∆σn+1
Γ
|ΓK =

∑︁m
j=0 ∆cK,n+1

j p̂K
j (RΓ(x)) and ∆cK,n+1

j are determined by

m∑︂
j=0

MΓK
jk ∆cK,n+1

j = bK,n+1
k , 0 ≤ k ≤ m,

MΓK
jk :=

∫︂
ΓK

p̂K
j (ξ)p̂K

k (ξ) ds,

bK,n+1
k :=

∑︂
p∈Pn

qp

∫︂
ΓK∩supp(S Γ,p)

S Γ,p(ξ)p̂K
k (ξ) ds.

(113)

The mass matrix MΓK
jk is formed over the entire physical segment and can be factored once for a fixed mesh; only the

particle integrals are restricted to their support intersections. Thus a particle may contribute to several elements with

the same QΓ,p.

With absorption as the only surface-charge mechanism, the update is

σn+1
Γ = σn

Γ + ∆σ
n+1
Γ . (114)

With the Gauss-law surface-charge convention, the flux jump on the physical interface is

gn+1
σ = −σn+1

Γ . (115)
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Let cK,n
j denote the accumulated surface coefficients, updated by cK,n+1

j = cK,n
j +∆cK,n+1

j . Extend the corresponding

local polynomial to the full virtual interval: σ̂K,n+1
Γ

(ξ) :=
∑︁m

j=0 cK,n+1
j p̂K

j (ξ), ξ ∈ IK . The flux-jump moments supplied

to Eq. (52) are

(bK,n+1
σ )k+1 = −

∫︂
IK

σ̂K,n+1
Γ

(ξ)p̂K
k (ξ) dξ = −

m∑︂
j=0

TK
k jc

K,n+1
j ,

TK
k j :=

∫︂
IK

p̂K
k (ξ) p̂K

j (ξ) dξ =
2ξh,K

2k + 1
δk j,

(116)

where δk j is the Kronecker delta. The fixed matrix TK converts projection coefficients to the required dξ moments.

Overlap between virtual intervals does not duplicate physical charge, which is counted only on the physical segments.

4.4. High-Order Particle Advancement with Boris–SDC

Particle trajectories are advanced by the Boris–SDC method following Ref. [52]. Boris–SDC combines the classi-

cal Boris integrator with spectral deferred corrections (SDC). The Boris scheme, a second-order velocity-Verlet-type

integrator for the Lorentz force, serves as the low-order sweeper. SDC iteratively solves the collocation system

U −QcollF(U) = CcollU0, (117)

which is the discrete form of the Picard integral equations

v(t) = v0 +

∫︂ t

tn
f(x(s), v(s)) ds, x(t) = x0 +

∫︂ t

tn
v(s) ds. (118)

Here tn is the start of the time step, M is the number of collocation nodes, U collects the stage values of x and v,

and U0 collects their initial values. The vector F contains the corresponding right-hand sides (v, f), where f is the

Lorentz acceleration. The matrices Qcoll and Ccoll are the quadrature matrices that approximate the integrals and the

initial-value contributions, respectively.

Each SDC sweep improves the stage values from iterate k to k + 1 by applying the Boris update from node i to

node i + 1. For the velocity, we solve

vk+1
i+1 − vk+1

i

∆τi+1
=

qs

ms

⎡⎢⎢⎢⎢⎣Ek+1
i+1/2 +

vk+1
i+1 + vk+1

i

2
× B0

⎤⎥⎥⎥⎥⎦ + ek
i , (119)

where τi and τi+1 are consecutive collocation times, ∆τi+1 = τi+1 − τi is their separation, and qs/ms is the charge-

to-mass ratio for species s. The field B0 is prescribed and static, while Ek+1
i+1/2 := (Ek+1

i + Ek+1
i+1 )/2 is the average

of the gathered endpoint fields in the Boris sweep. The term ek
i is a known correction assembled from the previous

iterate; it measures the mismatch between the low-order quadrature used in the sweep and the higher-order collocation

quadrature. Since ek
i does not depend on the unknowns vk+1

i+1 , the velocity update retains the same structure as the

classical Boris step and can be solved explicitly by the Boris rotation.

The position at the next node is obtained from the explicit quadrature formula

xk+1
i+1 = xk+1

i + ∆τi+1v0 +

i∑︂
l=1

˜︁sx
i+1,l

(︂
fk+1
l − fk

l

)︂
+

M∑︂
l=1

sx
i+1,lf

k
l , (120)
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where xk+1
i is the position at node i and iterate k + 1, v0 is the initial velocity, and fk

l = f(xk
l , v

k
l ) is the acceleration

due to the Lorentz force at node l and iterate k. The coefficients ˜︁sx
i+1,l and sx

i+1,l are, respectively, the subinterval

weights of the velocity-Verlet position preconditioner and the double-integrated collocation quadrature. Both include

the squared time-step scaling and are precomputed from the nodes; they are independent of the particle state. All

terms on the right-hand side are already known, so the position update is fully explicit. Each sweep costs roughly one

Boris step per node, while the SDC iteration increases the temporal order by about two per sweep, up to the order of

the underlying collocation method.

Remark 3 (Particle treatment at the interface and computational boundary). During each SDC sweep, the field is

recomputed at the required stage nodes using the particles present at tn and the fixed surface charge σn
Γ,h. Each

particle is advanced through the full step [tn, tn+1]. If a trial particle position crosses the interface, its closest point

on the interface is used for field deposition and gathering only. The particle’s trajectory is otherwise unchanged. No

particle is removed and no surface charge is updated during the sweeps.

After all sweeps are complete, piecewise cubic Hermite trajectories are constructed from the positions and ve-

locities at consecutive distinct nodes. These trajectories are used to identify particles that hit Γ during the step and

to determine their first contact times t∗p and positions x∗p. Each such particle is counted once. All hits are then

processed together: the hit particles are removed, their contributions are accumulated in Eq. (113)– (116), and the

surface charge is updated once, using one local projection solve per affected element. Surviving particles retain their

full-step SDC positions and velocities, subject to the prescribed particle boundary conditions at ∂Ω. Since the com-

putational boundary is aligned with the coordinate axes, these boundary conditions can be handled coordinate-wise

using standard PIC procedures [1].

Finally, the volume load, lifting, and field are recomputed at tn+1 using the surviving particles and the updated

surface charge. Thus, for a fixed number of nodes and SDC sweeps, the number of field solves per step does not

depend on the number of particle hits.

5. Numerical Experiments and Validations

The tests proceed from the nonhomogeneous GCIFE field solver (Section 5.1), through charge projection, and

field gathering (Section 5.2), to a statistically steady sheath simulation (Section 5.3). The test results of Section 5.1

and Section 5.2 will verify the accuracy and convergence characteristics of each key module of the algorithm. The

test results of Section 5.3 will compare the impact of traditional methods with existing methods and orders.

5.1. Field Accuracy and Conditioning of Nonhomogeneous GCIFE on a Curved Interface

The computational domain is Ω = (0, 1)2. The interface is the ellipse

Γ = {(x, y) : ϕ(x, y) = 0} , ϕ(x, y) =
(x − cx)2

a2 +
(y − cy)2

b2 − 1, a = 0.31, b = 0.23, (121)

For the p = 3 convergence series in Figure 2, (cx, cy) = (13/24, 1/2); all other field results in this subsection use

(cx, cy) = (1/2, 1/2). The material subdomains are Ω− = {ϕ < 0} and Ω+ = {ϕ > 0}. The unit normal n = ∇ϕ/|∇ϕ|
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points from the interior to the exterior. We take κ− = 1 and κ+ = 1000, with the closed-form manufactured solution

q(x, y) = sin(πx) sin(πy), uexact(x, y) =

⎧⎪⎪⎨⎪⎪⎩q(x, y), (x, y) ∈ Ω−,
q(x, y) + ϕ(x, y), (x, y) ∈ Ω+.

(122)

The solution is continuous across Γ, while its normal flux has a nonzero jump. With S = 2(a−2 + b−2), the piecewise

source is

f − = 2π2κ−q, f + = κ+
(︁
2π2q − S

)︁
. (123)

The prescribed flux jump is

gσ = (κ+ − κ−)∂nq + κ+∂nϕ. (124)

The source-jumps are

g0
ρ = −2π2(κ+ − κ−)q + κ+S , g j

ρ = −2π2(κ+ − κ−)∂ j
nq, j = 0, . . . ,m − 2. (125)

The mesh is a uniformly refined Cartesian mesh with N = 6, 9, 12, 18, 24 at every polynomial degree p = 1, . . . , 5.

We use weak Dirichlet enforcement and penalty 30p(p + 1)/2.

We report the global L2 error and the broken H1 seminorm error of uh + uJ against uexact for every combination of

p = 1, . . . , 5 and N = 6, 9, 12, 18, 24. Figure 2 shows the computed errors as markers and the ordinary least-squares

fits as lines. Figure 3 also shows where the field errors occur on the common 24 × 24 mesh. All panels share one

logarithmic color scale and use the physical solution uh + uJ . The log–log fits in Figure 2 gives the finite-range slopes

for each method. For GCIFE with p = 1, . . . , 5, the fitted L2 slopes are 2.32, 2.80, 3.81, 5.17, and 6.18, while the

corresponding broken H1 slopes are 1.28, 2.01, 2.72, 4.13, and 5.10, respectively. These results are consistent with

the optimal convergence rates of order p + 1 in the L2 norm and order p in the broken H1 norm. Here we also

compare against the nonhomogeneous bilinear IFE [12], a traditional IFE method that replaces the curved interface

with straight-line segments; this control gives slopes of 1.67 and 0.87, compared with its expected asymptotic rates

of 2 and 1, respectively. This slight reduction is attributed to the pre-asymptotic behavior on the relatively coarse

meshes used in the fit. The curved interface and the associated interface-element contributions are not yet sufficiently

resolved for the asymptotic error terms to dominate.

1/181/121/91/6
h = 1=N

10-10

10-8

10-6

10-4

10-2

100

A
b
so

lu
te

er
ro

r

(a) Potential error

GCIFE p=1, slope 2.32
GCIFE p=2, slope 2.80
GCIFE p=3, slope 3.81
GCIFE p=4, slope 5.17
GCIFE p=5, slope 6.18
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(b) Broken H1 seminorm error

GCIFE p=1, slope 1.28
GCIFE p=2, slope 2.01
GCIFE p=3, slope 2.72
GCIFE p=4, slope 4.13
GCIFE p=5, slope 5.10
Bilinear IFE, slope 0.87

Fig. 2: Elliptical-interface convergence for bilinear IFE and GCIFE degrees p = 1, . . . , 5 on five meshes: (a) L2 potential error and (b) broken H1

seminorm error.
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Fig. 3: Pointwise absolute gradient error for the elliptical-interface problem on the 24 × 24 mesh. Panels show bilinear IFE and GCIFE degrees
p = 1, 3, 5 using a common logarithmic color scale. The white curve is the exact interface. Integrated potential and field errors and refinement fits
appear in Figure 2.

5.2. Component Tests for Charge Representation and Field Gathering

This subsection validates three components of the GCIFE–PIC algorithm in separate tests: one-sided projection

of volume and interface charge, particle–field gathering. The deposition and gathering tests use the elliptical interface

and material contrast described in Section 5.1.

5.2.1. Volume and interface charge deposition

The Cartesian mesh is refined with N = 6, 9, 12, 18, 24 cells per coordinate direction as well. For the volume-

density panel, particles form a uniform grid with spacing h/2, so this panel combines mesh refinement with particle-

source refinement. For the interface-charge panel, we instead keep the same six physical events, charges, and kernel

fixed on every mesh; this isolates the polynomial-space effect from event resampling. The six events lie at ellipse

parameters θ j = (−2.4,−1.2,−0.2, 0.8, 1.6, 2.4) with charges q j = 1/6. We use the tensor-product kernel shape with

half-width (0.08, 0.08) and shape order 6. Polynomial degrees p = 1, . . . , 5 are considered.

The bilinear-IFE volume control uses Cartesian cloud-in-cell (CIC) deposition. The classical interface control

is constant on each physical interface segment Γk. Thus it retains the deposited segment charge and distributes that

charge uniformly in physical arclength. It uses the same normalized event kernels as GCIFE, without a higher-degree

fit on the segment. Cartesian CIC, however, uses its grid-dependent linear particle weights rather than the fixed order-

6 reference kernel and its one-sided normalization. Its error against the common kernel-sum target therefore includes

particle-shape and interface-truncation differences as well as grid-transfer error.

To distinguish reconstruction error from particle sampling error, the target for the volume test is the normalized

discrete particle kernel sum ρP on the material side of each point, and the target for the interface test is the corre-

sponding discrete event-kernel sum σE. For GCIFE, ρh denotes the diagnostic density formed by Legendre projection

on ordinary elements and the independent one-sided raw Frenet reconstructions of Eq. (103) on cut elements. It is

distinct from the full-cell homogeneous-GCIFE projection in Eq. (96), which may extend onto the opposite material
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side. We report the relative errors

eρ =
∥ρh − ρP∥L2(Ω)

∥ρP∥L2(Ω)
, eσ =

∥σh − σE∥L2(Γ)

∥σE∥L2(Γ)
. (126)

The discrete total-charge defect is normalized by the total absolute particle or event charge.

Figure 4 shows the relative L2 density errors and five-mesh log–log fits. The fitted slopes for the volume-density

test are 1.34 for CIC with bilinear IFE and 2.09, 3.77, 4.50, 5.61, 6.90 for GCIFE p = 1, . . . , 5. For the fixed six-event

interface-charge test, the corresponding slopes are 0.55 for the arc-length-mean control and 1.24, 1.79, 2.63, 3.50, 4.31

for GCIFE p = 1, . . . , 5. Figure 5 shows the spatial errors at N = 24 for the same source-refined particle lattice and

fixed six-event interface source used in Figure 4. These results show that GCIFE–PIC provides a systematically

improvable high-order representation of both volume and interface charge. Increasing the GCIFE degree produces

steeper mesh-refinement trends and substantially reduces the spatial errors, including those concentrated near the

curved interface. In particular, the interface-charge oscillations visible for the low-order controls are progressively

suppressed as p increases. At the same time, charge is conserved to roundoff accuracy for all GCIFE degrees. There-

fore, compared with the classical CIC and arc-length-mean controls, GCIFE–PIC achieves higher accuracy and faster

observed convergence without compromising discrete charge conservation.
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(b) Interface charge
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Arc mean (bilinear IFE), slope 0.55

Fig. 4: Relative L2 density errors for classical deposition controls and GCIFE degrees p = 1, . . . , 5 on N = 6, 9, 12, 18, 24. (a) Volume density,
using CIC for the bilinear-IFE control and a particle lattice refined alongside the mesh. (b) Interface charge, using segmentwise arc-length averages
for the control, for one fixed group of six events, with unchanged physical positions, charges, and kernel on every mesh. Markers show computed
errors and lines show five-mesh log–log fits. Charge conservation is stated in the text.
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Fig. 5: Spatial density errors at N = 24. The bilinear-IFE column uses CIC for volume charge and segmentwise arclength averages for interface
charge. The remaining columns show GCIFE degrees p = 1, 3, 5. The top row displays |ρh − ρP | for the source-refined particle lattice at fixed
cell-interior points with a common logarithmic color scale. The white curve is the exact interface. The bottom row displays the signed difference
σh − σE along the interface parameter θ, with a separate scale for the bilinear control and a common scale for the GCIFE panels. The bottom row
uses the same fixed six-event group as Fig. 4. Integrated errors appear in Fig. 4(b).

5.2.2. Single-particle field gathering

We assess field gathering using one unit-charge particle held at (xp, yp) = (0.6449, 0.7162) on the exterior side of

the ellipse on all five meshes. All fields are computed from the manufactured potential of Section 5.1, with ellipse

center (1/2, 1/2). The gathered field Eh (GCIFE kernel average or CIC for the bilinear-IFE control) is compared with

the analytic reference field Eana through the relative error

eF =
∥Eh − Eana∥2

∥Eana∥2
, (127)

Figure 6 shows the comparison results. The CIC errors increase from 0.0811 at N = 6 to 0.4739 at N = 24; their

five-mesh log–log fit has a slope of −1.15. The GCIFE slopes remain 0.58, 2.61, 2.62, 5.51, 5.81 for p = 1, . . . , 5.

The negative CIC slope describes this finite mesh range, rather than an asymptotic order. Even on the finest mesh

(N = 24), the particle-containing cell intersects the dielectric interface, so the CIC stencil samples both material

sides and smears the electric-field jump, contributing substantially to the force error. By averaging the field over the

particle shape while respecting the one-sided field representation, the GCIFE–PIC gathering operator avoids the cross-

interface smearing inherent in the conventional CIC stencil and thus achieves high-order, systematically decreasing

force errors near material interfaces, being several orders of magnitude more accurate than the bilinear-IFE–CIC result

at N = 24.
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Fig. 6: Single-particle field-gather error against the common analytic kernel-average reference on N = 6, 9, 12, 18, 24. The bilinear-IFE control
uses four-node CIC with a centered-difference nodal field; GCIFE p = 1, . . . , 5 uses the fixed compact kernel. The particle position is fixed.
Markers are computed errors and lines are five-mesh log–log fits. The CIC fit is negative in this mesh range, and the method-dependent gathering
operators are specified in the text.

5.3. A Statistically Steady Sheath over an Ideal Dielectric

We consider an electrostatic sheath test on Ω = (0, 1)2, periodic in x, with u = 0 at the upper reservoir and u =

− log 2 at the lower electrode. An insulating dielectric ellipse centered at (0.517, 0.14), with semiaxes (0.281, 0.20),

intersects the electrode. Its permittivity is ϵ− = 10, while the plasma permittivity is ϵ+ = 1. Particles are absorbed

by the dielectric and exposed electrode, and those leaving through the top are removed. The main comparison uses a

12×12 mesh and ∆t = 0.04. For the spatial-resolution study, bilinear IFE–PIC with CIC is also run on 24×24, 48×48,

and 96 × 96 meshes. Each time steps, electrons and ions are injected at y = 0.985, with represented charges −0.1 and

+0.1 and charge-to-mass ratios −1 and 1/16, respectively. Ions enter normally at speed 0.25. Electron normal speeds

are stratified quantiles of

f (v) = v exp(−v2/2), v > 0,

and all transverse velocities vanish. Irrational rotations vary the injection positions and velocity quantiles. This

reservoir model and reduced mass ratio define a computational test rather than a quantitative model of a specific

plasma. We compare bilinear IFE–PIC with Boris, GCIFE-PIC with p = 1 and Boris, and p = 3 and fourth-order

Boris–SDC.

Figure 7 compares the time-mean potential and signed net charge density obtained with bilinear IFE–PIC at

N = 12, 24, 48, and 96 and with GCIFE–PIC at p = 1 and p = 3. The p = 1 GCIFE result uses the Boris pusher,

whereas the p = 3 result uses Boris–SDC4. The CIC particle count per inlet batch is increased by factors of 1, 4, 16,

and 64 as the mesh is refined, and the macro-particle charge is reduced by the same factors. The represented inlet

charge and the physical injection parameters therefore remain fixed. Since the particle count scales as N2, the number

of particles per mesh cell remains approximately constant, so mesh refinement alone does not reduce the particle noise

per cell. All cases use the same elliptical interface, dielectric contrast, boundary conditions, and time step. No field
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or charge-density smoothing is applied.

The upper row of Figure 7 shows that all methods produce the same principal potential structure: the potential

increases toward the upper boundary and is modified locally by the elliptical dielectric. The bilinear potential ap-

proaches the GCIFE results as the mesh is refined, although visible differences remain near the dielectric interface on

the coarser meshes. The lower row shows the corresponding signed net charge density, with positive and negative val-

ues displayed and the dielectric region masked in gray. The GCIFE results resolve a coherent positive-charge region

above the dielectric while retaining the surrounding signed fluctuations. In contrast, the refined bilinear results, partic-

ularly at N = 48 and N = 96, contain increasingly pronounced mesh-aligned bands and fine-scale oscillations. These

structures are present in the native CIC data and are not introduced by interpolation onto the common 96× 96 display

grid. Thus, although the bilinear potential becomes visually closer to the GCIFE potential under refinement, its raw

charge-density field remains more strongly affected by the mesh-scale CIC particle representation. The smoother and

more coherent GCIFE distributions illustrate the benefit of its high-order moment-based deposition for resolving the

volumetric source near the material interface.

Figure 8 compares the time-mean interface charge density along the normalized arc length of the visible ellipse.

All profiles are presented without smoothing. The bilinear profiles change substantially with mesh resolution and

exhibit piecewise-constant jumps whose locations and amplitudes depend on the mesh. The largest differences occur

near the strongly charged portions of the interface, for example around s/L = 0.18–0.26 and s/L = 0.74–0.82. The

GCIFE profiles provide a direct higher-order representation of the interface charge and capture its variation without

restricting it to cellwise-constant plateaus. The bilinear profiles move toward the GCIFE range in several portions of

the interface as N increases, but substantial discrepancies remain, showing that accurate surface-charge deposition is

more demanding than recovering the smooth potential field.

Figure 9 quantifies these observations by reporting the relative L2 differences between each bilinear result and the

saved GCIFE p = 1 and p = 3 results. All three observables show an overall decrease in difference as the bilinear

mesh is refined. The potential exhibits the strongest agreement: its difference decreases from approximately 10%–

13% at N = 12 to approximately 1%–2% at N = 96. The volume-charge difference also decreases, but remains

approximately 54% relative to GCIFE p = 1 and 42% relative to GCIFE p = 3 at N = 96. Similarly, the interface-

charge difference falls from approximately 105% to 35% relative to p = 1, and from approximately 80% to 22%

relative to p = 3. Consequently, the smooth potential can agree well even when appreciable differences remain in

the volumetric and interfacial source representations. This is consistent with the smoothing effect of the elliptic field

solve and demonstrates that potential agreement alone is not sufficient to assess the quality of particle deposition near

an interface.

Taken together, Figures 7– 9 highlight the main advantage of GCIFE–PIC in this test. GCIFE–PIC obtains smooth

potential fields, more coherent volume-charge distributions, and a higher-order representation of the deposited inter-

face charge without requiring the fine bilinear meshes used in the comparison. The remaining differences in the

charge observables also show that the GCIFE improvement is not merely a plotting effect or a consequence of elliptic

smoothing, but arises from its moment-based volume deposition and interface-aware surface-charge treatment. Be-
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cause the calculations use a finite time-averaging window and no exact kinetic solution is available, these comparisons

establish numerical consistency and relative resolution rather than an exact physical scaling law.

Table 1 reports the mean component cost per time step from three same-state timing replays. The measured total

costs are approximately 746 ms/step for bilinear N = 96, 77.9 ms/step for GCIFE p = 1, and 250 ms/step for GCIFE

p = 3. The bilinear N = 96 calculation is dominated by interface-charge deposition and particle pushing, which

cost 360.52 and 322.46 ms/step, respectively. GCIFE has a more expensive volume-deposition stage, especially for

p = 3, but greatly reduces the interface-deposition and particle-pushing costs for the problem sizes considered. As

a result, GCIFE p = 1 and p = 3 are approximately 9.6 and 3.0 times faster per step, respectively, than the bilinear

N = 96 case, while providing the smoother and more coherent interface-resolved results described above. These

measurements are implementation timings for the fixed problem size and single-threaded configuration used here,

rather than asymptotic complexity estimates.

Fig. 7: Mean potential (top) and signed net charge density (bottom) on the common 96 × 96 display grid. Columns show bilinear IFE–PIC/Boris
at N = 12, 24, 48, 96, followed by the GCIFE-PIC p = 1/Boris and p = 3/Boris–SDC4 results. The ellipse marks the true dielectric interface, and
the gray region is the dielectric.
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Fig. 8: (a) Mean interface charge density along normalized arc length for bilinear IFE–PIC at N = 12, 24, 48, 96 and the GCIFE-PIC p = 1, 3
results. Profiles are shown without smoothing.
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(b) Volume charge density
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Fig. 9: Relative L2 differences between the bilinear IFE–PIC and GCIFE–PIC results over mesh resolutions N = 12, 24, 48, 96: (a) mean potential,
(b) signed volume charge density, and (c) mean interface charge density. Each panel compares the bilinear results with GCIFE p = 1 and p = 3.
The logarithmic axes show the observable-specific refinement trends, and all computed points are retained.

Table 1: Mean component cost per time step from three same-state timing replays (milliseconds per step).

Component Bilinear N = 96 GCIFE p = 1 GCIFE p = 3

Field solve 62.34 0.411 5.10
Volume-density deposition 0.737 47.70 164.71
Interface-charge deposition 360.52 10.13 12.25
Particle push 322.46 19.64 67.57
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6. Conclusion

In this paper, we developed a high-order GCIFE–PIC framework for electrostatic particle simulations with curved

material interfaces on Cartesian meshes. The method combines geometry-conforming immersed finite elements with

moment-based particle deposition and gathering, interface-aware charge transfer, and high-order particle integration,

thereby resolving curved interfaces without interface-fitted remeshing.

The numerical results demonstrate high-order field convergence, roundoff-level charge conservation, and accurate

particle–field transfer near interfaces. The GCIFE field discretization achieves the expected high-order convergence

in both the L2 and broken H1 norms over a broad range of polynomial degrees. Compared with bilinear IFE–PIC,

GCIFE–PIC provides smaller deposition and force-gathering errors, better-resolved volume and interface charge dis-

tributions, and competitive computational cost on coarse meshes. These results establish GCIFE–PIC as an accurate,

conservative, and efficient approach for particle simulations involving curved interfaces and discontinuous fields.
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