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Abstract

Soft materials with engineered microstructure support nonlinear waves which can be har-
nessed for various applications, from signal communication to impact mitigation. Such waves
are governed by nonlinear coupled differential equations whose analytical solution is seldom
trackable, hence emerges the need for suitable numerical solvers. Based on the finite volume
method, we here develop the first designated scheme for nonlinear waves with two coupled
components that propagate in soft laminates. We apply our scheme to a periodic laminate
made of two alternating Gent layers, and consider two cases. In one case, we analyze a mo-
tion whose component along the lamination direction is coupled to a component in the layers
plane, to discover the first vector solitary waves in a continuum medium. In the second case,
we analyze a motion with two coupled components in the plane of the layers, and observe
the propagation of linearly polarized solitary waves, followed by a single circularly polarized
wave. The framework we developed offers a platform for further investigation of these waves
and their extension to higher dimensional problems.

Keywords: finite volume method, composites, laminates, soft materials, nonlinear elasticity,

finite deformations, wave propagation, solitary waves, Gent material

1 Introduction

Highly deformable materials with architectured microstructure are nowadays accessible by virtue
of the current manufacturing abilities. Such materials exhibit geometrical and constitutive nonlin-
earities that give rise to fascinating physics (Bertoldi et al., 2017), and specifically unique wave
phenomena (Nadkarni et al., 2014, 2016, Samsonov et al., 2017, Ziv and Shmuel, 2019a, Deng
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et al., 2019a). Waves in nonlinear solids have recently regained scientific and technological inter-
est, owing to the realization that their features can be harnessed for various applications, such as
signal transmission (Raney et al., 2016), impact mitigation (Yasuda et al., 2019), energy harvesting
(Hwang and Arrieta, 2018) and mechanical diodes (Deng et al., 2018).

The mathematical modeling of waves in soft solids with microstructure is given by nonlinear
coupled partial differential equations, whose analytical solution is seldom trackable (Carroll, 1967,
Davison, 1966, Destrade and Saccomandi, 2005, Chockalingam and Cohen, 2020), hence the need
for designated numerical solvers. Among the different schemes developed for nonlinear elasto-
dynamics, we recall the finite difference method (Aboudi and Benveniste, 1973), finite element
method (Bou Matar et al., 2012, Chabot et al., 2018), and specifically the finite volume method
(LeVeque, 1992, Tripathi et al., 2019).

Finite volume methods are useful in solving problems whose physics is governed by space-time
conservation laws, and as such are useful in gas dynamics (Roe, 1985) and elastodynamics (LeV-
eque, 1997). Importantly, these methods are conservative in the sense that by construction they
satisfy the conservation law in an exact manner—a useful feature in problems whose solution is
discontinuous (Lax and Wendroff, 1960). Further, since the method is based on flux terms that are
evaluated at the boundary of volume elements, it naturally lends itself to the analysis of hetero-
geneous layered media—where suitable continuity conditions are to be satisfied at the boundaries
between different layers. Indeed, the efficiency of the finite volume approach was demonstrated by
Fogarty and LeVeque (1999), who developed a finite volume scheme for one-dimensional waves
in linear elastic laminates, and later on by LeVeque (2002), who extended the analysis to nonlinear
laminates. More recent works have further developed this approach for additional problems, e.g.,
materials that exhibit softening (Berjamin et al., 2019), elastoplastic materials (Barton et al., 2010),
and thermoelastic materials (Berezovski and Maugin, 2001), to name a few.

To date, a finite volume scheme for nonlinear heterogeneous media exhibiting coupled motions
has yet to be formulated. Here, we develop such a scheme for composites made of soft layers, when
subjected to time-dependent deformations comprising two coupled components. Specifically, we
consider one case where the component of the deformation in the lamination direction (referred to
as the axial component) is coupled with a transverse component in the plane of the layers (Davi-
son, 1966), and a second case where two components in the layers plane are coupled one with
the other (Collins, 1966). Our method builds upon the finite volume approach of LeVeque (2002),
who utilizes solutions for Riemann problems—problems of wave scattering owing to discontinuous
initial conditions and possibly different materials—to calculate one-dimensional waves in nonlin-
ear laminates. Since that benchmark problem considers one component of motion, two waves of
opposite propagation direction are generated at each scattering; here, two coupled components are

present, hence four coupled waves are generated—two in each direction. Our extension accounts



for the generation of these additional waves and their coupling, by the development of a suitable
matrix representation. Further, our scheme incorporates a wave limiter (LeVeque, 1997)—a scalar
function aimed at limiting the gradient of the solution near discontinuities—which proves useful in
capturing shock waves.

We validate our method by applying it for the canonical problem of wave scattering at an inter-
face between two elastic half-spaces. The aspect of shock evaluation in this setting was addressed
by Davison (2008), who studied axial waves. Here, we extend the analysis to shocks associated
with waves comprising two coupled components, noting that this is the first study of such prob-
lems. Specifically, we compare our finite volume-based solution to the linearized algebraic equa-
tions with numerical solutions using Newton’s method to the exact nonlinear equations, when the
media is governed by the compressible Gent model (Gent, 1996). This model—originally devel-
oped for capturing the strain stiffening of rubber at large strains—was recently shown useful by
Ziv and Shmuel (2019a) for modeling shear shocks and tensile-induced shocks (Niemczura and
Ravi-Chandar, 2011, Catheline et al., 2003, Espindola et al., 2017, Espindola and Pinton, 2017).
We find an excellent agreement between our scheme and Newton’s method, particularly at material
interfaces, and demonstrate the merit of a wave limiter in capturing discontinuities in the solution.

Subsequently, we apply our scheme to a pre-strained laminate made of two alternating Gentian
layers. Remarkably, in the case where the axial and transverse components of the motion are
coupled, our numerical solution reveals a generation of elastic vector solitary waves—nonlinear
waves having two coupled components of constant shape and velocity. Our results are thus the first
report of a continuum analog of the vector solitary waves observed recently in discrete media (Deng
et al., 2017, 2018, 2019b). Furthermore, in the case where the coupling is between two transverse
components, we discover the propagation of linearly polarized solitary waves, followed by a single
circularly polarized wave.

Our results are presented in the following order. Sec. 2 summarizes the equations governing
motions with two coupled components in laminates made of nonlinear layers, and Sec. 3 details our
finite volume method for the solution of these equations. We apply our method in Sec. 4 to coupled
waves in Gentian layers, where we also report the corresponding propagation of vector solitary
waves and linearly polarized solitary waves. We summarize our main results and conclusions in

Sec. 5, together with an outlook towards future work.

2 Governing equations

We consider a soft composite made of N hyperelastic phases that are laminated in the X; direc-

tion. We denote the initial mass density and strain energy density function of phase n by pé") and

¥ Phase n initially occupies the region QM and accordingly the energy density function of the



composite, ¥ (F,X), is

N
W(F,X) =Y 10 (X) ¥ (F), (1)
n=1
where

1 XeQ,
1 (X) = )
0 elsewhere.

The composite is subjected to the motion x (X,7)

x1=X1+u (X1,1), o =Xo +ux (X1,1), x3 =Xz +u3 (X1,1), 3)

which maps material points from the reference coordinate X to the current coordinate x. The
resultant first Piola-Kirchhoff stress tensor is P = Vg¥, where F=Vx is the deformation gradient.

We assume that the phases are initially isotropic, and hence P has the form

P=0o,F+ FF F+a;F T 4)

for some response functions ¢;. The Lagrangian equations of motion are

VX'P: PLX,;;, (5)
where we tacitly assume that ¥ is continuous and twice differentiable (except at material interfaces).
For the mapping of interest (3), Eq. (5) reduces to

d%u;
PiLl:pLa_tl;la l:17273 (6)

Focusing on motions in which either u; = 0 or u3 = 0, we rewrite Eq. (6) as

821/!2 82u3
=0: Pi1=pPL=5 , P11 =pPL—=>"; 7a,b
U 211 =PL g B =PL— (7a,b)
2%u, 0%uy
u3 =0: Pip ) =PL 57 Py = PL 7 (7¢,d)

Physically, u; = 0 corresponds to transverse motion in the plane perpendicular to X; (Fig. 1b),
whereas u3 = 0 corresponds to coupled axial and transverse motions (Fig. 1¢). We can analyze the
two cases together using a unifying equation by replacing the first index of P in Egs. (7a) and (7c)
by a and in Egs. (7b) and (7d) by b, and writing
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Figure 1: (a) Reference configuration of a representative phase. (b) Illustrative deformation when u; = 0,
and (c) u3 = 0.
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We denote the spatial and temporal derivatives of u; by

u; du; .
g = B_Xll’ Vi = 8_tl’ i=a,b, 9)
and put Eq. (8) in the form
8a —Va 0
g —v 0
N s b - , (10)
PLVa —FPa 0
pLvy ) — Py X 0

which is reminiscent of a conservation equation for the left column. By applying the chain rule, we

obtain
€, 0 0 —pLL 0 €, 0
£ o 0o o -1 £ 0
N P e an
PLVa —-a —B O 0 PLVa 0
PLVp -y =6 0 0 PLVp 0
ot X1
where



dP, JPu1 JPy d Py
e’ P dey’ Y de,’ o, (12)
The eigenvalues of Eq. (11) are the following characteristic wave velocities in the material
1 2
=+y/— |a+d+/(x—95 4 =+ 13
: \/sz[ +0/lo- 87 +4py] = e (13

where ¢4 and c_ correspond to the plus and minus sign of the inner square root, respectively. In
the limit of linear elasticity, c_ and c; associated with Eq. (7c,d) governing coexisting transverse
and axial motions correspond to the velocities of shear and pressure waves, respectively.

Collins (1966) showed that coupled transverse deformations with finite amplitude associated
with Eq. (7a,b) generally propagate as a combination of circularly polarized waves with the velocity
c_ and linearly polarized waves with the velocity c,. This nature of motion is revealed using the
transformation & = €rcos 8 and &3 = €7 sin 0, which decouples the waves such that &7 and 6 are
constants across waves propagating with the velocities c_ and c, respectively.

In the subsequent sections we formulate a finite volume method for layered materials governed

by Eq. (11), and implement it for two fundamental problems of interest.

3 Finite volume method for waves with two coupled compo-

nents

A finite volume method for waves with a single component was developed by LeVeque (1997,

2002). In this section, we generalize his method to waves comprising two coupled components,

governed by equations in the form of Eq. (11).

We define the medium state vector by §:= (&,, &, PLVa vab)T, and further define f := — (Vg Py Boi )T

We consider a grid of uniform length AX, and approximate the values of s and f as constants within

each length element, where the i element is denoted using superscript i (Fig. 2). In order to for-

mulate the finite volume method, we first find an approximate solution to the Riemann problem

between two adjacent phases in cells i and i 4+ 1. To this end, we express the difference between

f+1) and £ as

. A e | (i+1
f(H—l) _f(l) _ Z [[an]]lrl(11> + Z [[an]]zrgz-i- ); (14)
n=3

n=1

here, {r,} are the following eigenvectors of the matrix in Eq. (11)


Gal Shmuel

Gal Shmuel

Gal Shmuel


AX AX AX

Figure 2: Illustration of the discretization of the material in the numerical scheme.
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where = — (ot —prcy) /B, & =B/ (at—prc—), and [a,]’ denotes the jump in f in the direction
of its n'" eigenvector between cells i and i + 1. Thus, Eq. (14) constitutes a linear algebraic system
of equations for [[a,,]]i. Physically, this solution corresponds to four waves—two rightward and
two leftward waves—propagating with the velocities ¢, = —c4, —c_, c_ and c4, which contains
jumps in f and s that are proportional to the respective eigenvectors. Characteristic curves as a
representative solution to the Riemann problem of two adjacent phases in cells i and i + 1 are
shown in Fig. 3.

s+
s() instead of f0+1) —f() In our problem the mismatch in the material parameters between the
adjacent cells results in s containing an additional jump at the interface which is not in the direction
of any of the eigenvectors. Since f must be continuous across the interface, we opt for expressing
the difference in f, as presented in Eq. (14), which delivers in a simpler set of equations.

Next, we combine the approximate solution in a finite volume scheme, similarly to the approach
of LeVeque (1997). We use a Godunov-type method with a second order correction (Godunov,
1959)

. . At .. L At /s s 1
(i) _ (D 2 (i) (=) 2 (241 2(i—1,0)
s (1 4-a0) = s (1) — (f f ) AT (f f ) , (16)
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Figure 3: Representative characteristic curves associated with the solution to the Riemann problem of two
adjacent phases between cells i and i + 1.

where
floit1) (i) 4 [[al]]irgi) + [[az]]irgi) — f(i+1) _ [[a4]]iré(li+1) _ [[a3]]irgi+1) (17)
is the value of f at the interface (see Fig. 3), and

At
AX

o 4 o L C e
f(l,l+1) _ Z Signc’(11+J) (1 N C£l+])‘> [[an]]l r’(11+J) (18)
n=1

is the second order correction, with j equals O (resp. 1) forn = 1,2 (resp. n = 3,4).
While the second order correction improves the numerical solution when the exact solution is
smooth, in case of discontinuities it may lead to unwanted numerical oscillations. To resolve this is-

sue, we use a wave limiter (LeVeque, 1997), namely, we replace [[an]]i inEq. (18) by ¢ <G,Ei’i+l)> [[an]]i,

where ¢ is a function of

Gitl) Cgiﬂ') [[an]]i—2j+1 r;ll'(i+j) ' r'(li—j—i—l)
S )R T B (19)
Cn / [[an]]l M / “In /

The monotonized centered function is a simple example of ¢, defined by

(i,i+1) N
¢ :max{(),min <%+9”T729£”’+‘)) } (20)

Lastly, in order for the method to be numerically stable, it is necessary for the CFL condition
to be satisfied, that is



%mlaxc@ <1. 1)
The left-hand side in Eq. (21) is referred to as the CFL number (Courant et al., 1967). The domain
of dependence of a point {xo,f} is the set of points {x,7} upon which the solution u; (xo,%) has
a dependency. The CFL condition ensures that the domain of dependence of the exact solution
to the partial differential equation is contained within the domain of dependence of the numerical
solution. If the CFL condition is not satisfied, then the exact solution depends on a larger set of
points than the numerical solution. In such case, changing the state in certain points may change the
exact solution but not the numerical solution, and therefore the numerical solution cannot converge

to the exact one.

4 Application to Gentian layers

By way of example, we apply our method for phases governed by the compressible Gent model

(Gent, 1996). The corresponding Gent strain energy density of phase #n is

() 7() TR _ OREOREN
win) (py = H I (3 e (s R R e — 192,

(22)
where 11" and k(") correspond to the shear and bulk moduli in the limit of small strains, respec-
tively, and J,S,,”) models the strain stiffening that rubber exhibits due to the limited extensibility of
its polymer chains. This model—originally developed for capturing the strain stiffening of rubber
at large strains—was recently shown useful by Ziv and Shmuel (2019a) for modeling shear shocks
and tensile-induced shocks (Niemczura and Ravi-Chandar, 2011, Catheline et al., 2003, Espindola
etal., 2017).

We first study in Sec. 4.1 the scattering of an incident shock wave from one half-space, imping-
ing on an interface with a second half-space made of a different material. Subsequently, in Sec. 4.2
we examine a two-phase laminate subjected to a strain pulse. In the numerical examples to follow,
we choose CFL =0.9.

4.1 Interface between two half-spaces

We consider the case of reflection and transmission of an incident shock wave at interface of two
elastic half-spaces. This benchmark problem is chosen since we are able to obtain for it numerical
solutions using standard root-finding algorithms—and specifically Newton’s method—which will

be compared with our finite volume method. We choose the exemplary model parameters

9
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Figure 4: The distribution of € and & at t = 10ms across (a) —0.4m < X; < 0.6m and (b) —0.35m <
X1 < —0.15m for the scattering problem of an incident shock wave from one half-space, impinging on the
interface with a second half-space made of a different material. The pre-shock state is unstrained and at
rest, and the post-shock state is (&, &, vi, v2) = (—0.2, 2.3, 2.6, —32.4). The black line corresponds to the
solution using Newton’s method; orange, magenta and blue circles correspond to our finite volume solutions
when ¢ =0, 1 and when ¢ is given by Eq. (20), respectively.

4k@) = k®) = 2MPa, 4u(@ = u®) = 400kPa, J\) = iV =10, p\¥ = p\?) = 1000kg/m>. (23)

Material a is subjected to a shock wave for which the pre-shock state is unstrained and at rest, and its
post-shock state is (g1, &, v, v2) = (—0.2,2.3, 2.6, —32.4). These initial conditions were chosen
to generate four shock waves, for which we obtain numerical solutions using Newton’s method
(Appendix A). We use a grid of 300 cells per meter and compare solutions using three different
functions for ¢ in our scheme, namely, (i) @ = 0; (i) ¢ = 1; and (iii) ¢ as given by Eq. (20).

Fig. 4a shows the distribution of € (upper panel) and & (lower panel) across —0.4m < X <
0.6m at# = 10ms. The black line corresponds to the numerical solution of the exact equations. The
orange, magenta and blue circles correspond to finite volume solutions when ¢ =0, 1 and when ¢
is given by Eq. (20), respectively. Notably, all solutions obtained by the numerical scheme capture
accurately the strain in the vicinity of the interface. Further, by comparing the three numerical solu-
tions, we observe that the solution obtained with ¢ = 0 qualitatively follows the numerical solution
of the exact equations, but generally fails in recovering the discontinuities. Contrarily, the solution
obtained with ¢ = 1 captures the discontinuities better, albeit at the cost of oscillations in their
vicinity. The solution obtained with the monotonized center limiter outperforms the previous solu-
tions in capturing the shock waves accurately and without oscillations. To facilitate the observation

of these features, we provide a zoom in of the region —0.35m < X; < —0.15m in Fig. 4b.

10
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Figure 5: The strains € and & as functions of X; for a laminate with material parameters (24) and a grid

of 2000 cells per meter. The prescribed initial state is given by Eq. (25) where 81(1) =0, 82(1) =24, A =

A =0.2, L=6m and w = 0.19m. Cyan, red, green and blue lines correspond to t = Sms, 30ms, 55ms and
80ms, respectively.

4.2 Two-phase periodic laminates

We consider an infinite laminate composed of two alternating a and b Gent layers with an equal

length of 2@ = h(®) = 1 cm, undergoing the motion (3). The model parameters of the layers are

k@ = ®) = 1MPa, @ = u® =200kPa, J\¥) = ¥ =10, 8p\”) = p{*) = 4000kg/m>. (24)
The laminate is subjected to the initial strain field

(1) r W 2

g t+Ajcos Xy, —5<X1<73,
(X [:O - ' " : i 25
& (X1, ) ) elsewhere >
[ ’

where si(l),Ai and w are prescribed quantities, and the values of i depend on the type of displace-
ments considered, as described next.

Coupled axial and transverse displacements.—Here, i takes the values 1 and 2, and we set
el =0, &) =24, Ay =4, =0.2and w=0.19m.

Fig. 5 shows & and & as functions of Xi, using a grid of 2000 cells per meter. Cyan, red,

11
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Figure 6: the distribution of &r and 6 as functions of X for a laminate with material parameters (24) and a

grid of 2000 cells per meter. The prescribed initial state is given by Eq. (25) where 82(1) =1, 83(1) =0,A; =

0, A3 =2 and w = 0.2m. Cyan, red, green and blue lines correspond to t = 20ms, 90 ms, 160 ms and 230 ms,
respectively.

green and blue lines correspond to ¢t = 5ms, 30ms, 55ms and 80 ms, respectively. Remarkably, the

rightward propagating wave!

is separated into a train of vector solitary waves, maintaining both
their axial and shear components. This is the first report of such waves in soft laminates, thereby
generalizing the pressure solitary waves in nonlinear laminates observed by LeVeque (2002), and
establishing a continuum counterpart to the vector solitary waves in discrete systems reported re-
cently by Deng et al. (2017, 2018, 2019b).

Coupled transverse displacements in two dimensions.—In this case i =2 and 3, and we set
el =1, &) =0,4,=0, Ay =2and w=0.2m.

Fig. 6 shows €7 and 0 as functions of X1, using a grid of 2000 cells per meter. Cyan, red, green
and blue lines correspond to t = 20ms, 90ms, 160ms and 230ms, respectively. Notably, the field
propagates as a train of linearly polarized solitary waves, followed by a single slower circularly

polarized wave, which approximately maintain its shape.

'Owing to the symmetry of the problem, a mirrored wave that is propagating to the left is also generated.
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5 Summary

We have developed a designated scheme to numerically solve the equations that govern elastic
waves with two coupled components of finite amplitude in laminates made of nonlinear layers.
Our method generalizes the approach of LeVeque (2002), who incorporated solutions for Riemann
problems in finite volume schemes to solve the case where there is only an axial displacement. Our
extension accounts for the generation of additional waves with respect to one-component problems,
using a suitable matrix formulation which also captures the coupling between the different compo-
nents of the displacement field. We have specifically addressed two cases, namely, a motion with
coupling between its axial and transverse components, and a motion with two coupled transverse
components.

The first application of our method was in a benchmark problem of an incident shock impinging
on an interface between two half-spaces made of different materials. The constitutive response of
the half-spaces is described by the Gent model, which was shown to capture experimental data
of shear shock waves and tensile-induced shocks in soft materials. For this problem, numerical
solutions using standard root-finding algorithms are accessible, and a comparison between such
solutions using Newton’s method and our method has shown an excellent agreement between the
two solutions. Notably, the employment of a wave limiter in our scheme demonstrated a significant
improvement of the results near discontinuities in the solution.

Our second application was for an initially strained periodic laminate made of two alternating
Gent layers. In the case of coupled axial and transverse displacements, our method revealed the
generation of vector solitary waves. This is the report of such waves in a continuum medium, cf.
the report of vector solitary waves in discrete mechanical systems by Deng et al. (2017, 2018,
2019b). In the case of a coupling between two displacement components in the plane of the layers,
our scheme revealed a single propagating circularly polarized wave that follows a train of linearly
polarized solitary waves. The framework we developed offers a platform for a comprehensive study
of these type of waves, to be pursued in a future work (Ziv and Shmuel, 2019b), as well as their

extension to higher dimensional problems.
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Appendix A. Solution to a transmission problem between two

half-spaces

The general solution to the interface problem formulated in Sec. 4.1 consists of four waves, namely,
two leftward propagating waves and two rightward propagating waves. When the waves propagate

as shocks, the jump conditions across each shock are (Davison, 1966)

PL [[V1HV+ [[Pll]] =0, H81HV+ [[Vl]] =0,
)3 HVz]]V-{— [[le]] =0, [[82]]V+ [[VQ]] =0,

where [o] is the jump in (o) ahead and behind the shock and V is the shock velocity. The continuity

(A.1)

of the velocity and traction at the interface is

Vga) vgb)
(a) (b)

V2 N B

s | =] | (A.2)
11 11
a b

Py Py

Egs. (A.1) and (A.2) yield 20 equations for determining 16 field variables and 4 shock velocities.
The components vy, vo, Pj1, and P> are nonlinear functions of the deformation, hence closed-form
solutions are not accessible. The numerical solution to the interface problem formulated in Sec. 4.1
is obtained with Newton’s method using the commercial software Mathematica 11.3 (Wolfram

Research, Inc.).
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