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Abstract

This study presents a novel continuum-based semi-analytical framework for the analysis of

floating energy piles embedded in generalised inhomogeneous soils. The soil is modelled as

an approximate Tajimi-type continuum. Vertical soil inhomogeneity is incorporated into the

model by formulating a generalised eigenvalue problem for the evaluation of the soil modes,

which are approximated through a series expansion in terms of simple trigonometric functions.

The pile and the soil column beneath its tip are represented as a single axially deforming

rod, and the restraint effect provided by thermally inactive piles connected to the same

cap is accounted for through a concentrated spring at the pile head. In this way, a unified

framework in which continuous and piecewise functions, or arbitrary combinations thereof,

are used to describe the variation of soil stiffness with depth, is developed to derive the

axial force along energy piles. The proposed solution is also extended to include mechanical

loads. The predictive capability of the proposed model is assessed through comparisons with

established analytical solutions, complex fully coupled numerical analyses and data from full-

scale field tests on energy piles supporting a real structure. The very close agreement confirms

the reliability of the proposed framework as an efficient alternative to computationally

demanding numerical approaches, which can serve as a simple tool for pile design.

Keywords: energy piles; continuum analytical model; pile design; generalised soil inhomo-

geneity

1 NOTATION

Ap pile cross-sectional area

Bm Fourier coefficients

E(z) pile-soil rod Young’s modulus
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E
′
(z) first derivative of E(z)

Ep pile Young’s modulus

Es(z) depth-dependent soil Young’s modulus

Gs0 soil shear modulus at the ground surface (z = 0)

GsL/2 soil shear modulus at the depth of half pile length (z = L/2)

Gs(z) depth-dependent soil shear modulus

Gsi shear modulus of the i-th soil layer

H() Heaviside step function

K0 modified Bessel function of zero order and second kind

K1 modified Bessel function of first order and second kind

Kh pile head spring stiffness

L pile length

N(z) axial force acting along the pile-soil rod

dN(z)/dz first derivative of N(z)

Nlayers total number of horizontal soil layers

Nmax maximum thermally induced axial load

Ns total number of sinusoidal functions

Nt total number of modes used in the series expansions

P pile head load

Rkm Nt ×Nt matrix

Sm
j Fourier coefficients for the soil modes approximation

aj parameters defining the sinusoidal basis functions

b inhomogeneity parameter

d pile diameter

h thickness of the soil deposit

hi−1, hi depth of the interface between consecutive soil layers

n inhomogeneity parameter

qm argument of the Bessel functions

r radial coordinate

sm dimensionless argument of the Bessel functions

ur radial soil displacement

uz = uz(r, z) vertical soil displacement

w(z) vertical displacement of the pile-soil rod

dw(z)/dz first derivative of w(z)

z vertical coordinate

α coefficient of the thermal expansion of the pile material

δ() Dirac delta distribution

δkm Kronecker delta

ηs soil compressibility parameter

λm m-th eigenvalue
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νs soil Poisson’s ratio

Φm(z) m-th soil mode

Φm(0) m-th soil mode evaluated at the pile head level

Φm(h) m-th soil mode evaluated at the base of the soil deposit

Φ
′
m(z) first derivative of the m-th soil mode

Φk(z) k-th soil mode

Φk(0) k-th soil mode evaluated at the pile head level

Φk(L) k-th soil mode evaluated at the level of the pile tip

Φk(h) k-th soil mode evaluated at the base of the soil deposit

Ψ(z) sinusoidal basis functions

Ψ
′
(z) first derivative of sinusoidal basis functions

σz vertical normal stress in the soil

τrz(r, z) vertical shear stress in the soil

τ0(z) vertical shear stress at the soil-pile interface

Θh normalised pile head spring stiffness

∆T uniform temperature change in the pile

2 INTRODUCTION

Pile foundations are generally subjected to axial solicitations, which can be due, e.g., to the dead

loads transferred from the overlaying building and to the thermal exchange between some piles

and the surrounding soil (e.g., Brandl(2006)). While assessing pile response under conventional

superstructure loads is engineering practice, estimating the effect of temperature variations on

their performance is a less consolidated and more challenging task. This has been exacerbated

by the lack of easy-to-use design tools to employ in routine engineering.

Recently, some analytical solutions have been developed for energy piles embedded in

multilayer soil. Iodice et al.(2020) used a Winkler-type model and furnished simple expressions

to be employed in geotechnical and structural design, along with spring stiffness coefficients

calibrated through numerical analyses. They also suggested some rules for the selection of

effective soil shear moduli to use in these solutions to account for nonlinear soil behaviour,

as well as for the spring stiffness at the pile head to simulate a certain degree of restraint

(Iodice et al.(2023)). Other Winkler-type models are also available in literature (Knellwolf et

al.(2011), Perić et al.(2020), Olia & Perić(2021), Najma and Sharma(2021), Lyu et al.(2026)),

some of which anyhow are developed in an elastic framework.

On one side, these models are usually very simple to implement and are already commonly

employed for purely mechanical loads; on the other side, whatever the loading type, they always

require a proper selection of the spring stiffness which can be derived by mean of theoretical,

experimental or empirical approaches (e.g., Mylonakis(2001),Salgado et al.(2013)). As a result,

their predictive capabilities can be undermined by inadequate modeling of soil stiffness through

springs, especially in case of inhomogeneous soil.

Continuum-based analytical and semi-analytical approaches are capable to inherently ac-

count for the three-dimensional nature of the soil–pile interaction mechanism without requiring

3



ad hoc calibration of spring constants. In this context, Tajimi-type formulations already

developed for piles and walls under mechanical loads Tajimi(1969),Nogami & Novák(1976),Velet-

sos and Younan(1994), Mylonakis(2001), Anoyatis(2013), Anoyatis et al.(2019), Anoyatis et

al.(2023), Della Corte et al.(2025), Della Corte et al.(2026a), Della Corte et al.(2026b), Della

Corte et al.(2026c)) can be simply modified to incorporate thermally-induced solicitations. A

first attempt was carried out by Iodice & Anoyatis(2024) who used a Tajimi-type model to study

the case of end-bearing piles subjected to temperature variations, embedded in homogeneous

deposits and in soil characterized by a linear increase of stiffness with depth. This work has been

recently extended by Della Corte et al.(2026d) to floating piles specifically for homogeneous soil.

On the same fashion, other continuum-based solutions are available in literature. Huang

et al.(2025) presented a three-dimensional analytical model for the thermo-mechanical response

of a single end-bearing energy pile embedded in homogeneous soils, which, however involves

considerable mathematical complexity and implementation effort due to its three-dimensional

framework. Paul and Basu(2026) developed an analytical model for a single energy pile embed-

ded in multilayer soils. A novelty of this work is that soil temperature change is incorporated

in the model.

Despite these advantages, there are still several aspects not covered by the few continuum-

based analytical solutions available in literature. Among the others, soil inhomogeneity is

restricted to a handful of cases, they are developed for free-head energy piles and the possible

effect of soil nonlinear behaviour is not considered. To fill these gaps, this paper presents a novel

semi-analytical continuum-based framework for the analysis of floating energy piles embedded in

inhomogeneous soils, allowing for continuous and piecewise functions, or arbitrary combinations

thereof, to describe the variation of soil stiffness with depth. The energy pile is provided with

a spring at its head to simulate a certain degree of restraint due to the presence of thermally

inactive piles connected to the same rigid cap. Note that the calibration of this spring is

conceptually different from that of a Winkler-type model. Indeed, it can be simply derived

employing equilibrium and compatibility equations following Iodice et al.(2023).

The soil is considered as a heat reservoir at constant temperature; neglecting the effect of soil

temperature change on the thermomechanical response of the pile is a reasonable assumption

(Iodice et al.(2020b),Iodice et al.(2023),Paul and Basu(2026)). It is modelled as an approximate

Tajimi-type continuum, reducing the two governing elastic equations for an axisymmetric

problem to a single equilibrium equation in the vertical direction (Mylonakis(2001), Anoyatis

et al.(2019)). The soil column under the pile tip is treated as a pseudopile, with properties

identical to those of the surrounding soil. Both the actual and the pseudo-pile segments are

modelled as a single axially deforming rod (Anoyatis(2013), Liu and Liu(2024), Della Corte

et al.(2026c)). The solution is expressed as a linear combination of soil modes along the

vertical coordinate, and vertical soil inhomogeneity is incorporated into the model through

the formulation of a generalised eigenvalue problem for the evaluation of the soil modes. These

modes are approximated through a series expansion in terms of simple trigonometric functions.

Note that although the soil is considered to behave as elastic, nonlinearity is simply accounted

for by reducing the small-strain stiffness according to Iodice et al.(2023).

The so-derived solution is then extended to include mechanical loads. This is done exploiting
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the principle of superposition, employing the semi-analytical solution derived by Della Corte et

al.(2026c) for axially loaded floating piles embedded in generalized inhomogeneous soil.

The main novelties of this work are: establishing a unified framework for floating energy piles

that allows to describe any variation of soil stiffness with depth; introducing pile-head restraint

by means of a spring connected at its head; developing a unique semi-analytical approach to

derive the thermo-mechanical axial force along energy piles subjected to simultaneous mechanical

and thermal loads; considering soil nonlinearity drawing upon existing literature.

The predictive capability of the proposed model is assessed through comparisons with

established analytical solutions, complex fully coupled numerical analyses and data from full-

scale field tests on energy piles supporting a real structure. The comparisons revealed excellent

agreement. The effect of selected soil inhomogeneity on the thermally induced axial load is also

investigated by means of a parametric study.

Approximate continuum approaches represent an attractive alternative in pile design, since

they retain the essential features of the three-dimensional soil–pile interaction while allowing

for a simpler mathematical treatment, avoiding parameter calibration as required in case of

Winkler-type models. This framework provides a basis for future developments, including the

extension to pile-to pile interaction for energy pile groups (e.g., Rotta Loria and Laloui(2016),de

Silva et al.(2025)).

3 PROBLEM CONSIDERED

The proposed model first addresses the case of a single floating energy pile subjected to a constant

temperature change, ∆T (Figure 1). The pile has length L and diameter d, and is embedded in

an inhomogeneous elastic soil layer of thickness h that rests on a rigid base. Soil inhomogeneity

is incorporated through a depth-dependent soil shear modulus, Gs(z), which can be described

by continuous and piecewise functions, or arbitrary combinations thereof.

In case of continuously inhomogeneous soils, the following generalised power-law function is

employed:

Gs(z) = GsL/2

[︃
b+ (1− b)

(︃
z

L/2

)︃]︃n
(1)

where z is the vertical coordinate (defined positive downward from the ground surface), GsL/2 is

the soil shear modulus at z = L/2, and n and b are dimensionless inhomogeneity parameters with

b =
(︁
Gs0/GsL/2

)︁1/n
, where Gs0 is the soil shear modulus at z = 0. Equation (1) can reproduce

a wide range of soil profiles commonly encountered in practice. For example, n = 1 and b = 1

yields the case of a homogeneous medium, as for heavily overconsolidated clay; while n = 1 and

b = 0 returns a Gibson-type profile with zero stiffness at soil surface. Moreover, using n = 1

gives a linear increase of stiffness with depth, which is generally adequate for soft cohesive soils,

whereas cohesionless soils are usually well described by a less-than-linear distribution of shear

modulus with depth, which can be obtained setting n = 0.5 (Di Laora & Rovithis(2015),Anoyatis

et al.(2019)).

For the case of layered soils, the variation of soil stiffness is conveniently expressed using the
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Heaviside step function, H():

Gs =

Nlayers∑︂
i=1

Gsi

[︁
H(z − hi−1)−H(z − hi)

]︁
(2)

where Nlayers is the total number of horizontal soil layers, Gsi is the shear modulus of the i-th

layer, and hi−1 and hi denote the depth of the interface between layers i− 1 and i, and layers i

and i+ 1, respectively, with h0 = 0 and hNlayers
= h.

The soil medium has a constant temperature and is modelled as an approximate continuum

of Tajimi-type accounting solely for the effect of the vertical soil displacement component, uz,

on the normal, σz, and shear, τrz, stresses while the influence of the radial displacement, ur,

is considered to be negligibly small (Mylonakis(2001), Anoyatis and Mylonakis(2012), Anoy-

atis(2013),Della Corte et al.(2026c)). The pile has Young’s modulus Ep and its head is connected

to a concentrated spring of stiffness Kh to simulate the restraining action exerted by thermally

inactive piles connected to the same rigid cap.

Both the actual pile and the soil column under its tip (pseudo-pile) are modelled as a single

axially deforming rod of constant cross-sectional area, Ap, and Young’s modulus expressed as

follows (Anoyatis(2013),Liu and Liu(2024),Della Corte et al.(2026c)):

E(z) = Ep + (Es(z)− Ep)H(z − L) (3)

where Es(z) is the Young’s modulus of the soil. The latter can be derived from Gs(z) considering

that a constant Poisson’s ratio, νs, is assumed throughout the soil thickness. According to

equation (3), the section of the rod representing the soil underneath pile tip has stiffness Es(z).

Perfect contact (i.e., neither gap nor slippage) is assumed at the soil-pile interface.

4 MODEL DEVELOPMENT

In the following, the analysis will first focus on the soil medium and then on the pile-soil

interaction.

4.1 Soil analysis

For a Tajimi-type continuum, the equilibrium of a soil element along the vertical direction

in axisymmetric conditions returns the following second-order homogeneous partial differential

equation (Anoyatis et al.(2019)):

Gs(z)
1

r

∂

∂r

(︃
r
∂uz
∂r

)︃
+ η2s

∂

∂z

(︃
Gs(z)

∂uz
∂z

)︃
= 0 (4)

where uz = uz(r, z) is the vertical soil displacement in cylindrical coordinates, i.e., the unknown

of the problem, and η2s = 2/(1 − νs) is a compressibility parameter related to the Tajimi

approximation (Mylonakis(2001),Anoyatis et al.(2019)).

The solution of equation (4) can be obtained by applying the method of separation of
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Figure 1: Schematic representation of the problem considered.

variables. By imposing

uz(r, z) = R (r) Φ (z) (5)

the following two ordinary differential equations are obtained (Anoyatis(2013)):

R′′(r) +
1

r
R′(r) − q2R(r) = 0 (6)

and (︁
Gs(z) Φ

′(z)
)︁′

+ λGs(z) Φ(z) = 0 (7)

in which λ are the eigenvalues and Φ(z) are the corresponding eigenfunctions (soil modes) of

the Sturm–Liouville (SL) problem, with Φ′(z) being the first derivative of the soil modes, and

q = ηs
√
λ.

It is noted that equation (6) is a linear second-order ordinary differential equation whose

solution was derived by Mylonakis(2001) and Anoyatis et al.(2019). As concerns equation

(7), it represents a (SL) problem with variable coefficients. Its exact solution was presented

by Anoyatis et al.(2019), while, recently, an approximate expression was derived by Della

Corte et al.(2025),Della Corte et al.(2026c) using pertinent generalised Fourier series expansion,

extending the application of (SL) theory also to dynamic soil–pile interaction problems (Della

Corte et al.(2026b)). The latter is used in the proposed approach. In particular, the soil modes

are expressed as follows:

Φm(z) =

Ns∑︂
j=1

Sm
j Ψj(z) (8)
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where Sm
j are Fourier coefficients and Ψj(z) are sinusoidal functions:

Ψj(z) = cos(ajz) (9)

with aj = (π/2h)(2j − 1) and j = 1, 2, 3, ... Ns, where Ns is the total number of sinusoidal

functions considered in the series expansion. The Fourier coefficients can be obtained from

equations (7) and (8), integrating along the thickness of the soil layer and enforcing two boundary

conditions, one at the base of the soil layer, where Φm(h) = 0 (zero displacement), and the other

at soil surface, where Φ′
m(0) = 0 (zero normal stress). This way, the following expression is

derived:

Ns∑︂
j=1

Sm
j

(︃∫︂ h

0
Gs(z)Ψ

′
j(z)Ψ

′
k(z) dz

)︃
−

Ns∑︂
j=1

Sm
j λm

(︃∫︂ h

0
Gs(z)Ψj(z)Ψk(z) dz

)︃
= 0 (10)

Once the eigenvalue problem is solved, the displacements and shear stresses in the soil can

be derived using the following expressions:

uz(r, z) =

Nt∑︂
m=1

BmK0(qmr)Φm(z) (11)

and

τrz(r, z) = −Gs(z)
duz(r, z)

dr
= Gs(z)

Nt∑︂
m=1

Bm qmK1(qmr)Φm(z) (12)

where Nt is the total number of modes used in the series expansion, and K0(·) and K1(·) are the
modified Bessel functions of the second kind, of zero and first order, respectively. Bm are the

unknown Fourier coefficients, which will be determined in the next section (soil-pile interaction

analysis) by enforcing perfect contact at the soil-pile interface.

4.2 Soil-pile interaction analysis

When a pile is subjected to a temperature variation it experiences elongation or shortening due

to heating or cooling, respectively. The magnitude of thermally-induced axial strains depends

on the restraining action exerted on the pile by the soil along the shaft and underneath its base,

and by other piles connected to the same cap. As a consequence, a thermally-induced axial force

develops, N(z), which for the elastic pile-soil rod in the proposed model can be expressed as

follows (Della Corte et al.(2026d)):

N(z) = E(z)Ap

(︃
α∆TH(L− z)− dw(z)

dz

)︃
(13)

where α is the coefficient of the thermal expansion of the pile material (here expansion is

considered positive) and w(z) is the vertical displacement of the pile-soil rod which is the

unknown of the problem. The first term in brackets represents the thermal strain that the

pile would be subject to if free to displace, while the second is the strain which actually develops

due to the imposed temperature variation. Note that the soil column under pile tip doesn’t

experience any temperature variation; it undergoes mechanical deformation induced by pile
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elongation or shortening.

The equilibrium of vertical forces acting on a pile-soil rod segment yields the following

governing equation:
dN(z)

dz
+ πdτ0(z) = 0 (14)

where τ0(z) = τrz(d/2, z) is the vertical shear stress at the soil-pile interface which can be

calculated using equation (12).

Substituting equation (13) into the above equilibrium equation, one obtains:

− E(z)Ap
d2w(z)

dz2
− E′(z)Ap

dw(z)

dz
+ πd τ0(z)

= E(z)Ap α∆T δ(L− z) − E′(z)Ap α∆T H(L− z)

(15)

where E′(z) stands for the first derivative of E(z) with respect to z, and δ() is the delta Dirac

distribution coming from the first derivative of H() with respect to z.

Equation (15) is a second order differential equation and can be solved upon some math-

ematical manipulations and by enforcing two boundary conditions, one at pile head where

the axial force is a function of Kh and the other at the base of the model where Φk(h) = 0.

In particular, considering perfect contact at the pile-soil interface, i.e., w(z) = uz(d/2, z),

substituting Equations (11), and (12) into (15), multiplying by Φk(z), and integrating with

respect to z in the interval (0, h), one obtains:

Ap

Nt∑︂
m=1

BmK0(sm)

∫︂ h

0
E(z)Φ′

m(z) Φ′
k(z) dz + KhΦk(0)

Nt∑︂
m=1

BmK0(sm) Φm(0) +

2π Bk sk K1(sk)

∫︂ h

0
Gs(z) Φ

2
k(z) dz = EpAp α∆T (Φk(L)− Φk(0))

(16)

where sm = qm d/2 is the dimensionless argument of the Bessel function K( ). Equation (16)

can be rearranged in matrix form as follows:

[︁
Rkm

]︁
{Bm} = EpAp α∆T {Φk(L)− Φk(0)} (17)

where Rkm is an Nt ×Nt matrix:

Rkm = ApK0(sm)

(︃∫︂ h

0
E(z)Φ′

m(z) Φ′
k(z) dz

)︃
+ KhΦk(0)Φm(0)K0(sm) +[︃

2π sk K1(sk)

(︃∫︂ h

0
Gs(z) Φ

2
k(z) dz

)︃]︃
δkm

(18)

and the terms related to Kronecker delta contribute only to the diagonal terms of the matrix

(i.e., δkm = 0 for m ̸= k and δkm = 1 for m = k) as determined by the orthogonality property of

the soil modes (Anoyatis(2013),Anoyatis et al.(2019)).

Thus, the displacement and the shear stress of the soil-pile rod are obtained as follows:

w(z) =

Nt∑︂
m=1

BmK0(sm)Φm(z) (19)
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τ0(z) = Gs(z)

Nt∑︂
m=1

Bm qmK1(sm) Φm(z) (20)

where the coefficients Bm are calculated using equation (17).

Then thermally induced axial force on the pile-soil rod, N(z), is determined numerically by

means of equations (14) and (20).

Beyond pile geometry and stiffness, the proposed solution only requires a handful of ingredi-

ents, which are the soil stiffness and soil Poisson’s ratio, and the stiffness of the spring at pile

head.

5 MODEL VERIFICATION AND VALIDATION

5.1 Influence of the total number of modes Nt

Since the proposed solution is expressed as a linear combination of soil modes along the vertical

coordinate, a convergence analysis is performed with respect to the total number of modes, Nt.

Figure 2 shows the influence of Nt on the normalised maximum thermal load, Nmax /α∆TEpAp,

for selected pile slenderness ratios, L/d, and two pile-soil stiffness ratios, namely (a) and

(c) Ep/GsL/2 = 100 and (b) and (d) Ep/GsL/2 = 5000. Two soil stiffness profiles are considered:

homogeneous soils (grey lines) and a soil with a linear variation of stiffness with depth and zero

stiffness at the surface (black lines). The soil layer has a dimensionless thickness of h/L = 2,

while its Poisson’s coefficient is set to 0.4. The analyses are carried out with reference to both

free- and fixed-head piles. This is achieved by choosing appropriate values for the dimensionless

head stiffness, Θh = KhL/EpAp. In particular, Θh = 0 and Θh = 105 are used for free-

and fixed-head conditions, respectively. Note that the latter value is the result of a sensitivity

analysis showing that practically fully restrained conditions are already attained for Θh ≥ 104.

It is evident that sufficient convergence of the solution is achieved for Nt ≥ 80. Therefore,

all subsequent analyses are performed using Nt = 100 modes.

5.2 Influence of the soil deposit thickness

The proposed model accounts for the presence of a bedrock at z = h. It is noted that the

analyses in Figure 2 are carried out for h/L = 2 which can be considered as representative of a

fully floating pile, as demonstrated in the ensuing.

To investigate the influence of h/L on the normalised maximum thermal load,

Nmax /α∆TEpAp, Figure 3 shows the results of some analyses involving different pile

slenderness ratios, L/d, and two pile-soil stiffness ratios, namely (a) Ep/GsL/2 = 100

and (b) Ep/GsL/2 = 5000, considering both homogeneous (grey lines) and inhomogeneous

distributions (black lines). The pile has no restraint at its head. As expected, the maximum

thermal load decreases as h/L increases, up to approximately h/L ≈ 1.5, beyond which it

becomes essentially insensitive to further increases in layer thickness. This trend reflects

the progressive reduction of the influence of the rigid base, and for h/L ≈ 1.5 the response

approaches that of a pile embedded in a half-space.
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Figure 2: Investigation of the effect of the total number of modes, Nt, on the normalised
maximum thermal load, Nmax /α∆TEpAp, for selected pile slenderness ratios, L/d, and two
pile-soil stiffness ratios: (a) and (c) Ep/GsL/2 = 100 and (b) and (d) Ep/GsL/2 = 5000. The
grey lines refer to homogeneous soils (n = 1, b = 1 in Eq. (1)), and the black ones to soils with
a linear variation of the stiffness with depth and zero stiffness at the surface (n = 1, b = 0 in
Eq. (1)). h/L = 2, νs = 0.4.
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Figure 3: Investigation of the effect of the soil normalised thickness, h/L, on the normalised
maximum thermal load, Nmax /α∆TEpAp, for selected pile slenderness ratios, L/d, and two
pile-soil stiffness ratios: (a) Ep/GsL/2 = 100 and (b) Ep/GsL/2 = 5000. The grey lines refer to
homogeneous soils (n = 1, b = 1 in Eq. (1)), and the black ones to soils with a linear variation
of the stiffness with depth and zero stiffness at the surface (n = 1, b = 0 in Eq. (1)). νs = 0.4,
Θh = 0 (free-head).

5.3 Validation against analytical solution and numerical analyses

The predictive performance of the proposed model is verified against the Winkler-type analytical

solution reported by Iodice et al.(2020), as well as against the results of some linear elastic Finite

Element analyses carried out by the same authors.

Figure 4 shows a comparison in terms of normalised thermally induced axial load,

N(z)/α∆TEpAp, developed along normalised depth, z/L, for selected L/d and for Ep/GsL/2 =

1000. The results refer to a free-head pile embedded in a homogeneous deposit (Figure 4 (a))

and in a deposit characterized by a stiffness profile proportional to depth (Figure 4 (b)). Note

that the stiffness of this two distributions is selected such that it matches at z/L = 0.5.

Overall, good agreement is observed among the three approaches. In particular, the proposed

solution shows a close match with the numerical analyses confirming its predictive capability.

The slight overestimation of the dimensionless thermally induced axial load is attributed to the

approximate nature of the continuum-based formulation. It can be noted that the normalised

thermally induced axial load increases with increasing pile slenderness ratio regardless of soil

inhomogeneity. Since the stiffness at pile mid-length is the same, as expected, N(z)/α∆TEpAp

in the upper portion of the pile is largest for homogeneous soil, while the opposite occurs toward

pile base. Moreover, the normalized maximum thermally induced axial load is placed at a deeper

location in case of stiffness proportional to depth (i.e., the null point is at about z/L ≃ 0.71-

0.73, Figure 4 (b)) compared to constant stiffness distribution (i.e., the null point is at about

z/L ≃ 0.55, Figure 4 (a)).

Figure 5 presents the same comparison as Figure 4 for the case of fixed-head energy pile.
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A very good agreement is detected, especially for inhomogeneous soil. Anyhow, it is worth

noting that when the soil stiffness is constant, the proposed solution shows a local deviation in

the vicinity of pile head (Figure 5 (a)). Indeed, while the Winkler-type solution and the FE

results attain the maximum axial load at z = 0, the distribution derived with the continuum-

based approach predicts that the maximum load is located at z/L ≈ 0.18. This deviation is

attributed to the approximate nature of the adopted continuum formulation, which leads to a

singularity in the shear stress profile near pile head, resulting in a boundary-layer-type behaviour

Anoyatis and Mylonakis(2012). The equilibrium of forces in the radial direction is not satisfied

in this approach, nor is the boundary condition of vanishing shear stress at the soil surface

Mylonakis(2001). This has an influence on the shear stress distribution (Figure 6), which, in

case of fixed-head pile embedded in a soil with constant stiffness, changes sign at z/L ≈ 0.18

(Figure 6 (b)), producing a local maximum in the axial load through the pile-soil equilibrium

relation. Nevertheless, this effect has limited practical significance, as it does not appreciably

affect the overall axial load distribution along the pile. For a Gibson soil profile with Gs(0) = 0,

since the shear stress vanishes at z = 0 by definition (Figure 6 (b)), as follows directly from

Equation (12) , the near-surface behaviour has much less influence on the axial load distribution,

and the proposed solution closely matches the FE results also at ground surface.
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Figure 4: Variation of the normalised thermal axial load, N(z) /α∆TEpAp, with the normalised
depth, z/L, for selected pile slenderness ratios, L/d, and pile-soil stiffness ratio Ep/GsL/2 = 1000,
in case of (a) homogeneous (n = 1, b = 1 in Eq. (1)) and (b) inhomogeneous soils (n = 1, b = 0
in Eq. (1)). Comparison of the proposed solution with the finite element results and the energy
solution of Iodice et al.(2020). h/L = 2, νs = 0.4, Θh = 0 (free-head).

5.4 Validation against experimental data

To further assess the predictive capability of the proposed model, it has also been validated

against some data gathered from field measurements as well as against the results of Finite

Element nonlinear analyses.

Two well-documented experimental campaigns are considered, which refer to an isolated
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Figure 5: Variation of the normalised thermal axial load, N(z) /α∆TEpAp, with the normalised
depth, z/L, for selected pile slenderness ratios, L/d, and pile-soil stiffness ratio Ep/GsL/2 = 1000,
in case of (a) homogeneous (n = 1, b = 1 in Eq. (1)) and (b) inhomogeneous soils (n = 1, b = 0
in Eq. (1)). Comparison of the proposed solution with the finite element results and the energy
solution of Iodice et al.(2020). h/L = 2, νs = 0.4, Θh = 105 (fixed-head).
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Figure 6: Variation of the normalised interface shear stress, τ0(z)πdL /α∆TEpAp, with the
normalised depth, z/L, for a homogeneous (n = 1, b = 1 in Eq. (1)) and inhomogeneous soils
(n = 1, b = 0 in Eq. (1)). (a) free-head (Θh = 0), and (b) restrained-head (Θh = 105). L/d = 20,
Ep/GsL/2 = 1000, h/L = 2, νs = 0.4, Nt = 250.
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energy pile embedded in a soil with stiffness linearly increasing with depth and to a group of

energy piles in a layered deposit, as detailed in the ensuing.

A single pile test carried out at the Lambeth College, London, UK, is reported by Bourne-

Webb et al.(2009). It involved a 23 m long pile having a diameter of 0.61 m, up to about 5 m,

and of 0.55 m along the remaining length, embedded in a London Clay layer, overlaid by a 4 m

stratum of made ground and river terrace deposits. The temperature variation was preceded by

the application of a vertical mechanical load at pile head which was kept constant throughout

the following tests, at 1200 kN. Thermal testing began from an initial temperature of about

20 ◦C, and involved pile cooling up to approximately 0 ◦C, followed by pile heating up to about

30 ◦C, and by three daily cycles.

The thermally-induced axial force exerted along pile length after the cooling phase is reported

in Figure 7. This is derived from the strain recorded during the tests via optical fibre sensors,

OFS (Amatya et al.(2012)). In particular, measurements were available after the application of

the mechanical load and at the end of the first cooling; the difference between these two sets of

measurements represents the second term in brackets of Equation (13). The first term is simply

derived from temperature recordings through OFS (Amatya et al.(2012)).

In the proposed approach, the pile is considered to have a constant diameter of 0.55 m, while

the small-strain shear modulus of the clay is estimated following Vardanega and Bolton(2011),

who proposed Gs(z) = 320.7 su(z) for London clay, where su(z) is the soil resistance in undrained

condition. Soil and pile properties are adopted from Amatya et al.(2012). Since the test involves

an isolated pile, no restraint is considered at pile head.

Figure 7 compares the predictions of the proposed analytical solution with the thermally-

induced axial load derived from OFS measurements; the Winkler-type energy solution by Iodice

et al.(2020) is also reported for comparison. It can be noted that agreement with the field

measurement is excellent.
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Figure 7: Lambeth College test: Comparison between the field data, the energy solution of
Iodice et al.(2020) and the proposed solution.
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The other case history concerns the foundation of a water retention tank, which consists of a

0.9 m thick raft supported by 16 conventional piles, 16 m long and 0.6 m in diameter, together

with 4 energy piles, EP1-EP4, 28 m long with a diameter of 0.9 m (Mimouni and Laloui(2015),Di

Donna et al.(2016),Rotta Loria and Laloui(2018)). A plan view of the foundation is provided

in Figure 8. The group is embedded in a layered deposit made of four strata, overlying a stiff

bedrock. Note that the top 4 m of each pile is thermally insulated to prevent thermal interaction

with the water stored in the tank. Therefore, the energy piles are considered to be 24 m long.

Further details about pile layout and instrumentation can be found in the original references.

The thermal testing was carried out during the construction of the tank; thus, piles are

subjected to simultaneous thermo-mechanical solicitations. In the following, pile and soil

properties, applied loads and the exerted degree of restraint at pile heads are selected following

Iodice et al.(2023). In particular, the small strain soil shear modulus has been reduced to

consider in a straightforward manner the development of nonlinearities due to the application

of the vertical mechanical load. This reduction is expressed through a factor which is evaluated

from the load-settlement relationship of the pile, deduced from the data available in the related

references. In addition to this, to account for the restraint at pile head, Kh has been calibrated

by solving a simple system of equilibrium and compatibility equations. This is written by

representing the piles as concentrated springs attached to a rigid raft, with a stiffness equal to the

axial stiffness of the corresponding piles (Randolph and Wroth(1978)). The active piles are then

subjected to a known thermally-induced displacement, equal to that at the head of a free-head

pile. The calculations were carried out both considering and neglecting thermal and mechanical

pile-to-pile interaction effects (Rotta Loria and Laloui(2016),Randolph and Wroth(1978)). Kh

is then estimated as the ratio between the load and the settlement experienced by the thermally

active pile (Iodice et al.(2023)).

Figure 8 compares the thermally induced axial stress as derived from different tests on the

same foundation, with the predictions obtained using the proposed model and the corresponding

results by Iodice et al.(2023). In particular, single pile tests were reported by Mimouni and

Laloui(2015), Di Donna et al.(2016) and Rotta Loria and Laloui(2018) in which one energy pile

is activated at a time; moreover, Rotta Loria and Laloui(2018) also reported the result of a group

test in which the 4 energy piles were thermally activated simultaneously (EP1-All in Figure 8).

The results suggest that the proposed semi-analytical solution can capture pile behaviour

very well; since the tests involved both single pile and group configurations, the capability

of reproducing a certain degree of restraint at pile head is also verified. As expected, the

incorporation of thermal and mechanical pile-to-pile interaction leads to a lower thermally-

induced axial stress profile.

6 PARAMETRIC ANALYSIS

The effect of different soil shear modulus profiles on the distribution of the normalised thermally

induced axial load with normalised depth, is shown in Figure 9, for L/d = 30, Ep/GsL/2 = 1000,

and both free- and fixed-head conditions. In particular, four continuous distributions of soil

stiffness with depth are considered, all sharing the same soil shear modulus at z = L/2, together

with two two-layer soil profiles whose average stiffness is equal to that of the continuous profiles
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solution of Iodice et al.(2023) and the proposed solution.
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Figure 9: Effect of different soil shear modulus profiles on the distribution of the normalised
thermal axial load, N(z) /α∆TEpAp. (a) results for free-head case (Θh = 0), (b) fixed-head case
(Θh = 105), (c) normalised soil shear modulus profiles. h/L = 2, νs = 0.4, Ep/GsL/2 = 1000,
L/d = 30.
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at z = L/2 (Figure 9(c)).

In the free-head case, soil inhomogeneity simply redistributes the load along the pile; the

maximum load remains close to that of a homogeneous soil for all profiles, whereas the null

point moves downwards with increasing soil stiffness below pile mid-depth. Conversely, for the

fixed-head energy pile, assuming a homogeneous soil profile with a stiffness equivalent to the

actual profile at z = L/2 leads to an underestimated axial load, whose magnitude depends on

the actual stiffness variation. Consequently, implementing a proper stiffness profile is a crucial

task, which is possible by implementing the approach presented herein.

7 EXTENSION TO THERMOMECHANICAL LOADING

The proposed model can be extended to consider the simultaneous application of mechanical

and thermal loads. This can be done in a straightforward manner by exploiting the principle of

superposition. Recently, Della Corte et al.(2026c) derived a semi-analytical solution for axially

loaded floating piles embedded in a generalised inhomogeneous soil profile, which can be simply

combined with that proposed in the present study. Thus, the system of algebraic equations for

the unknown Bm is modified as follows:

Ap

Nt∑︂
m=1

BmK0(sm)

∫︂ h

0
E(z)Φ′

m(z) Φ′
k(z) dz + KhΦk(0)

Nt∑︂
m=1

BmK0(sm) Φm(0) +

2π Bk sk K1(sk)

∫︂ h

0
Gs(z) Φ

2
k(z) dz = EpAp α∆T (Φk(L)− Φk(0))⏞ ⏟⏟ ⏞

thermal

+ P Φk(0)⏞ ⏟⏟ ⏞
mechanical

(21)

where P is the applied mechanical load. The first term in the right-hand side represents the

thermal contribution, while the second accounts for the mechanical one.

The axial force, N(z), resulting from the combined effects of thermal and mechanical loadings,

can be conveniently obtained by manipulating the equilibrium equation (14) to account for a

different boundary condition at pile head.

The proposed thermo-mechanical solution is verified against some Finite Element analyses

available in literature.

Paul and Basu(2026) presented the results of linear elastic analyses of a single floating energy

pile embedded in a three-layer soil deposit. The pile is 30 m long with a diameter of 1.2 m and

is subjected to an axial mechanical load of P = 6000 kN along with a temperature variation of

∆T = +30°C. No restraint is considered at the pile head. The stiffness parameters adopted in

the proposed solution for soil and pile were taken directly from the original publication.

Figure 10 shows the axial stress profile obtained with the proposed thermo-mechanical

solution, as well as those derived from the numerical analyses; the results using the analytical ap-

proach of Paul and Basu(2026) are also reported for comparison. These are split into mechanical,

thermal, and combined (mechanical + thermal) profiles. Overall, the comparison confirms that

proposed model captures very well the pile response under all the loading conditions considered.

The approach is also verified against the results of tridimensional thermo-hydro-mechanical

finite element analyses carried out by Di Donna et al.(2016) in which the soil and pile-

soil interface are modelled using a thermoelastic-perfectly plastic constitutive model. After
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validating the model using the results of the experimental campaign described above, the authors

performed additional analyses in which 3 out of 4 energy piles (namely, EP2, EP3 and EP4) were

simultaneously subjected to thermo-mechanical loads. In particular, the applied temperature

increase is of 30°C. Note that Di Donna et al.(2016) modelled the foundation as if it were double

symmetric. This way, when piles EP2, EP3 and EP4 are heated, their symmetric energy piles

are also heated. It follows that Kh has been calibrated ad hoc for the test at hand, including

thermal and mechanical pile-to-pile interaction. The soil and pile parameters, as well as the

magnitude of the applied mechanical load at the head of each pile, are taken from the original

publication. As concern soil stiffness, the same procedure as that adopted for Figure 8 has

been used to consider the development of soil nonlinearities. The results of the comparison are

reported in Figure 11 in terms of thermo-mechanical stress developed along pile length. The

very good agreement detected also for this case confirms the suitability of the proposed solution

to serve as a design tool for a preliminary assessment of the performance of energy pile groups

in terms of axial loads. As a side comment, it is noted that the temperature variation in the

numerical analyses is imposed over one month. This means that the soil is experiencing a certain

temperature variation and, thus, its degree of restraint decreases. It follows that, since in the

present method the soil is considered at constant temperature, the predictions of the analytical

solution result in a larger axial force compared to the FE analyses, as can be detected in the

upper part of the pile. Of course, this effect is practically absent in the part of the pile embedded

in the very stiff bottom layer.
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Figure 10: Comparison between the results of finite element and the analytical model of Paul
and Basu(2026) and the proposed solution.
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8 SUMMARY AND CONCLUSIONS

This study presented a novel continuum-based semi-analytical framework for the analysis of

floating energy piles embedded in generalised inhomogeneous soils.

The soil is modelled as an approximate Tajimi-type continuum in which only the vertical soil

displacement component is considered in the evaluation of the shear and normal stresses. The

pile and the soil column beneath its tip (pseudo-pile) are treated as a single axially deforming

rod, while the restraint provided by the superstructure or pile-cap system is represented by

a concentrated spring at the pile head. Vertical soil inhomogeneity is incorporated through

a generalised eigenvalue problem for the evaluation of the soil modes. These modes are

approximated by a series expansion in terms of simple trigonometric functions, resulting in

a solution expressed as a linear combination of eigenfunctions along the vertical coordinate. Soil

temperature is considered to remain constant during pile heating or cooling.

The novelties of this study lie in the development of a unified framework for floating energy

piles that accommodates generic soil stiffness profiles and considers pile-head restraint via a

dedicated spring while incorporating soil nonlinearity in an simple yet approximate manner.

Additionally, the paper introduces a unique semi-analytical approach to determine the thermo-

mechanical axial forces under combined mechanical and thermal loading.

The predictive performance of the thermal model was verified against available literature.

In particular, analytical solutions, results of some Finite Element analyses as well as some data

gathered from field tests are used as benchmarks. These covered several scenarios ranging from

homogeneous to layered soil profiles, including free- and fixed-head isolated energy piles, pile

groups with simultaneous presence of traditional and thermally-activated piles (thus with partial

fixity at head) and development of soil nonlinearity.

The comparisons showed a very satisfactory agreement for all cases. It is worth highlighting

that a slight deviation of the proposed approach from the finite-element results is detected in
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the vicinity of pile head, especially for homogeneous soils and fixed-head piles. This is due to

a localised singularity in the shear stress profile at pile-soil interface, near pile head resulting

from the approximate nature of the adopted continuum formulation. Nevertheless, this local

effect has limited practical significance, as it does not appreciably affect the overall axial load

distribution along the pile.

A parametric analysis was also carried out to investigate the effect of different soil stiffness

distributions with depth on the thermally induced axial load. The selected stiffness profiles all

match at pile mid-length; moreover, some two-layer distributions were also considered whose

average stiffness is equal to that of the homogeneous profile. The results suggested that

implementing a proper stiffness profile is important especially for fixed-head piles, since the

simple assumption of considering an equivalent homogeneous soil leads to an underestimation of

the axial load regardless of the actual distribution of the stiffness. This is simply implementable

with the proposed approach.

Finally, the model was extended to consider the simultaneous application of mechanical and

thermal loads. The comparison against some Finite Element analyses available in the literature

demonstrated good agreement, confirming the validity of the proposed approach.

Given its simplicity and the key feature included to account for pile-head restraint, the

proposed approach represents a simple tool for energy pile design, serving as a practical

alternative to computationally demanding numerical modelling.
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