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Abstract

We show that for multi-objective linear programming problems, maximizing the
Hurwicz criterion when the pessimism index is greater than half, is equivalent to
solving a related linear programming problem.
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1. Introduction: Multi-objective linear programming is discussed in Luc (1989,
2016) , Jahn (2004) and Luan (2019), the last one being extensions of results on
vector optimization to infinite dimensional spaces. Much of the theory of multi-
objective linear programming is concerned with general properties of set of efficient
points of such problems. An exception in this respect, is the work reported in Lahiri
(2026), where in the context of a bi-objective linear programming (which is a special
case of multi-objective linear programming) two models are introduced, namely
lexicographic and lexicographic egalitarian. For lexicographic bi-objective linear
programming, there is an endogenously determined pair of weights, such that an
alternative solves the bi-objective linear programming problem if and only if it solves
the linear programming problem whose objective function is the weighted sum of the
two linear objective functions. For lexicographic egalitarian bi-objective linear
programming, there is an endogenously determined pair of weights, that evaluates
each alternative by considering the weighted sum of the minimum and the maximum
of the values attained by the two objective functions and chooses the alternative that
maximizes such an evaluation subject to the linear constraints. As such, the second
problem has a non-linear objective function, since given two different alternatives it is
quite possible that the minimum value for the first alternative is attained by one
objective function, whereas the minimum value for the second alternative is attained
by the other objective function. It turns out, that under some mild assumptions that
guarantees the requirement that the weight assigned to the minimum value is greater
than the weight assigned to the maximum value, the second bi-objective linear
programming problem can be reformulated as a linear programming problem.



The purpose of the work reported here is to generalize the result concerning the
possibility of formulating a linear programming problem for the second category of
bi-objective linear programming problems to the situation where there are possibly
more than two linear objective functions. We assume that there are exogenous non-
negative weights with the weight assigned to the worst value of the objective
functions being strictly greater than the weight assigned to the best value of the
objective functions. We show that with linear inequality constraints, there is a one-to-
one (non-empty set-valued) correspondence between the set of solutions for the
problem related to maximizing such a non-linear objective function and the set of
solutions of a related linear programming problem.

Essentially, the kind of problem we are concerned with, arises due to “the
informational ambiguity” (as in Ellsberg(1961) or Konig-Kersting and Trautmann
(2016)) that a decision maker faces, when the exact objective function, which may
depend on the realization of a future state of nature, is unknown to it, but it knows that
the state-dependent objective function belongs to a non-empty finite set of objective
functions. Similar informational ambiguity in the context of available alternatives
being defined by a budget constraint is discussed in Lahiri (2024).

The criterion that evaluates the array of state-dependent pay-offs as the weighted sum
of the minimum pay-off and the maximum pay-off, is due to Hurwicz (1951). In
chapter 2 of Resnik (1987), the Hurwicz criterion is referred to as “optimism-
pessimism rule” and the rule is discussed there along with some illustrative examples
and related possibilities.

The natural question that arises at this point is: Does linearly constrained
maximization with respect to lexicographic ordering (see Varian (1978)) over pairs of
(minimum, maximum) with first priority being given to the first coordinate lead to a
set of solutions that is equal to the set of solutions obtained by constrained
maximization using the Hurwicz criterion for some pessimism index, as in the case of
bi-objective linear programming? While we do not address this question here, it may
be a query worth pursuing in future research.

2. Some General Notations: For natural numbers m, n, let R™*" be the set of real-
valued mxn matrices. R™*1 denotes the set of all real-valued m-dimensional column
vectors and R denotes the set of all real-valued n-dimensional row vectors.

The transpose of any finite dimensional real-valued vector x is denoted by xT.

Given BeR™™", ie{1, ..., m} and je{1, ..., n}, let Bie R denote the it row of B and
let Bi eR™<! denote the j column of B. Thus, for xeR", Bx is the m-dimensional
column vector whose i coordinate is Bix.

When there is no scope for confusion, we will denote R™! by R™.

3. The Context: Given natural numbers m, n, let (A, b)eR™" x R™ and let X(A, b) =
{xeR™" Ax <b} = {xeR" Aix <b; for all ie{1, ..., m}}.



For a natural number K, let <p®I k =1, ..., K> be an array in R".

The triplet ((A, b), <p®Ik =1, ..., K>) is said to be a multi-objective linear
programming problem (MOLP).

xeX(A, b) is said to be efficient if there does not exist any yeX(A, b) satisfying p®Ty
>p®Tx forall k = 1, ..., K, with strict inequality for at least one ke{1, ..., K}.

In such an MOLP, the decision maker is not sure about the objective function that will
be realized although, regardless of which objective function is realized, it prefers a
higher value of the objective function. This is clearly a decision-making problem
under ambiguity.

4. The Problem: Let a€[0, 1].
Our main problem is the following optimization problem denoted OPT-a: Maximize
{o minK}p(k)Tx +(1-a) max p®Tx} subject to xeX(A, b).

el

ke{l, ..., . K}

The kind of objective function defined in OPT- a is known as the Hurwicz (1951)
criterion, with o being the pessimism index.

5. A First Lemma Towards Formulating OPT-a as a Linear Programming
Problem: While the OPT- a is not a linear programming problem, it is possible to

solve OPT- a for ae(%, 1] by solving a related linear programming problem.

Let [K] = {1, ..., K}2. This implies (j, k)e[K] for all j, ke{1, ..., K} and this allows for
the possibility of j = k.

For (j, k)e [K], let X(j, k) = {xeX(A, b)lpiTx < p™Tx < p®Tx for all he{1, ..., K}}.
For (j, k)e[K], X(j, k) = {xIAx <b, p@Tx < p®Tx < p®Tx for all he{l, ..., K}}.
Thus, if xeX(j, k), then min{p@PTx, p®Tx} = p@Tx and max{pPTx, p®Tx} = p®WTx.
Let [K]* = {(j, k)e[K]IX(j, k) # ¢}. Clearly X(A, b) = Ui oexr+ X(j, k).

In this section we provide a lemma that is a stepping stone towards formulating OPT-
a as a linear programming problem.

Lemma 1: Suppose (xe(%, 1] and (j, k)e[K]*.

x"eargmax {apPTx + (1 — «)p®Tx} if and only if there exists a real number u*, such
xeX(j,k)

that x*, u” solve the following linear programming problem: Maximize [(20-1)u + (1-
a)(p®T + p¥T)x] subject to u < pVTx, xeX(j, k).

Further u” = pWTx",
Proof: Suppose x“cargmax [apPTx + (1 — a)p®Tx}] and let u* = p¥Tx". Thus,

xeX(j,k)
p(k)TX* = max{p(j)Tx*, p(k)TX*} = p(j)TX* + p(k)TX* -u'.



Towards a contradiction suppose there exists xeX(j, k), ueR satisfying u < p®Tx and
(2a-Du + (1-a)(p®T + pIDx > 2a-Du” + (1-a)(p®T + pWT)x ™.

Since, 2a. - 1 >0, 2a-DpPWTx,+ (1-0)(p®T + piH)x > 2a-1)u + (1-0)(p®T + piPh)x, so
that without loss of generality we may assume u = p®Tx.

Thus, 2a-1u + (1-0)(p®T + pPT)x = o + (1-a)(p™Tx + pPTx- u) = apPTx + (1-
a)p®Tx.

Since 2a-1)u” + (1-a)(p®T + pPT)x* = apPTx"+ (1-a)p®Tx", we get apWTx+ (1-

o0)p®Tx > apPTx* + (1-a)p®Tx", contrary to our assumption x‘eargmax [apPTx +
xeX(j k)

(1 = )p®Tx].
Thus, x*, u” solve the linear programming problem in the statement of this lemma.

Conversely, suppose x*, u” solve: Maximize [(2a-1)u + (1-a)(p®T + p®T)x] subject to
u < pTx, xeX(j, k), ueR.

If u* < pWTx*, then since x*, p@Tx " satisfy all the constraints of the linear programming
problem and 2a - 1> 0, we get (20-1D)pYTx" + (1-a)(p®T + pPT)x* > (2a-1)u” + (1-
a)(p®T + p¥T)x*, contrary to our assumption that x*, u” solve the linear programming
problem.

Thus, it must be the case that u* = p®Tx",
Thus, 2a-Du” + (1-a)(p®T + piT)x* = apPTx* + (1-a)p™Tx".

Now suppose there exists x, u satisfying the constraints of the linear programming
problem and (2a-1)u + (1-a)(p®T + pPT)x > 2a-1u” + (1-a)(p®T + pPT)x™.
Since u < p®Tx would imply (20-1)pD7Tx + (1-0)(p®T + pPT)x > (2a-1)u + (1-a)(p®T

+ p¥T)x, we may without loss of generality assume u = p@Tx.

Thus, 2a-Du + (1-a)(p®T + pPT)x = apPTx + (1-0)p™Tx > apPTx" + (1-a)p®Tx* =
2a-Du”* + (1-0)(p®T + piT)x*, leading to (2a-1)u + (1-0)(p®T + pPT)x > (2a-1)u” +
(1-)(p™T + p¥T)x", contrary to our assumption that x*, u” solve the linear
programming problem.

Thus, it must be the case that x*eargmax {ap®Tx + (1 — «)p™Tx}.
xeX(j k)

This proves the lemma. Q.E.D.

Note 1: A special case of lemma 1(i.e., K =2) is “Note 8” in Lahiri (2026). I
Notation 1: For all oce(%, 1] and (§, K)e[K]*, let X*(j, k) = {xU0| the pair (x0*,
pWTxG0%) solves the linear programming problem in the statement of lemma 1}.

It is easy to see that j, ke{1, ..., m} and xeR": (2a-1)pPTx+ (1-a)(p®T + pPT)x =
ap®Tx+ (1-a)p®Tx = (ap®T+ (1-0)p®T)x |



6. Linear Programming Formulation for OPT-a: The following lemma connects
OPT- a with the kind of problems discussed in lemma 1.

Lemma 2: x* solves OPT- a if and only if for all (j*, k")e[K]* satisfying
j*eargmin p™Tx* and k*eargmax p™M7x*:
he(l, ... K} he(l, ., K}

(i) x"eargmax {apY ) Tx + (1 — a)p*ITx}.
xeX(G* k")

(ii) For all (j, k)e[K] and x%* € argmax {apPTx + (1 — a)p®Tx} it is the case that
xeX(j k)
ap(j*)Tx* + (1 — (x)p(k*)Tx* > ap(j)Tx(j’k)* + (1_(x)p(k)Tx(j:k)*'

Proof: (i) Let x" eargmax {« min_ p(h)Tx + (1— a) max pMTx}.
xeX(A,b) he(d, .., he(l, .., K}

Let j*eargmin p®7Tx* and k*eargmax p™7x".
he{l, .., K} he(l, ..., K}

Thus, x"€X(A,b) and pY)7x* < p®WTx* < p*ITx* Thus, xeX(", k).

Further, opU)7Tx* + (1- a)p®Tx*> o glin pMTx + (1- pHAX, pMTx for

all xeX(A, b) implies ap¥ITx* + (1- a)p*ITx* > gnnK pMTx + (1 —

(RT
a) X glaxK p™"x for all xeX(j*, k).
xeX(j", k*) implies pU77x < p®Tx < p®Tx for all he(1, ..., K}.

vk . . Gy _ (WT (kT4 _ (T 5
Thus, xeX(', k') implies pY /' x = b {r{unK p' xand pt* ' x = e glz}f(mp

Thus, apYO7x* + (1- w)p®ITx*> apUI7x + (1- 0)p®ITx for all xeX(j*, k) implies (i)
is satisfied.

x* eargmax {« min_ 'p(h)Tx + (11— 0o max 'p(h)Tx} implies

x€X(A,b) he{l, .. he{1, .
(WT _ (R)T ,* mT _

(xmln x* + (11— a) max Xx*>a min x + (1

helbmy P ( ) i P = in P (

h)T

0 gl:ﬁ(mp( Tx for all xeX(A, b) = Ui eyt XU k).

Thus, for all (j, K)e[K]*: « min p(h)Tx* + (1 — a) max p®Tx*>apiTx + (1-
he(l, ... he{l, .., K}

a)p®Tx.

Since, j*eargmin p™7Tx* and k*ecargmax p®™7Tx*: for all (j, k)e[K]* and x(9* ¢
hef1, .., K} he{l, .., K}

argmax [ap®DTx + (1 — a)p®Tx}] it is the case that apl Tx* + (1 — o)p®*ITx* >
xeX(j,k)

apOTx0R* 4 (1 — q)p®TxGH"

Thus (ii) is satisfied.

Now suppose x" satisfies (i) and (ii).



Towards a contradiction suppose there exists xeX(A, b) such that a {r{un pWTx 4+

ey

WT ()T o (BT y»
(1- a)h{??),(K}p x>(xh {r{ll“{lK}p X+ (1- a)hglax }p

Since j‘eargmin p™7Tx* and k*eargmax p™7Tx* it must be the case that
he(l, ... K} he(d, .., K}
(MT o — U )Ty (WT o — k) Ty*
hE{I{nn }p x"=pY ' x" and glax }p X' =p

Thus, Lo {r{un }p(h)Tx* +(1- ) WX, }p(h)Tx* = apUTx* + (1 — a)p®)Ty"

........

Let jeargmin p®Tx, k € argmax p®™Tx, xi®*eargmax [amin{pDTx, p®Tx} + (1 —
he{l, .., K} he{l, .., K} xeX(j k)

o)max{pPTx, p®Tx}].

Then, apPTx00* + (1 — @)p®Tx00* > gpDTx + (1 — a)p®Tx > o gnnK}p(h)T *
+(-a), [max, }p(h)Tx =apUITx* + (1 — o)p*ITx*

Thus, ap®Tx00* + (1 — @)p®Tx0R* > gpUITx* + (1 — a)p*ITx* contrary to the
requirement in (ii).

Thus, x* solves OPT- a. Q.E.D.

The following is our main proposition of this section.
Proposition 1: Suppose oce(%, 1].

x" solves OPT- a if and only if there exists a real number U™ and for every pair (j, k)
€[K]* a real number u®* and an n-dimensional vector x%®* such that:

(i) U and the array <(x30", u@")] (j, k)e[K]*> solve the linear programming problem:
Maximize 22(] Ke[kT+ [2a — Dul® + (1 — a)(pDT + p®TYxUM] - U, subject to
ulh < piTx 0 %G k)e X(j, k), 2a-1Hu + (1-0)(pWT + p®T)x 0 < U, uiPeR for all (j,
k)e[K]*, UeR.

(i) x"e{xT*I3,K)[K]*, XX (j.k) and (op@T+ (1-0)p®T)x0* = U*}.

Proof: Suppose x” solves OPT- a

For (j, k)e[K]*, let xi9*cargmax {apDTx00 + (1 — o) pMTx(R},

xeX(j,k)
By (i) of lemma 1, (j, K)e[K]* for (x0*, uG0®) satisfying udd* = piTx@0* solve:
Maximize [(20-1)ud® + (1-a)(p®T + p@T)x(9] subject to ud < pOTxio, xGPeX(j, k).
Let U = max [Qa— Dut* + (1 — a)y(p®T + pOT)x00=],

Thus, U" and the array <(x30%, udo") (3, k)e[K]*> satisfy all the constraints of the
linear programming problem in (1) of this proposition.



Let (i, k%)eargmax [(2a — Du0®* + (1 — a)(p®T + pOT)xGO* ] Thus,
Gih)elK]*

25 tpetiy+ [0 = D0 + (1 = @) (pOT + p®T)x00°] - U* =

2Zg,k)e[1<]+\{(,-0,k0)} [2a = Dul* + (1 = ) @D + p®T)x019] + [(2a -

1)u(j0'k0)* + (1 — a) (p(]O)T + p(kO)T)X(]'O,kO)*'

Towards a contradiction suppose there exists a real number U and for every pair (j, k)
€[K]* a real number u%® and an n-dimensional vector x4 such that U and the array
<(x0, udP)| (3, k)e[K]*> satisfy all the constraints of the linear programming problem
in (i) of this proposition and 23, ; ).+ [(2a — Dull + (1 — a) (W7 +
pINXUR] - U> 2T e [2a = DI + (1= ) (pO7 + p®T)x] - U
It is easy to see that without loss of generality we may assume U = J geg{cﬁ [Qa —

K)e
Dul® + (1 — a)(p®T + piTxGI ],

Clearly, (x09, ui®) gatisfy ub < p@Tx(Gh_ x(0e X(j, k)

Let (j1, kY)eargmax [2a — Dud® + (1 — a)(p®T + pOTxGK ],
Gik)elKT*

Thus, 23 ; g+ [(2a — DuPd + (1 = )@V + p®T)x09] - U =
; ; : 11

2% ety [2a — DUl + (1 = )P + pONx0P] + [(2a — Dul O +
(1 — a)(pU)T 4 p&HT)x (LKD),
Thus, 23, o itady (2 — DUl + (1 = ) (" + p®N)x00] + [(2a -

11 1 1 11 e
Dul k) + (1 — a)(pl T 4 pkIT)x (kD] > 2% etk xoy L(2a — Dulb* +
(1— ) (PPT + p®Tx00*] + [(2a — Dul’*D* + (1 — @) (pIOT + p&IT)xE"KD=,

Thus, there exists (j,k)e[K]* such that (2a — 1)ul® + (1 — a)(pWVT + p®T)x0:F) >
Qa — Dull* + (1 — &) (pPT + p®TxGO* contrary to the requirement that (x G,
uld®?) gatisfying uto* = piTx(0* golve: Maximize [(2a-1)ud® + (1-a)(p®T + piT)x 9]
subject to u < piTxE0 xGOeX(j, k).

Thus, (1) in the statement of this proposition holds.
By lemma 2, for all (j*, k")e[K]* satisfying j*eargmin p™7x* and k*ecargmax p™7 x*
he{d, ..., K} he{l, ..., K}

it is the case that x“ecargmax {apU ) x + (1 — a)p*Tx}] and for all (j, k)e[K]*, and
xeX(j* k%)

and apUOTx* + (1 — a)p®ITx* > apDTxO0* 4+ (1 — a)pPTxOO* for all x9* €
argmax {apPTx + (1 — 0)p®Tx}.
xeX(j,k)
Thus, by lemma 1, for all (j*, k")e[K]* satisfying j*eargmin p™Tx* and
he(1, .., K}

k*eargmax p™7x* it is the case that (x*, pU7Tx*) eargmax {(2a — 1)ul"*¥) + (1 -
he{l, .., K} xeX(j* k")



a)(pYIT + p*ITYxUKDY]. Further, by (ii) of lemma 2, for all (j, k)e[K]* it is the case
that apUITx* + (1 — a)p®ITx* > ap@Tx0R* + (1 — a)pMTxER* for all x00* ¢
argmax {(2a — Dul® + (1 — o) (pOT + pMT)x0:- 13,

xeX(* k")

Since U = max [2a — DulO* + (1 — a)(p®T + pOT)xGR*] and for all (j,
E

K)e[K]*, ulb* = p(l)TX(J K+ it follows that x E{X(] 13 )I(] KkHe[KTH, x0" KD ex* (G°.k") and
(opYIT+ (1-a)p*IT)x0- KD = U*}. Thus (ii) is satisfied.
Now suppose there exists a real number U™ and for every pair (j, k) €[K]* a real

number u?” and an n-dimensional vector XY such that along with x" they satisfy (i)
and (i1) in the statement of this proposition.

Thus:

(i) U" and the array <(x30*, uG0o™) (j, k)e[K]*> solve the linear programming problem:
Maximize 2%, ; e+ [(22 — Dul® + (1 — a)(pDT + p®T)x0GM] - U, subject to
uli® < piTx 0, xG k>e X(j, K), (20 -Dut® 4 (1-)(pdT + pPT)xE < U, uiDeR for all (j,
K)e[K]*, UeR,

&

(i) x"e{xH0I(5,k)e[K]*, xT0eX (j,k) and (apPT+ (1-a)p0T)x0 = T"}.

Since 20, - 1 > 0, it must be the case that for all (j,k)e[K]* and xH0"eX"(j,k), udb* =
pOTXR* 50 that (20 -1)utP* + (1-a)(pUT + pOT)XGE* = (apilT + (1-)p®T)x ",

Let (j*, k")e[K]* such that x"eX*(j*,k*) and hence ulU™*") = pUiTx*.

Towards a contradiction suppose there exists yeX(A, b) such that a gnn }p(h)Ty +

ey

(KT mT ()T yo
(1- a) . {??.),(K}p y > ah {r{un }p x*+(1- o) i {nzﬁ(K}p

Let j eargmin p®Ty and k eargmax p™7y.

he{d, .., K} he{l, .., K}
Thus, x0 F*eX*(j, k) implies (ap@7 + (1 — a)p®T)x0 #)* >
(D7 + (1 — a)p®T)y > (apV7 + (1-a)pU7)x", with xe {x0"K)*eX*(j.k)).
Since U" > 2o -1)u0* + (1-0)(pT + p®T)xi0* = (apWT + (1-a)p®T)x 0" for all (j,
K)e[K]* and x"e{xIPI(3,k)e[K]*, x0eX (j,k) and (apPT+ (1-0)p®T)x 0 = U™}, it must
be the case that (apU)7 + (1-a)pU7)x* = U* > (ap@T + (1 — a)p®T)x0 5,
contradicting (apPT + (1 — a)p®T)x0 F)* > (opUIT + (1-0)pUI7T)x*

Thus, x* solves OPT-o. Q. E. D.
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