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Abstract—Under independent and identically distributed (i.i.d.)
symbol signaling in integrated sensing and communications
(ISAC), the normalized ranging and delay-Doppler sidelobe
variance (Kmarg — 1) /N is determined by the scalar amplitude
kurtosis fmarg = E[|S|*]/(E[|S|? ]) Constant-modulus phase-
shift keying (|Sn,m| = 1, Kmarg = 1) gives zero modulation
sidelobes at ¢ = 0 with a 3log,(me/2) = 1.53 dB high-
SNR shaping gap to additive white Gaussian noise (AWGN)
capacity Cawan(p) = log,(1+p); Gaussian and probabilistically
shaped constellations (Kmarg € (1.80,2]) close the shaping gap
with sidelobe variance (kmarg — 1)/N > 0. Coupling symbol
intensities 7., = |Sn,|* across short blocks within one 3GPP
5G/6G New Radio (NR) slot (M = 14 orthogonal frequency-
division multiplexing symbols, or M/ = 16 dyadic symbols)
decouples sidelobe variance from kmare. From the N2 x N2
fourth-order moment matrix S,,om = In2 + S1 + S2 + Scov of
non-i.i.d. proper circularly symmetric ensembles, the ambiguity
variance reduces to a Rayleigh quotient 7 Cf of the intensity
covariance matrix C = Cov(r). Full-frame 1D spherical shaping
on vVNS*~! incurs an N/(N — 1) simplex-exchangeability
penalty; 2D slow-time spherical and subspace-simplex clutter-
trench shaping place any d,,;-dimensional low-Doppler clutter
subspace V,u into ker(Cgiow ). By Parseval’s identity, radial vari-
ance outside Q,,,11 scales by M /(M —dpnun) With Kproj(M, dpun) =
(2M~+1—dnun)/(M+1) — 2, finite-M rate loss Alsphere (L, p) =
+DxL(f R, IIf R, ), radial data-processing inequality (DPI) con-
verse AItlrench (M7 dnullyp) 2 AIsphere(]\/[’ P), and RAPSK(L) =
4.0000 b/s/Hz concentric (4,8,16)-APSK constant-composition
distribution matching (CCDM) shells (L € {7,8}). At p = 20 dB,
dnun = 1 gives Cawen — Algphere = 6.5058 b/s/Hz (97.7%, M =
14) and 6.5249 b/s/Hz (98.0%, M = 16) at ISLRseir = 205y =
—35.49 dB; dnun =3 (Qnun = {07:t1}, 93.1% at M = 14,
Rapsk € {3.8125,3.8571} b/s/Hz) gives TCRg.90 = —32.0 dB
(4+13.5 dB over i.i.d. PAS-64QAM + MF; +4.8 dB over zero-
forcing at M/ = 16) and CRLB(7;)/CRLBgee(7:) = 1.010
(99.0% delay FIM; +18.2 dB target margin at M = 14).

Index Terms—Integrated sensing and communications (ISAC),
ambiguity function, fourth-order kurtosis, spherical constellation
shaping, constant-composition distribution matching (CCDM),
cyclic-prefix OFDM, finite-blocklength information theory.

I. INTRODUCTION

N sixth-generation (6G) integrated sensing and communi-

cations (ISAC) [1]-[3], [27], [28], a downlink multicarrier
frame S € CN*M (N subcarriers, M slow-time symbols;
M = 14 in 3GPP TS 38.211 NR) carries random payload sym-
bols Sy, ., € C rather than a fixed sequence |S,, | = 1 [4].
Second-order statistics of the periodic autocorrelation function
(P-ACF) 7 and 2D delay-Doppler ambiguity function (AF)
Arst(k, ¢) under random S, ,, are given in [5]-[10]. For in-
dependent and identically distributed (i.i.d.) frequency-domain
symbols {S,}N-! with E[|S,[?] = 1 and proper circular
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phase symmetry, E[|7|?] decomposes into a pulse-shaping
mainlobe term and a modulation sidelobe floor [5]. Under i.i.d.
QAM and PSK, cyclic-prefix orthogonal frequency-division
multiplexing (CP-OFDM, x = F%s) achieves the minimum
average ranging sidelobe variance over all unitary fast-time
bases U € CVN*V [6], with normalized 1D variance at lag
ke{l,...,N —1} equal to

E[S|]
(E[|SJ2])?

In 2D discrete AF models over N subcarriers and M
OFDM symbols [8], [10], correlating the raw time-domain
waveform prior to per-subcarrier symbol derotation retains
cross-subcarrier products Sy, S, ,, and a 1/N floor at
g # 0 even under PSK. Pulse- Doppler OFDM radar re-
ceivers compute per-symbol range compression an =
Sy mYnm (Pem = \ﬁkar m With 7, 1, = |Sp, n|?) prior
to the length-A slow-time Doppler DFT; for iid. Sy,

E[|Arst(k,q)|?]/(MN?) = 1)/N holds at both
qg=0and g # 0.

(D

1 .
N]E|:|rk‘2:| = Kmarg — 1, Rmarg £

(Hmarg -
A. The Kurtosis—Capacity Tradeoff Under i.i.d. Signaling

Under i.i.d. symbol signaling, (1) ties (I{marg - 1)/N
directly to the marginal kurtosis £marg = E[r7 ,,,]:

1) Constant-Modulus Alphabets (Kmarg = 1): Phase-shift

keying (PSK) sets 7y, = |Smn|2 = 1 almost surely,
so Var(rp,m) = Kmarg — 1 = 0 at ¢ = 0 [6], [8],
with limp—Mx;[CAWGN(p) _IPSK(p)] = %logg(we/Q) =
1.047 b/s/Hz (1.53 dB SNR gap to Cawcn(p) =
log, (14 p)) and 2, 5 pei = 4sin’(7/2°) (b > 2).

2) Gaussian and Probablllsncally Shaped Alphabets
(kmarg € (1.80,2]): Capacity Cawan(p) requires
Snm ~ CN(0,1) with 7,,, ~ Exp(l) and
Kmarg = 2 [11], approximated via Probabilistic Ampli-
tude Shaping (PAS) [12], CCDM [13], or Enumerative
Sphere Shaping (ESS) [14], [15]. Under the Maxwell-
Boltzmann radial distribution P(a,,) x e —Aar, , Kmarg €
[1.85,1.95] and E[|ApgT(k,0)|?]/(MN?) = (nmarg -
1)/N € [0.85,0.95]/N.

Under ii.d. signaling, kmarg € [1,2] parameterizes the
1)/N vs. I(S;Y") Pareto locus [16]-[18]; reducing
(Kmarg —1)/(MN) by 10log;, M € [40,50] dB via coherent
integration requires M € [10%,105] symbols [5] (M Tsym =
357 ms at Af = 30 kHz, Tyym = 35.7 ps, vs. 0.125-0.5 ms
for one M = 14 NR slot). Per-subcarrier reciprocal zero-
forcing Rzr nm = Ynm/Sn.m divides out |S, ,|? in fast
time with noise penalty nzr = E[|S|72] > 3.0 (+4.77 dB on
PAS-64QAM) and does not null slow-time multipath internal
clutter motion (ICM) h[m] at g, # 0.

("imarg -



TABLE I
COMPARISON OF RANDOM ISAC CONSTELLATION SHAPING AND WAVEFORM STATISTICAL FRAMEWORKS

Ref. Coupling Kmarg E[|Apst(k,0)|2]/(MN?) Opnun Nulling M=14 Rate / Gain
[5] Crym =0 (n # m) [1.0,2.0] (Kmarg — 1)/N No (M ~ 10%) No Al(Fmarg)
[6] Chym =0 (QAM/PSK)  1.0-1.38 (Kmarg — 1)/N =0 (Kmarg = 1) Yes (PSK) 0 dB
(8] Ch.m =0 (2D AF) [1.0,2.0] (Kmarg — 1)/N C # 0 open Yes (PSK) AI(Kmarg)
[8, Sec. V]
[16] Chn,m = 0 (1D PCS) [1.0,2.0] (Kmarg — 1)/N No Yes 1D Pareto
[12], [13] L>10? [1.85,1.95] [0.85,0.95]/N No No (L > 14) < 1.53 dB
This Work ~ C=Cov(r)  2MEizdun 0 203\/N) Vq € Quun  Yes (M =14) O7770798:0% (duan=1)

93.1% (dpun=3)

B. From Scalar Kurtosis to Structured Fourth-Order Covari-
ance

In Shannon’s sphere-packing geometry [11], [14], [19]-[21],
uniform signaling on the complex sphere s ~ U (v/L S/~ 1)
approaches Cawen (p) as L — oo with constant block energy
Isl3 = 1Zr = L. As noted in [8, Sec. V], the discrete AF
derivations in [6], [8] assume i.i.d. symbols (C,, ,, = 0 for
n # m), leaving non-i.i.d. shaped ensembles C = Cov(r) #
(Kmarg — 1)I uncharacterized.

Here the fourth-order moment matrix Spom = E[(s* ®
s)(s* ® s)H] of [6], [8] is generalized to non-i.i.d. proper
circularly symmetric constellations with covariance C =
Cov(r) € RV*N (r, £ (5,|?):

1) 1D Fast-Time vs. 2D Slow-Time Subspace Orthogo-

nality: For s ~ U(V/NS*N~1) across N subcarriers
(M = 1), 1%r = N places only the k£ = 0 DC vector
1y in ker(C), and negative off-diagonal covariances
Crnm = —(Kmarg — 1)/(N — 1) scale E[|7|*]/N =
£/ Cf, by N/(N —1) for all k # 0 (Lemma 1). Shaping
along the M slow-time symbols of each subcarrier
(n € {0,...,N —1}) instead aligns 1%,r,,. = M with
the ¢ = 0 slow-time DFT vector fj;o across all IV
subcarriers.

2) Subspace Clutter-Trench Nulling and Parseval Redistri-
bution: Projecting r,. — 15y onto Vi (VL (r,. —
13) =0, dyunl = | Qnun|) gives Apst(k, ) = 0 almost
surely for all (k,q) € ({0,...,N—1}x Quu)\{(0,0)}
in one slot (M = 14 or 16), with out-of-trench variance
(Kmarg — 1)M/[N(M — dyun)] by Parseval’s identity
Tr(Cglow) = M (Kmarg — 1) (Theorem 1).

3) Single-Slot Finite-Blocklength Capacity Retention: On
PM(Qnull)» Kproj (M; dnull) = (2M+1_dnull)/(M+1)
(Theorem 2), Algppere(14,20 dB) = 0.1524 b/s/Hz
(97.7% of CAWGN), AIsphere(16a 20 dB) =
0.1333 b/s/Hz (98.0%), and LI(S;Y)/Cawen =
93.1% at (M,dym) = (14,3) (Theorem 3), with
Rapsk(L) = 4.0000 b/s/fHz for L € {7,8}
(Proposition 3, Algorithm 1).

C. Summary of Contributions and Paper Organization
Table I compares C = Cov(r) against [5], [6], [8], [12],
[13], [16]:
e Section II and Section III: Som = In2 +S1 + So +
Scov (4), +E[|7|?] = £/ Cf}, and N/(N —1) full-sphere

factor (Lemma 1), 2D FST-AF nulling and M /(M —d,,un)
Parseval factor (Theorem 1), 1D comb-coupled sub-block
variance (Corollary 1), SFFT-OTFS and DAFT-AFDM
nulling (Proposition 1), and o2, (¢:) and CRLB(7;) under
ICM o, and EVM o2y, (Proposition 2).

e Section IV-A,B: Kproj (M, dnull) = (2M+17dnu]1)/(M+
1) and Hrct(M, dnull) = 1+ @%(M — dnun)/(M +
1) on Pp(Qnun) (Theorem 2), Algphere(L,p) =
%DKL(ngph ||fR2G >’ AIpart (M; dnulla ,0), O(dnull/M)
DPI converse, and Ny, (L, p,€) (Theorem 3).

o Section 1IV-C, Section V, Section VI, and Appendices A—
E: RAPSK(L) = 4.0000 b/s/Hz for (nl, no, n3) =
(2,4,2) (L = 8) and (2,3,2) (L = T7), diﬂn,ApSK =
1.84d§]i11716_p5K (+2.65 dB), 3GPP TS 38.211 DMRS
pilot pinning, paired half-slot cosets (Proposition 3, Al-

gorithm 1, Remark 1), and ISLRo(ep) ~ odyy /M +
2 2

3N ED-
Notations: For A € CN*M and a € CN, AT, A*,
AH_ AT, ||A|F, and ||a||, are transpose, conjugate, Her-
mitian, pseudoinverse, Frobenius norm, and ¢, norm; ®, ©,
vec(A) € CVM diag(A) € CV, and Diag(a) € CV*V
are Kronecker and Hadamard products, column vectorization,
diagonal vector, and diagonal matrix; I, 15 = [1,...,1]T,
[Fnlgn = N-Y2e=327kn/N R[] Var(-), and Cov(-) are
the V x N identity, all-ones vector, unitary DFT, expectation,
variance, and covariance.

II. SYSTEM MODEL AND PRELIMINARIES

A. Unitary Multicarrier Frame and 1D/2D Ambiguity Func-
tions

An ISAC transmitter radiates a frame of M multicarrier
symbols across N subcarriers over bandwidth B = NAf
and elementary symbol duration 7' = 1/Af. The random
data symbol matrix is S = [sg,...,sp—1] € CVN*M with
entry Sym = [S]nm on subcarrier n € {0,...,N — 1}
during slow-time symbol m € {0,..., M — 1}. Multiplica-
tion of column s,, € CV by a unitary fast-time transform
U ¢ CVXN (UHU = Iy) gives the discrete-time vector
Xm = Usy, = [2,[0],..., 2, [N — 1]]T € CV, followed by
a cyclic prefix (CP) of length N¢p > kmax. Setting U = F&
gives CP-OFDM; U = Iy gives single-carrier frequency-
domain equalization (SC-FDE); and U = AZ F%Ag with
A., = Diag(exp(—j2mc;n?)) gives unitary AFDM [23].



For a single CP-OFDM symbol x = Ffs, the discrete
periodic autocorrelation function (P-ACF) at delay lag k €
{0,..., N — 1} obeys the Wiener-Khinchin identity [6]

N-1
T Z z[n] z{(n — k) mod N] = VN fflr,  (2)
n=0
with r £ s ©® s* [1Sol?, ..., |1Sn-1 AT € Rgo and

[fr]n = N~1/2e32mhn/N (£, & Flley). Over M € {14,16}
symbols [14], 7r.m \/Nf]{}”kr:,m removes ¢, ,, prior
to Far [8], [10]. For ep £ fpTiym < 1, the 2D Fast-
Time/Slow-Time Ambiguity Function (2D FST-AF) at (k, q) €

{0,...,N =1} x {=M/2,...,M/2 -1} is
M-1 o
Apst(k,q) £ > Frme M =VNMEJ,RE;,,
m=0
—1M-1 )
Ty eI, ®

n=0 m=0

where R € }RgOXM has entries 7y, m £ |Spm|?, and fy ) €
CN, far, € CM™ are the unitary IDFT columns of lengths N
and M.

B. Statistical Assumptions and Fourth-Order Moment Matrix

Non-i.i.d. amplitude-shaped constellations are modeled un-
der the following phase-symmetry assumption.

Assumption 1 (Unit Power, Properness, and Circular Phase
Symmetry): Every symbol Sy, = /Fpme’®>m in S €
CN*M has unit mean intensity E[r, ] = E[|Sn.m|?] = 1.
The phases {¢, .} are mutually iid., independent of the
intensity matrix R = [ry, ,,], and follow a U-fold rotationally
symmetric law (U > 4, e.g., uniform [0, 27) or Gray-coded
QPSK/2°-PSK), so that E[S, ,] = E[SZ ] =E[S3,]=0

Under Assumption 1, ¢, ,,, € [0, 27) are i.i.d. across (n,m)
and 1y, = [0, ..., To—1)7 € RY is coupled over blocks
of length L < M.

Definition 1 (Marginal Kurtosis, Intensity Covariance Ma-
trix C, and Fourth-Order Moment Matrix Spom): For any
random symbol vector s € CV satisfying Assumption 1
with identical marginal intensity distributions across indices
ne{0,...,N—1}:

1) The marginal fourth-order kurtosis iS FKmarg
E[|S,|*] = E[r2] > 1, so that each marginal intensity variance
is Var(ry) = Kmarg — 1.

2) The symbol-intensity covariance matrix is C =
Cov(r) = E[(r — 1n)(r — 15)T] € R¥*N | whose diagonal
entries are Cy,,, = Kmarg — 1 and off-diagonal entries are
Ch.m = Cov(ry, ry,) for n # m.

3)Let§ £ vec(ss”) = s*@s € CV°. Under Assumption 1,

E[Sy Sn SnSS;i ] vanishes unless {ni,n4} {na,ns},
where E[|S,|? \Sm|2] =1+ Cpm (n # m). Collecting the
unit-mean part of (ny = m3 = m,ny = ng = m) into
In: =32, (eney el ® e,el) and that of (n; = ny = n #
m=ng = n4) into Sa, the N2 x N2 fourth-order moment
matrix Syom = E[$8] decomposes as

A

Smom = IN2 + Sl + SQ + Scova (4)

w

where S; 2 SN (ke — 2)(enel @ eqel), Sy £
Zn#m(enefl ®enel) = Vec(IN)VeC(IN)T—Zflv;ol(eneg(@
e,el), and S.oy £ >t Cnm(enel ®e,el +eel ®
enel) collects both non-i.i.d. radial covariance pairings.

For i.i.d. constellations, Cy,, = 0 for all n # m
(Scov = 0), and (4) reduces to the i.i.d. moment matrix of [6,
Appendix A, Lemma 2] and [8, Appendix A, Eq. (106)]. For
non-i.i.d. ensembles (S¢ov # 0), Cp controls the delay-
Doppler sidelobe variance while kmarg = 1 4+ C), , remains
near 2.

III. STATISTICAL CHARACTERIZATION AND SUBSPACE
CLUTTER-TRENCH NULLING

A. ID Fast-Time Spectral-Covariance Identity and the

N/(N — 1) Full-Sphere Penalty

For a single multicarrier symbol x = Us and circular shift
matrix Ji ([(Jg]nm =1 if (n —m) mod N = k), the P-ACF
at lag k is 7, = s Dys = vec(Dy)¥s with D, = U%J, U.
Evaluating E[|7|?] = vec(D )" Smomvec(Dy,) via (4) yields
Lemma 1.

Lemma 1 (1D Spectral-Covariance Ranging Sidelobe Iden-
tity and the N/(N — 1) Fast-Time Sidelobe Penalty): Let
s € CV be a random frequency-domain symbol vector
satisfying Assumption 1 and Definition 1. Then:

(a) General Unitary Multicarrier Variance Identity: For
any unitary U € CV*V and any non-zero delay lag k €
{1,...,N — 1} (Tr(Dy) = 0),

E|:Vk|2:| N+ /fmmrg Z | Dy nn|
+3 Cun( Dk]n,n[Dk]m,m|[Dk]n,m\2). 5)
n#Em
(b) CP-OFDM Spectral-Covariance Identity: For CP-
OFDM (U = Ff), D, = +/NDiag(f;) is diagonal
(|[Dg]n.nl® = 1), so (5) simplifies for all k£ € {0,...,N —1}

to
1T
—E“rkﬂ = NOK +  ficf, . (6
N —— —_——
Deterministic ~ Shaped Radial-Covariance
Iceberg Sea Level
Consequently, E[|7¢|?] = 0 (and 7 = 0 almost surely) at lag

k # 0 if and only if fi, € ker(C).

(c) 1D Fast-Time vs. 2D Slow-Time Subspace Orthogonality
( % Fast-Time Sidelobe Penalty): If s is drawn from any 1D
exchangeable constant-energy shell across the N subcarriers
(|Is|l3 = 1%r = N almost surely, C,, ,,, = cogr for n # m),
then Cly = O forces cop = —(Kmarg — 1)/(N —1) < 0
and C = %(IN — %lNlﬁ). Since f;, L 15 for all
k #0,

1 - 2 _ H _ N
NE[IM } =1, Cf, = N_1 1(mmarg 1), Vk#0. (1)

For uniform signaling on VNS (kparg = 2N/(N +
1), ~E[7]?] = N+1 — 1 (0 dB), providing zero sidelobe
suppression relative to i.i.d. Gaussian signaling.

Proof: See Appendix A. [ ]



B. 2D Slow-Time Clutter-Trench Nulling and Parseval Redis-
tribution

In S € CNXM delay lag k is dual to subcarrier index n and
Doppler bin ¢ is dual to slow-time symbol index m. Coupling
Tn,m across m € {0,..., M —1} puts selected slow-time DFT
columns fj;,, into ker(Cgjow) and nulls all k € {1,..., N —
1} on those Doppler bins. For O = {—Q¢,...,Q.} C
{=M/2,...,M/2 — 1} of size dyun = |Quun| = 2Q. +1 <
M, let Vo € RM>dun be an orthonormal basis of

Vnull £ Span{ ]-Ma { COS(27Tqm/M)a

sin(Qqu/M)}qQ:Cl} CRM, (8
with projectors Py = Vi VL and Py £ Iy — P

Theorem 1 (2D Slow-Time Clutter-Trench Ambiguity
Nulling, Parseval Redistribution, and 1D Subspace Spectral
Nulling): Let S € CV*M gsatisfy Assumption 1.

(a) 2D Slow-Time Clutter-Trench Nullmg and Parseval
Variance Redistribution: If the rows {r, . } "~ are mutually
independent with VI  (r,,. — 15/) = 0 almost surely and

M (Kmarg — 1)
M_dnull
—1}and g € {—-M/2,...,

Cslow = COV(rn,:) = PJ_; (9)

then for all k € {0,..., N M/2—

1},
1

W]E |AFST(ka)|2 = M5[k]5[(J]

Deterministic
Mainlobe Iceberg

Oa if qc Qnulla
~—~
Clutter-Trench Sea Level
(Zero Variance in Q1)

+ /’imarg -1 M
N M — dnull

(10)

) ) if q ¢ Qnull~

Parseval Qut-of-Trench
Variance Redistribution

Thus Apgr(k,q) = 0 almost surely for all (k,q) €
({07"'vN - 1} X Qnull) \ {(070)} (both & 7é 0,q € Qnull
and & = 0,¢ € Quun \ {0}), and 3>, fﬁqulowa,q =
Tr(Cslow) = M(Krnarg - 1)-

(b) 1D Subspace Spectral-Nulling Shell (M = 1):
Within a single OFDM symbol (M = 1), let Ky, C
{1,...,|N/2]} be a set of Kpui = |Kpun| ranging lags
with real Fourier basis Vip € RNX(Kwutl) gpanning
{1y, {cos(2mkn/N),sin(2rkn/N)} ke, - If T € RY,
satisfies VI5(r — 15) = O almost surely with isotropic

covariance on range(Vip)=, then
E[|fk|2] _ 0, rnin(k,N — k) € Kuull, an
N %, otherwise (k # 0).
Proof: See Appendix B. ]
When dpai = 1 (Qnun = {0}), VI (r, 1M) =0
simplifies to the constant block-energy shell Z 0 Spm|? =

L (M = L or 2L). In 1D fast time, coupling intensities along

B = N/L interleaved comb sub-blocks gives Corollary 1.
Corollary 1 (ID Comb-Coupled Sub-Block Spherical Shap-

ing): For B = N/L residue combs Z;, = {b+ (B : | €

{07...,L — 1}} b e {0 - 1}) with ry4yp = 7,
r = [Fo,...,75_1]7 on 1£r = B and Fmarg = E[72] under
Assumptlon I, r—1y € span{f,,;}2_} and f; € ker(C) for
% mod L # 0:

el -

Thus 7, = 0 almost surely for k € {1,..., L —1}.!
Proof: Substituting rp4;p = 75 into (2) factors 7, =
bB 01 Fyed 2RO/ ZL ! 32”’“1/1’ Whenever k£ mod L # 0,
the inner geometric sum vanishes (7, = 0 almost surely).
When k¥ = mL # 0 (m € {1,...,B — 1}), the in-
ner sum equals L, and 7,7 = L\/> fH r has vari-

- 2 — —
ance E[|f,2)/N = L EUmel) LB(%mrf Y by

Lemma 1(c). |

0, kmod L # 0,

%, kmod L =0 (k # 0).
(12)

C. Extension to Delay-Doppler Waveforms (AFDM/OTFS)
and Clutter-Masked Sensing Bounds

Delay-Doppler and chirp waveforms such as AFDM [9],
[23], [24] and OTFS [25], [26] modulate symbols via the
unitary discrete affine Fourier transform (DAFT/DCFT) or
symplectic finite Fourier transform (SFFT). Unprecoded i.i.d.
delay-Doppler QAM symbols mix via the inverse SFFT into
near-Gaussian frequency-time (FT) envelopes; however, ap-
plying slow-time clutter-trench shaping to the FT envelope
Sgr € CNxM (SFFT—precoded OTFS Spp = F%SFTF]\/[) or
directly to the native DAFT symbol intensities in AFDM main-
tains zero-variance clutter-trench nulling at a pulse-Doppler
FST matched-filter receiver (per-symbol fast-time correlation
followed by a slow-time Doppler DFT, as opposed to uncom-
pensated 2D delay-Doppler correlation).

Proposition 1 (Pulse-Doppler FST Matched-Filter Nulling
for FT-Precoded OTFS and Native DAFT-Shaped AFDM): Let
R = [rpm] € RYM satisfy Theorem 1(a) at a pulse-Doppler
FST matched-filter radar receiver.

(a) FT-Envelope-Shaped (SFFT-Precoded) OTFS: For
SFT S (CNXJW with |SFTnm| = Tnm, SDD
FASprFy, and x,, = Fhsprm, AOTFS(ka q)
Smo Frme I2Tam/M = /NM£H Rfy, = 0 almost
surely for all k € {1,...,N — 1} and ¢ € Qpnun.

(b)  Native  DAFT-Domain-Shaped =~ AFDM: For
Sparr € CM*M with |SparTm|> = 7Tam and
Xm = AHF{Aspapr, (A, = Diag(e /2mm),
Aeynn? = 1), satisfies
|SET nm | = Tnm. Under de-chirped correla-
tion FEPM = Zg:_ol Tm[n]zi[(n — k) mod
N} 67j27rcl(n27((n7k) mod N)2)’ 67‘7’271'c1}792“4AFDM(k7 q) _
VNMEL (| oneyk moa nREir, = 0 almost surely for all
ke{l,...,N—1} and ¢ € Qnu1 whenever 2N¢; € Z and

ged(l —2N¢y,N) = 1.
Proof: From |SET.nm|? = Thm, Tkm = \/ijl\j/{k/r:,m
= VNM £} Rf},, with &' =

>[I

a H
SFT,m = A SDAFTm

and ZIVI 1 efj27rqm/M

'Under B independent L-spheres ZnEIb
1€{0,...,L—1} for k mod B = 0, nulling k € {B,2B,.
(B=L=+N =8 for N =064 in Fig. 1(a)).

rn = L, fy 1, is constant across

- (L=1)B}



(a) 1D Fast-Time Ranging Sidelobes: Theoretical (Lemma 1) vs. Numerical
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(b) 2D Slow-Time Zero-Doppler Cut: Theoretical (Thm. 1) vs. Numerical
0

~
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§, + Theoretical i.i.d. Gaussian Sca Level (/N = —18.06 dB, Thm. 1)
a i.d. PAS-64QAM (kinurg = 1.85, Numerical)
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S
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o
=
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Q =501
o
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—38.5 dBc). (a) 1D fast-time ranging

7 full-sphere penalty (Lemma 1(c)), comb-interleaved nulling (Corollary 1), and 1D subspace nulling over k € [1,18]

(Theorem 1(b)). (b) 2D slow-time zero-Doppler (¢ = 0) ambiguity cut | ApgT (k,0)|2/(M N?), confirming 35.5 dB single-slot suppression to the hardware

floor 20%,);/N = —53.55 dB.

ke{l,...,N—1} (OTFS) or ¥’ = (1—2N¢p )k mod N # 0
(AFDM); by Theorem 1(a), Rfy; , = 0 for all ¢ € Quun\{0}.
|

Proposition 2 (Multipath Clutter-Masked SCNR, Delay
CRLB, and Hardware Floor): Let Y, ,,, contain a target return
at (r4,q:) (ke # 0,¢¢ # 0,|ow|> = P), K. clutter taps
{Tc,é}fzcl (kcl # ki,qgc = 0,PF, Ef:cl E[|ac,f|2]

P;) with independent tap phases and unit-power slow-time
Gaussian ICM hy[m] (0. < 1), AWGN o2, and TX EVM
oiyn < L.

(a) Interference Variance Ulznt(Qt) at (kt,q:): With target
peak |ApsT(kt, g1)|? = (NM)?P; (including ¢; € Qpnun\{0})
and unit per-symbol noise gain, the per-subcarrier interference
variance at (ki,q;) is

Ui2nt (Qt> = Uz + P Mleak (Qt; Uc)

K -1 202 (13)
Pc marg o EVM
+ ( N f d (qt ) + N )
with clutter—peak—nonnalized floor ”“ (qf ) = £ ;:, +

meak(Qt ,0c) + Kmug

2
gmod(Qt) + L;\?VM Here nleak(qtvac) =

ﬁog(kt) [\Hg[th | = Bot(k¢) O((mo.)?!%!) with Dirichlet
factor
K N—1 2

A - EHO‘CZP} 1 j2mn(ki/N—Af1e.0)

= —_ 7 | — t c, 1
Boff(k't) 2 P, N Ze € [07 )
(Boff(kt) = 0 for 1nteger taps), and &mod(¢r) £ (Kmarg —
1)~ Zq [\ ([ 1] MqtquSIOWfMyQt*Q' For i.i.d. symbols,
gmod(qt) f or dnull - (Qnull - {0}) at qt = 1 ¢ {0}7
Emod (1) =~ M/( —1) > 1since ¢t — 0 = 1 ¢ Quu; for

= ‘qt| (e-g-, dnull = 37Qnull - {O,:l:l} at ¢ = :l:l)’
gt € Qnun \ {0} gives farq, € ker(Csiow), 80 &mod(qe) =0
at o, = 0 and O((ro,.)?(@~lal+1)) at o, > 0.

(b) Doppler-Conditioned Linear-Covariance
(Gaussian-Interference) Delay Fisher Information

and CRLB: With mean- square , razdiazn bandwidth
7|-2A N/2-1 w2 B2(N2-1
B2 A& Al >l / N = TBND and per-

subcarrier 1nterference variance o2, (q;)/M at Doppler bin
q¢, the linear-covariance Slepian-Bangs delay CRLB is

2
A\ Oint (qt)
CRLB(#) = SIINPBE
o CNR 19
= CRLBfree(%t) (1 + T Wmask(Qt))v
where CRLBgeo(7) = 02/(2MNP,B2 ), CNR £ P./o?,

and \Ijmask(qt) £ (Hmarg - )gmod(qt) + ancak(qtvo—c) +
QJEVM (exact for slow-time shaped frames where
-1 Zm —0 "n,m = 1 almost surely on every subcarrier in
the dense non-co-located Rayleigh multipath limit K, > 1
with 7., # 7, and a conditional-mean analytical benchmark
for finite- K. clutter and i.i.d. baselines).
Proof: See Appendix C. [ ]

IV. SUBSPACE-SIMPLEX POLYTOPE GEOMETRY,
INFORMATION-THEORETIC BOUNDS, AND TRANSCEIVER
DESIGN

A. Geometry and Marginal Kurtosis of the Clutter-Trench
Polytope

By Theorem 1, admissible slow-time intensity vectors r =

r,. € RY o form the bounded (M — d,,11)-dimensional convex
polytope
PM(Qnull) £ {I‘ € ]RZ Vnull( ]'M) = 0} : (15)

Theorem 2 characterizes the marginal fourth-order kurtosis
Rmarg = E[T?n] over PM(Qnull)~

Theorem 2 (Projected Dirichlet-Simplex Marginal Kurtosis
over the Clutter-Trench Polytope): Let s € CM satisfy As-
sumption 1 with intensity vector r € Py (Qnun) (1 < dpun <
M).



(a) Pure Slow-Time Spherical Shaping (dpun = 1, Qnun =
{0}): Here Ppr({0}) = MAM~1 Under uniform spherical
signaling s ~ U(vVM S*~1), M ~r ~ Dir(1,,), and for all
M > 2,

2M 2
2

mar M) = = 4 )

Fmarg (M) = 377 M1 6
Coow = —1 (1 Lyl o
slow = i \M T MM

(b) Multi-Bin Clutter-Trench Subspace Shaping (1 <
dypunn < M): For u ~ M Dir(1,y), the orthogonally projected
vector 157 + P (u — 1) has isotropic covariance MA—_{HP n

on V<, and un-clipped second moment (an upper bound on
PM ( Qnull))
M — dnull 2M +1 - dnull
roj M, dpart) =1 = 17
Fproj ( W =1+ = M1 (17)

Under radial retraction r = 1 4+ a(u)P (u —
1y) € Pu(Qnun) with step factor a(u) = min{l,
1/ max,. (P, (13 —w)>0PL(Lar—w)lm} € (0,1], VI (r—
1,s) = 0 holds almost surely (preserving V,un C ker(Cglow )s
exact nulling in Theorem 1(a), and average Parseval out-
of-trench variance %jnj) with < 0.15 dB variation
across ¢ ¢ Qpu for dy,y > 1) and retracted kurtosis
"iret(Ma dnull) =1+ 64% Mjgjiiiﬁm < Kproj(Ma dnull)» where
a3 2 Ela(u)?|[P L (u—1a)[3]/E[[P L (u—1a)][5] € (0,1]
equals 1 for dyuy = 1, = 0.78 (kpet = 1.572) at (M, dpun) =
(14, 3), and approaches 1 (kret — 2) as M/dpun grows.
Proof: See Appendix D. ]
For one 3GPP NR slot (M = 14), Theorem 2 gives
Fomarg(14) = 28/15 & 1.8667 (dyun = 1) and kproj(14,3) =
26/15 ~ 1.7333 (dnun = 3); for M = 16, Kmarg(16) =
32/17 ~ 1.8824 and Kpyoj(16,3) = 30/17 ~ 1.7647.

B. Finite-Blocklength Mutual Information Gap, Converse, and
Dispersion

Theorem 3 bounds the mutual-information gap when S €
CM is constrained from i.i.d. Gaussian Sq ~ CN(0,I)
to the spherical shell (d,,; = 1) or clutter-trench polytope
(dpan > 1) over the AWGN channel Y = /pS + Z
(Z ~ CN(0,1yy)), separating finite- M relations from large- M
expansions [11], [22].

Theorem 3 (Finite-Blocklength Mutual Information Gap,
DPI Converse, and Channel Dispersion): Let Cawan(p) =
logy (1 + p) and AI(M, dyu, p) = Cawen(p) — 371(S;Y).

(a) Exact Finite-M Zero-Gap Identity for Slow-Time Spher-
ical Shaping (dnu1 = 1): For any finite L = M > 2 and
Seph ~ U (VL S?E=1), radial sufficiency (achievability) and
the radial data-processing inequality (DPI converse) coincide:

1
Alphere(Lop) = 7 Dt (frz, | frz) - (8)

L

L—1,-y/(1+p)
where  fr2 (y) oy ad SR () =

(y/(Lp))E=1/2e=w+Lo) [ 1 (24/Lpy), with I,,(-) denoting
the order-rv modified Bessel function of the first kind.

(b) Non-Asymptotic Radial DPI Lower Bound and Equal-
Codimension Partition Benchmark (d,,u > 1): Because

157/v/M is the first column of V1, every r € Pps(Qnun)
satisfies ||S||3 = M almost surely. Consequently, ||[Y|3 ~
fprh and the radial DPI gives the finite-M converse bound
Alivench (M, duait, p) > Aliphere(M, p). Splitting the M-
symbol block into d,,u disjoint sub-spheres Zi,...,Zq4
of lengths L; € {|M/duu], [M/dpan]} (52 Ly = M)
enforces d, orthogonal energy constraints Zmezj Tm = L;
(nulling the dy,-dimensional comb subspace Qcomp = {¢ :
qdpan =0 (mod M)} when dy,y | M) with rate loss

dnun

Alpart<M7 dnulla P) £ M Z Lj AIsphere(Ljv p)

j=1

(19)

(c) Asymptotic Large-M Second-Moment DPI Con-
verse and Finite-Blocklength Dispersion: Applying the DPI
DKL(PYHPYG) > DKL(PW(Y)HPW(Yg)) to the projected
output intensity vector w(Y) £ M~V2VT (]Y|9% — (1 +
p)1ar) € R and applying the multivariate CLT with
fourth-cumulant Edgeworth expansion gives the asymptotic
DPI converse (matching the O(d,u11/M) Bessel-KL expansion
of (19)):

AItrench(A]\47 dnull7 p)

2 2 2 20
> dnull In (1 + p) _ P + O dnull . ( )
oMIn2| 1+2p (14 p)? M?

Under the Polyanskiy-Poor-Verdd normal approximation [22]
over Npjx independent blocks (nyot = NpikL), zero radial
energy variance lowers the asymptotic per-symbol channel
dispersion from Vg(p) = 2’1(2;;?3 (logy €)? to the 1D radial
shell benchmark Vipen(p) = ﬁ(log2 e)? < Valp) (up
to an O(L~!) finite-L Bessel-density curvature term). For
block error probability € € (0, 1/2), the normal-approximation
dispersion-crossover block count below which slow-time
spherical shaping exceeds the finite-blocklength rate of i.i.d.
Gaussian signaling is

X (\/VG(p) - \/V;hen(P))2
Noie < Nop (L, p, €) = L [Alyphere(L P)]Q

x [@ ' (a)].

Proof: See Appendix E. [ ]
At p = 20 dB (Cawgn = 6.6582 bits/s/Hz) and
L = 14 (dnan = 1), (18) gives Algpnere(14,20 dB) =
0.1524 bits/s/Hz (within 6 x 10~4 bits/s/Hz of the asymptotic
bound 0.1518 bits/s/Hz in (20)), equal to 97.7% of Cawan at
L =14 and 98.0% at L = 16 (Alphere = 0.1333 bits/s/Hz).
At p =10 dB (Vihen = Vg /12) and € = 1073, the dispersion

crossover (21) is Ny, ~ 5723 blocks (80,122 symbols).

2n

C. Discrete  Concentric (4,8,16)-APSK  Constant-
Composition Transceiver and Low-Complexity Implementation

For bit-interleaved coded modulation in 3GPP NR
transceivers (Algorithm 1, Remark 1), a constant-composition
distribution matcher (CCDM) [13] on Aapsk = Ufnzl Rom
(| Aapsk| = 28) discretizes Py ({0}).

Proposition 3 (Concentric (4,8,16)-APSK  Constant-
Composition Shell Design and Minimum Euclidean Distance
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(block MI %I(S; Y) vs. marginal MI) over p € [—5,25] dB. (b) Exact finite-L Bessel-KL rate loss Algphere(L, p) (Theorem 3(a)), multi-bin rate loss

Alirench (M, 3, p) with non-asymptotic bounds (Theorem 3(b)), asymptotic O(L~

Gain): For Aapsk = Uim:l Ry with a1 < as < ag
(Tring,m = afn 5 (Ml,Mg,M3) = (478, 16), and bm
logy M, € {2,3,4}:
(a) Spectral Efficiency Rapsk(L) = 4.0000 b/s/Hz (L €
{7,8}): At L = 8 with (n1,n2,n3) = (2,4,2), Nperm(8) =
8 = 420 > 28 gives kamp = [logs Nperm(8)] = 8 and

214121
S Mmbm = 2(2) + 4(3) + 2(4) = 24:

kphase(S) -
kamp + kphase (8)
8

= % = 4.0000 b/s/Hz.

(22)

Rapsk(8) =

At L 7T (M 14 2 x 7) with (ni,n2,n3)
(2,3,2), Nperm(7) = 2,3,2, = 210 > 27 gives kump = 7,
kphase(7) = 2(2)4+3(3)+2(4) = 21, and Rapsk (7) = 28/7 =
4.0000 b/s/Hz.

(b)  Energy Normalization and  Kmarg(L): For
(Tring,hrring,2arring,3) (O 32 0. 92 1. 84) (L 8)
and (0.31,0.90,1.84) (L = 7), Zm 1nmrrmgm = L and
E[|7x[*] = 0at ¢ = 0, with Karg(8) = £ S04 N Fing.m =
10.3616 1.2952, Kmarg(7) = 23232 1.3419, and
Fmarg = 12254 = 1.4048 for 3-ring QPSK (0.28,0.88,1.96)
at L = 8.

(c) Squared Distance d2 APSK VS- dmm 16.psg° For a #

a’ € Camp, Ha— a Hz > mm{2( az — a1)2,2( az — as)?} =

0.3071, and 4a?sin’(7/4) > 0.6200, 4a3sin®(7/8) >
0.5272, 4a2sin?(7/16) = 0.2801 (a3 = +/1.84), so

A2 apsk = 4a3sin®(7/16) = 0.2801 = 1.84d2;, 14psk
(+2.65 dB asymptotic; +3.1 dB at BER = 1073).
Proof: See Appendix E. [ |
Remark 1 (3GPP TS 38.211 Pilot-Pinned DMRS Com-
patibility and Paired Half-Slot Coset Selection): In 3GPP
TS 38.211 NR (M = 14) with M}, = 2 QPSK DMRS symbols
at M, = {2,11} (rpm = 1), setting Vr:full,data(rdata —
112) = 0 on Mdata = {07,13} \ Mp (Mdata = 12)
gives Vnun(rn —114) = 0, Apst(k,q) = 0 on Quyy, and
Tr(Cslow) = Maata(Kdata —1). Under CCDM, (n1,n9,n3) =

1) converse (Theorem 3(c)), and marginal kurtosis (Theorem 2).

(2,3,2) (L = 7, Proposition 3) is used on non-DMRS
subcarriers, and (ni,n2,n3) = (2,2,2) (2,2,2, = 90 >
26, kamp = 6, (Tring,la rring,27 Tring,S) (O 30 0. 86, 184),
Zm N Tring,m = 6) 1S used on the Lq.t, = 6 data symbols
of DMRS-bearing half-slots.

When M = 2L is split into half-slots h» € {1,2} of length
L, Y0 rne = Lnulls g =0 and ¢ = M/2 (both for
4.0000 b/s/Hz (4,8,16)-APSK CCDM and 3.0000 b/s/Hz 3-
ring QPSK Trench-CCDM with kamp = L). To suppress g =
+1 by > 25 dB without bit repetition (Paired Half-Slot Coset
Selection), the Nperm (L) permutations r® € R are parti-
tioned by (r™) = (S F ) rMe=12m/M) into C cosets
of S = 32 permutations (kjntn = 5 bits/half-slot). Selecting
r®M and r® from the same coset (kjc%et = log, C) can-
cels 5 01 (1) 7]271’@/M agalnst e ]TI'Z 1 (2) 7327r€/M
(e—727L/M = _1), yielding 3 +5 + 5 = 13 amplitude
bits at L = 8 (Nporm(8) = 420,C — 8 2.8125 and
3.8125 b/s/Hz) and 2 + 5 + 5 = 12 amplitude bits at L = 7
(Nperm (7) = 210, C = 4; 2.8571 and 3.8571 b/s/Hz).

V. NUMERICAL RESULTS

In the numerical evaluation of Lemma 1, Theorems 1-3,
and Propositions 1-3, the 3GPP 5G/6G NR grid has N = 64
active subcarriers (A f 480 kHz, B 30.72 MHz,
AR = ¢/(2B) = 4.883 m), slot sizes M = 14 (one 3GPP
TS 38211 slot, L =14 or 2 x 7) and M = 16 (L = 16 or
2 x 8), and 12-bit TX DAC / RF front-end EVM = —38.5 dBc
(CT%VM = 10728 = 1.41 x 10~*), averaged over 600-12,000
independent slots per point.

A. 1D Fast-Time vs. 2D Slow-Time Sidelobe Variance (Fig. 1)
Fig. 1(a) plots +E[|7x]?] over k € {1,...,32} (M = 1).

Under s ~ UVNS*™~1) (Lemma 1(c)), %E[]?] =
N 1070:0673/10 (_0.067 dB empirical vs. O dB for i.i.d.

NI =
N ) and —0.71 dB for PAS-64QAM with Kmarg = 1.85).
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Fig. 3. Radar moving-target detection in 5-tap off-grid ICM clutter and communication BER. (a) CA-CFAR (P, = 10~3) detection probability Py at target
Doppler g¢ = 1 vs. TCR € [—42,—18] dB (0. = 0.12,CNR = 45 dB). (b) Uncoded and soft-LLR (16,11) extended Hamming FEC-coded BER vs.
Es /Ny for 3-ring QPSK Trench-CCDM (3.00 bits/s/Hz) and concentric (4, 8,16)-APSK CCDM (L = 7,8, 4.00 bits/s/Hz).

Algorithm 1 Slow-Time Clutter-Trench and (4, 8,16)-APSK CCDM Transceiver (M € {14,16}, L = M/2 € {7,8})

1: Parameters: N, M € {14,16},L = M/2, Vyu € RM > b Af,.
2: TX Continuous (P]VI(Qnull)9 n = 07~~~7N - 1): Zn ~ CN(OylM), Un,m — |Zn,m|2, u, < Mun/(]-]j;{un)y 671, — (I]M -

Vo Vi) (Wn — 1a).

3: o <= min{l, 1/ maxm: —5, ,,>0(—0n,m)}, Tn < 1ar + @nbn € Prr(Quunt), Snom <= /Tr,m Zn,m /| 2n,m-
4: TX Discrete CCDM (Aapsi, h € {1,21): by = (Damp, bphase) € {0, 1}Famp+henase(L) (8 4 24 = 32 at [ = 8; 7+ 21 = 28 at

L=T).

5: anh < Camp(Damp) (2-KB LUT, O(1)); Sp,nye ¢ @n,p,e €@t ®Bonase) (O(L)); X < Fism (m=0,...,M —1).
6: RX Radar: Y + FxXox, R S*OY, Arst(k, q)  VNM £, Ry, (3) (q: # 0).
7: RX LLR: d7 ,,, < |Jn.ne — am€®m|? (m € {1,2,3},O(L)); An,p,i < MiNacCampibi—0 3y A7 ey — MiNacC,mpbi=1 Y0 A7 (o)

(O(L 2kame) kamp < 256),

The 1D comb-coupled shell (L = B = 8, Corollary 1) and 1D
subspace shell (KC,un = {1, ..., 18}, Theorem 1(b)) reach the
12-bit DAC/RF EVM floor 10log;(208yy) = —35.49 dB
on nulled lags and N/(N — 2Ky, — 1) (11) on k& > 19.

Fig. 1(b) shows the 2D  zero-Doppler cut
E[|Arst(k,0)|?]/(MN?) (M = 16, per-pulse normalization
MN?, two-sidled TX EVM). For iid. Gaussian and
PAS-64QAM, per-bin sidelobes equal (Kmarg — 1)/N
(—18.06 dB and —18.81 dB), with ISLRyy =
Sy Ell Arsr(k, 0)[2]/(MN?) & (Smarg — 1) + 203y,
equal to 0.9970 4+ 0.0163 and 0.8291 4 0.0119 (600 frames).
For L = 16 (Kmarg = 1.8824) and 3-ring CCDM (L = 8),
EllApsr(k,0)2/(MN?) = 20%y,/N = —53.55 dB
(k # 0) and ISLRgerr = (2.77 £ 0.038) x 107* ~ 203\ =
—35.49 dB (M € {14,16}, MTyyr, < 0.5 ms vs. M ~ 3,550
or 127 ms under i.i.d. QAM).

B. Capacity Retention and Finite-Blocklength Dispersion
(Fig. 2)

In Fig. 2(a) (p = 20 dB, Cawgn = 6.6582 b/s/Hz,
IQPSK = 1.9996 b/S/HZ, IPAS-64QAM = 5.1868 b/S/HZ),
CawaN — Algphere equals 6.5249 b/s/Hz (98.0%, L = 16),
6.5058 b/s/Hz (97.7%,L = 14), and 6.3908 b/s/Hz
(960%,L = &) at dyun = 1; at (M;dnull) = (14,3),

LI(S;Y) = 6.2010 b/s/Hz (93.1% via Alpny =
04572 bis/Hz; Cawax — Alpa(14,3,20 dB) =
6.1867 b/s/Hz or 92.9%), while (4,8,16)-APSK CCDM
(L = 8, Proposition 3) has $1(S;Y) — 4.0000 b/s/Hz and
H(S) = 4.50 b/s/Hz.

In Fig. 2(b) (L € [2,64]), at L = M = 14, Kparg(14) =
28/15 = 1.8667 and Alphere(14,20 dB) = 0.1524 bits/s/Hz
(977% of Cawan). At (M, dnull) = (14,3), the bias-
corrected 3D k-NN divergence - Dkr(Puw(v)||Pw(ye)) =
0.4572 bits/s/Hz lies within 0.0017 bits/s/Hz of the
CLT DPI converse 0.4555 bits/s/Hz (20) and below
Alpart(14,3,20 dB) = 0.4715 bits/s/Hz (19).

C. Weak-Target Detection in Off-Grid ICM Clutter and Com-
munication BER (Fig. 3)

Fig. 3(a) shows CA-CFAR (P, = 10~3) detection proba-
bility P; (M = 16) at ¢ = 1 over TCR € [—42,—18] dB in
5-tap off-grid clutter with Gaussian ICM o, = 0.12 (CNR =
45 dB). By Proposition 2(a), dyy1 = 1 spherical shaping
and slow-time Block-LS (FpLsn,: = (M/||sn.:[3)s). ©
¥n,:» which normalizes ¢ = 0 subcarrier energy without
per-symbol ZF noise penalty) both reach P; = 0.90 at
TCR =~ —18.5 dB (matching i.i.d. PAS-64QAM + MF)
since &poa(l) = M/(M — 1) at ¢ — 0 = 1 ¢ {0}



(a) High-Doppler ICI & Rapp PA Breakdown: Theoretical vs. Numerical

(b) Continuous-Time Nyquist RRC Pulse Shaping: Iceberg vs. Sea

|
=1
L

T T S R T o Y EE Y Bt et

|
S}
=1

1

-30

|
B
=1

1

-50 4

Zero-Doppler Integrated Sidelobe Ratio ISLR (dB)

=1
|

— =" iid. Gaussian Single-Frame Sea Level (M = 1, Numerical)

i.i.d. PAS-64QAM Single-Frame Sea Level (M = 1, kyyarg = 1.85, Numerical)
=== Proposed 1D Subspace Spectral-Nulling Shell (M = 1, Numerical)
Theoretical Deterministic Nyquist RRC Iceberg (4 = 0.35, Thm. 1)

|
=
|

e~~~

| | | |
%3 N w [ )
=} =] =1 =]
1 L

Oversampled Autocorrelation Power £ [IR.(2)1?] (dB)
2

107 1072
Normalized Intra-Symbol Doppler Shift ep = fpTym

Moy

12
Continuous Delay Shift 7/Tehi, (symbol periods)
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Doppler ISLRg vs. €p = fpTiym € [107*,0.15], comparing linear-PA curves against 02y;/M + 7%€2,/(3M) and a 4x-oversampled Rapp SSPA
(IBO = 7.0 dB, p = 3). (b) Continuous-time Nyquist RRC (3 = 0.35) autocorrelation E[| R, (7)|?] (M = 1).

Reciprocal ZF (nzrp = +4.77 dB) and LMMSE Wiener
filtering (cyeg = 02) reach Py = 0.90 at TCR ~ —27.2 dB.
For dyun = 3 (Qnun = {0,£1}, M = 16), Paired (4,8, 16)-
APSK CCDM (3.8125 bits/s/Hz), and Paired 3-Ring QPSK
Trench-CCDM (2.8125 bits/s/Hz) of Remark 1, &0a(1) =0
at ¢ = 0 gives Py = 0.90 at TCR = —32.0 to —30.5 dB
(+13.5 dB over i.i.d. PAS-64QAM + MF/Block-LS; +4.8 dB
over ZF). At TCR = —-30.0 dB (150 trials), CA-CFAR
output SINR 10log (| ArsT(kt, q:)|? /&) is 0.52+0.88 dB
(PAS-64QAM + MF), 9.75 + 0.42 dB (PAS-64QAM + ZF),
14.5740.25 dB (Clutter-Trench), and 13.25+0.28 dB (Paired
APSK-CCDM; t = 32.06,28.76,p < 4 x 10762),

In Fig. 3(b) (> 3.8 x 10 bits/point), 3-ring QPSK Trench-
CCDM (L 8, 3.0000 bits/s/Hz) beats 8-PSK at high
SNR and gains +2.8 dB with soft-LLR (16,11,4) extended
Hamming FEC. At 4.0000 bits/s/Hz, the L = 8 and L = 7
(4,8,16)-APSK CCDM codebooks achieve d7;, xpsk
1.84 dfnin’l&PSK (+2.65 dB) and beat 16-PSK by +3.1 dB at
BER = 10~2 (Proposition 3(c)), within 0.35 dB of unshaped
i.i.d. 16-QAM with zero ¢ = 0 sidelobes.

D. High-Doppler ICI Breakdown, Rapp SSPA Nonlinearity,
and Nyquist Pulse Shaping (Fig. 4)

Fig. 4(a) sweeps normalized intra-symbol Doppler ep =
fpTsym € [107%,0.15] for the coherent M-pulse peak-
normalized one-sided cross-ambiguity ISLR between the clean
transmit reference S* and received grid Y., ISLRo(ep) =

N VE[|ri (K] 2]/ riei[0]]2] (normalized by (MN)? with
one-sided TX EVM variance o%y,/M, differing from the
per-pulse two-sided ISLRgqs of Section V-A by 1/(2M) at
€Ep = 0)2. Fast-time phase rotation e/27¢>™/N generates ICI

T 2.
power T €D"

2
ISLR(ep) ~ ZEVM (23)

Linear-PA curves for slow-time spherical shaping (L = 16)
and Trench-CCDM (L. = &) follow (23) across all four
decades: for ep < 1072 (v < 31 m/s at f. = 28 GHz,
Af = 480 kHz), ISLRy equals oiyy/M = —50.54 dB
(vs. —12.04 dB for ii.d. Gaussian), and for ¢p > 0.04
quadratic ICI raises the floor to —23.2 dB at ep = 0.15.
Under a 4x-oversampled Rapp SSPA (grapp(4) = A/(1 +
(A)Agat)?P)/P) p = 3.0, IBO 7.0 dB), the 99.9-
th percentile OFDM PAPR is unchanged (10.58 dB and
10.52 dB vs. 10.68 dB for i.i.d. Gaussian), and cubic PA
intermodulation sets a —41.9 dB floor (29.9 dB below i.i.d.
signaling). In Fig. 4(b), under 4 x-oversampled Nyquist RRC
(8 = 0.35) pulse shaping [5, Eq. (17)], the 1D subspace
spectral-nulling shell (Theorem 1(b)) removes the —18 dB
random symbol floor over 7/ Tenip € [1,16] and exposes the
deterministic Nyquist pulse sidelobes down to —68 dB in one
pulse (M =1).

E. 3GPP NR 1[-Slot Two-Target Range Cut and Clutter-
Masked Ranging CRLB (Fig. 5)

Fig. 5(a) evaluates a 3GPP TS 38.211 1-slot (M = 14, N =
64, B = 30.72 MHz) two-target range profile at Doppler cut
g+ = 1 using a 2D matched filter. Three stationary clutter
taps (7. € {4.0,5.15,6.30} bins, total power P., g. = 0)
lie near d; = 19.53 m with 3-tap coherent mainlobe factor
Ve veak/(MN?P.) = 0.671 (—1.73 dB), and a weak
target lies at do = 109.18 m and ¢; = 1 (TCR = B;/P. =
—35.0 dB, post-matched-filter SNR = 18.0 dB, 02 /(M P.) =
5.01 x 1076 = —53.00 dB). By Proposition 2(a), 2f01r i.i.d.
PAS-64QAM (Kmarg = 1.8524,&moa(1) = 1), Znl

el o) — 067171951 x 1044501 x1070) =

YeM P.
M P,

1.41 x 103 (—28.51 dB theoretical vs. —28.56 dB empirical,
6.5 dB above the —35.0 dB target at d2). With 1-slot clutter-
trench shaping (M = 14, dnun = 3, Kproj(14,3) = 26/15)
and paired half-slot Trench-CCDM (L = 7,M = 14),
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(b) Ranging RMSE vs. Theoretical CRLB (Prop. 2(b): Theory vs. Num.)
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Fig. 5. 3GPP TS 38.211 1-Slot (M = 14, N = 64, B = 30.72 MHz) two-target range profile and weak-target ranging CRLB. (a) Slow-time Doppler
cut ¢ = 1 with 3-tap multipath clutter near d; = 19.5 m (0 dB, g = 0) and a weak target at do = 109.2 m (TCR = —35 dB) vs. the theoretical

PAS-64QAM floor (—28.5 dB, Proposition 2(a)). (b) Weak-target ranging RMSE and theoretical

SNR,aq = 12 dB.

Emod (1, Qnun) = 0 lowers the floor to —52.4 dB and exposes
the weak target at do = 109.18 m with an +18.2 dB peak-to-
floor margin.

In Fig. 5(b), under Rayleigh multipath clutter h.
CN(0, P.Iy) over CNR € [0,30] dB (SNR,,q = 12 dB),
random clutter sidelobes under i.i.d. PAS-64QAM and Gaus-
sian inputs reduce delay Fisher Information by 95.0% and
95.5% at CNR, = 30 dB, raising ranging RMSE from 5.98 cm
to 26.8 cm and 28.1 cm. Under 1-slot clutter-trench shaping
(M = 14), the ML ranging RMSE follows the clutter-free
CRLB of Proposition 2(b) across the 30 dB CNR range,
reaching 6.01 cm at CNR = 30 dB (99.0% FIM).?

~

VI. CONCLUSION

The kurtosis—capacity tradeoff in random multicarrier ISAC
waveforms arises from symbol-level i.i.d. signaling (C,, ., =0
for n # m). From the fourth-order moment decomposition
Smom = In2 +S1 4+ So + Scoy for non-i.i.d. proper circularly
symmetric constellations, the expected ranging and delay-
Doppler sidelobe variance equals the Rayleigh quotient £ Cf
of C = Cov(r). On VNSS! (M = 1), 15r = N
gives Cpm = —(Kmarg — 1)/(N — 1) and LE[7[*] =
%(nmarg — 1) (k # 0); over an M-symbol slot (M €
{14,16}), VI (v, — 1a) 0 gives Apst(k,q) = 0
for all (k,q) € ({0,...,N — 1} x Q) \ {(0,0)} and
E[l Arst(k, q)]?]/(MN?) = FEe==y for ¢ ¢ Quu.
On PM(Qnull)s K/proj(Mz dnull) = (2M +1-— dnull)/(M +
1) — 2 and AIsphere(Lap) = %DKL(ngph”fRQG) give
+1(S;Y)/Cawen = 97.7% (M = 14) and 98.0% (M = 16)
at dyui = 1 (ISLRgetir = —35.49 dB) and 93.1% (M = 14)
at dpun = 3 (p = 20 dB), with Rapsk = 4.0000 b/s/Hz

20n an audio passband link (f. = 6.0 kHz, fs = 48 kHz, N = 64, =
8) [29], [30], 3-ring Trench-CCDM gives AISLRy—0 = —4.68 dB relative
to i.i.d. QAM at BER = 0.

CRLB(dz) (Proposition 2(b)) vs. CNR € [0, 30] dB at

(3.8125-3.8571 b/s/Hz for paired duun = 3), di;, Apsk =
1.84 2, 16psk (+3.1 dB at BER = 107%), ATCRogo =
113.5 dB (M = 16) over iid. PAS-64QAM + MEF, and
+18.2 dB weak-target floor margin (99.0% delay FIM) in one
M = 14 NR slot.

APPENDIX A
PROOF OF LEMMA 1

Under Assumption 1 and Definition 1, the 1D P-ACF at lag
kis 7, = SHDkS = VeC(Dk>H§ with D, = UHJkU and
§ = s*®s, so E[|f]?] = vec(Dg)”Smomvec(Dy). Evalu-
ating (4) gives: (i) vec(Dy)HIyz2vec(Dy) = |Di]|2 = N;
(i) vec(Dy)S vec(Dy) (Kmarg — 2) ZN:_01 [Diln.nl?:
(iii) vec(Dy,)"Savec(Dy) = [Tr(Dy)* = 32,5 [Diln.al
where Tr(Dy) Tr(J,) = 0 for k € {1,...,N —
1} and |Tr(Dy)|? = N? for k 0; and (iv) since
(e, @ e,)Tvec(Dy) = [Diln.n and (e, ® e,,) vec(Dy)
[Dilmn with Cy . = Chyn, vec(Dg)H Sy vec(Dy) =
Zn;ém Cr,m ([Dil5, i [Dlm,m + |[Diln,ml?), yielding (5).

For Part (b), under CP-OFDM (U Fi), D, =
FyJFY = /N Diag(fy) is diagonal with [Dy],, =
e~92mkn/N- — \/N[f{], and |[Dg]nn|?> = 1. Substituting
[D]n,» into (5) and combining C,, ,, = Kmarg — 1 With Cy,
gives

E[mﬂ = N25[k] + N (Fmarg — 1)

+ N Comlfi]} [l m
n#m
= N%k] + NI C*;.

Dividing by N establishes (6). Since C = 0 and E[7;] =
VNEH1y =0 for k # 0, E[|7]?] = N £{/Cf;, = 0 holds if
and only if Cf, = 0, forcing Var(7) = 0 and 7, = 0 almost
surely.



For Part (c), if ||s|3 = 1%r = N almost surely and
r is exchangeable (Cp,, = Kmarg — 1, Cnym = cog for
n # m), then Cly = Cov(r, 1%1‘) = 0 implies (Kmarg —

)+ (N = Deog = 0, o cog = —(Kmarg — 1)/(N — 1).
Thus C = %(IN — %IN ). Since 14£, = 0 for
ke {l,....N — 1}, fiCf, = %(mmarg —D|fs]3 =
= (Kmarg — 1), establishing (7). ]

APPENDIX B
PROOF OF THEOREM 1
From (3), let R £ R—1x17%, with rows T, .
RM . Since fif ,1x = VNG[k] and 1%, £, =

A
=TIp.— 1]\4 S

VMé[ql,

N-1
Arst(k,q) = NM 6[k] 6lq) + VNM > [fx 4]n (Tr £ir,) -
n=0
Because the zero-mean rows {F,.}>_! are independent
across subcarriers with covariance Cgoyw = E[I"n,;fz’:] and
[fx &lnl® = 1/N for all k € {0,...,N — 1}, cross-terms
(n # n’) vanish in expectation for all k, giving

E||Apst(k, )|
For ¢ € Onu, the real and imaginary parts of fy,, lie
in Vo 8), so Pifyg = 0 and £ Caonfrrg = 0
(ArsT(k,q) = 0 almost surely for (k,q) # (0, O)) For
¢ Quui, DFT orthogonality gives fi;, € Vnull’ )
PJ_fM’q = fM’q and
M (Kmarg — 1)
M — dnull
Dividing by M N? yields (10), while

Z fﬁ,qcslowa,q = Tr(FCaowF 1)

q

= N2M25[k] Sl + NM fﬁgcslowf]\/[,q.

M("fmarg - 1)

2 Caowfrrg =
M, slow 1M, q
1 M — dnull

£,z =

= TI'(CSIOW) = M(Hmarg - 1)

confirms Parseval conservation. For Part (b) (M = 1), substi-
tuting

N (Kmarg — 1)
Cp=—2a8 = (Iv—VipVEh
1D N_2Knull_1( N 1D 1D)
into f,fClka in (6) gives (11). |
APPENDIX C
PROOF OF PROPOSITION 2
With Sgwm = Sn,m + En,m (En,m ~ CN(07 O-IQEVM))’

AWGN Z,m ~ CN(0,02), target state (74, ;) (¢x # 0),
and K, clutter taps {7c¢};, (kex # kiyqe = 0, Helg] =
DET{helm]}, 32, E[|Helg]]?] = 1),

Yn,m _ atshw e—.727rnAf‘rt e.jQﬂqtm/IV[

+ Zac chelm

Evaluating ~ M~Y/2y M- bgx and
N-Y2 N () ed2mhin/N- g (kt,qt) maps the target
return to (Ak Ag) = (0,0) with power NMP, since
> onm |Sp.m|? = NM for all ¢ € Quun \ {0}.

Shw —j2mnAfTe e +Zn7m

me —j2mqem/M

For each clutter tap ¢ at 7., (Aky # 0), writing |Sn’m|2 =
1+ 7y, m splits the clutter output at (k;, ¢;) into three uncorre-
lated terms: (i) the subcarrier-invariant mean envelope 1-h[m)],
which after fast-time range compression at k; contributes
nlcak(qt; UC) = ﬂoff(kt) EHHZ[%HQ} = ﬁoff(h&) O((’/Tac)zlqtl)
with off-grid Dirichlet factor

2

K. N—
5 <= Eflacl?) \ (ks [N—Afres)
Bor(ke) 2> =2 | Z e
(=1 ¢

(i) the intensity fluctuation 7, ,,, he[m|, whose slow-time DFT
at g is M~Y2 % Hylg)(v] £3/,,_,) with variance

NZE |H[q]

Rmarg —

= T gmod(qt)v

vanishing at ¢ = 0 whenever ¢; € Qnun \ {0} (Qc > |¢:]);
and (iii) TX EVM 2Re(S}; ,, B m), contributing 208,/N:
adding o2 gives (13).

f1\/[ Qi — qulowaVl qt—q

For Part (b), in Gr(qr) =
ZM 15* Yy, me92maim/ M independence of
{I‘n,.}n: across subcarriers and independent clutter tap

phases across 7., # 7; render the residual clutter-plus-noise
uncorrelated across n # n’ with covariance (02, (q:)/M)In
and target mean ji,(7¢) = aze 722 (exact for slow-time
shaped frames where M ! Zn]‘f;g Tn,m = 1 almost surely,
and a conditional-mean benchmark for i.i.d. baselines). By the
Slepian-Bangs formula (exact for dense Rayleigh multipath
K. > 1 by the CLT),

N/2—1
2M 2
J(1) = = |0, i (7¢) |
! Uiznt (Qt) ZN/Q !
2M N P, B?
=S = s — CRLB(7) !
Oint (Qt)
proving (14). ]

APPENDIX D

PROOF OF THEOREM 2
For Part (a), s ~ U(vVMS*~1) has s Z VMg/|gl2

with g ~ CN(0,1) and u,, = |gm|®> ~ Exp(1). By the
Gamma-Dirichlet relation, ¥ = M ~'r ~ Dir(1,,) has

2 1
~2 _ ~ ~ _
Scaling by M? gives
. 2M M—-1
Kmarg (M) = M?E[f2,] = SR Var(r,,) = TESE

and Cov(r,,,1¢) = —M—H, proving (16).

For Part (b), let u ~ MDir(1p) with Eu] = 1y
and Cov(u) = M%_H(IM — L£1,17)). Since 1y € Voun,
Pi1);=0and § 2 P, (u— 1) has

Cov(d) =P, Cov(u)P, =




Because V11 is spanned by shift-invariant Fourier harmon-

ics (8), Py is circulant with [Pi]pm = Tr(PL) =
M— d"““ , giving Var(d,,) = 7MM?~_“““ and
2M +1 — dyan
HprOJ (M dnull) =1 -+ Var(5 ) M—H

in (17). Under radial retraction r = 1;+a(u)d € P (Qnun)s

Vgull (r

almost surely, preserving V1 C ker(Cgjow) and exact nulling
in Theorem 1(a), with

—1y) =a@)ViyPr(u—13)=0

1
Hret(My dnull) =1+ ME [a(u)ZH(S”g]
_92 M — dnull

=1+ a5 M1 < ﬁproj(Mv dnull)'

This completes the proof. ]

APPENDIX E
PROOFS OF THEOREM 3 AND PROPOSITION 3

For Theorem 3(a), under Y = /pS+Z (Z ~ CN(0,11)),
rotational invariance of S implies rotational invariance of
Y, so h(Y) decomposes in hyperspherical coordinates into
log, [S?£~1| plus the 1D radial entropy of R? = |'Y |3 relative
to yL~1ldy. Since h(Y|S) = Llog,(me) and E[Rbph] =
E[RZ] = L(1 + p).

fRf_ph )
ng (v)

|f3g),

L AIsphere (La ,0) = /O fprh (y) 10g2 dy

= DkL (fR

sph

proving (18).

For Theorem 3(b), because 1,;/ V/M s the first column
of Vi, every v € P (Qnun) satisfies ||S||3 = M almost
surely, so R? = [|Y||3 ~ fr> and the radial DPI'Y — [ Y|}3
gives Aliench(M, duatt, p) > Alspnere(M, p). Splitting the
M symbols into d, disjoint sub-spheres Z,...,Zg, ., of
lengths L; with independent inputs Sz, ~ U(y/L;S*%~1)
enforces d,, orthogonal energy constraints Zmezj rm = L;
and gives

dnull
I(Spart;Y) = Z I(SIj;YIj)a
j=1
proving (19).

For Theorem 3(c), the DPI on w(Y) =
M7IPVEL(Y[®2 = (1 + p)la) € R™ gives
MAItrench (Ma dnulh p) > DL (PW(Y) ”PW(YG)) For
Yo ~ CN(O,(l + p)I]\/]), |YG,m|2 — (1 + p) are
iid. sub-exponential with variance (1 + p)?, and

|[Vnull}m,i| \/Q/M with V?;unvnu]] = Idnun, so the
multivariate CLT gives w(Y¢) 4 N, (1 + p)?14,.,)
as M — 0o. Under clutter-trench  shaping,
VI (r— 1)) = 0 cancels the signal-intensity term in
Yinl? = (14p) = p(rm — 1) +2/pRe(S}, Zm) + (| Zim | — 1).

Conditioned on S, the remaining terms have conditional
variance 1 + 2p + 4p(r,,, — 1), so

Cov(w(Y)|S) = (1 +2p)1,
4 .
+ MpVZuHDlag(r — 1)V

L (14 2p)1y

null

null ?

and w(Y) % N(0
KL divergence

,(14+2p)1, ., )- Evaluating the Gaussian

D (N(0, (14 2p)La,.,) || N(O, (1 + p)*Ta,.,))
_ dnull In (1 + P) _ p2
21n2 1+2p  (1+p)2

(with O(d?,;,/M?) Edgeworth remainder) and dividing by M
yields (20), matching the large-L; expansion of (19). Equating
the normal-approximation rates [22, Thm. 54]

CAWGN - L Q ( ) C’AV\/'GN - AIsphere
Npix
Vihell ~_1
—_— €
Ny L ()
gives (21).

For Proposition 3, at L = 8 with (n1,n2,n3) = (2,4, 2),
Sk = 420 > 28 gives kamp = 8 and 2(2) + 4(3) + 2(4)
24 phase bits (32/8 = 4.0000 bits/symbol); at L =
with (2,3,2), gre5 = 210 > 27 gives kamp = 7 and
21 phase bits (28/7 = 4.0000 bits/symbol). Squared radii
(Tring,larring,27rring,3) = (032,092,184) for L = 8 give
energy 8 = L and Fpary = 12380 = 1.2952; squared
radii (0.31,0.90,1.84) for L = 7 give energy 7 = L and
Kmarg = Lé’?’z = 1.3419. Distinct ring permutations differ
in at least two positions, with inter-ring squared distance
min{2(az — a1)?,2(ag —az)*} = 0.3097 (L = 8) and 0.3071
(L = 7), and intra-ring squared distances 4a?sin®(7/4) >
0.6200 (QPSK), 4a?sin?(7/8) > 0.5272 (8-PSK), and

-~ |l

4a3 sin®(m/16) = 1.84 d2;,, 16.psx = 0.2801 < 0.3071

on the outer 16-PSK ring (42.65 dB). |
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