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Abstract— A flux-pinned interface offers a passively stable 

equilibrium that otherwise cannot occur between magnets because 

electromagnetic fields are divergenceless. The contactless, 

compliant nature of flux pinning offers many benefits for close-

proximity robotic maneuvers, such as rendezvous, docking, and 

actuation. This paper derives the six degree-of-freedom linear 

dynamics about an equilibrium for any magnet/superconductor 

configuration. Linearized dynamics are well suited to predicting 

close-proximity maneuvers, provide insights into the character of 

the dynamic system, and are essential for linear control synthesis. 

The equilibria and stability of a flux-pinned interface are found 

using Villani’s equations for magnetic dipoles. Kordyuk’s frozen-

image model provides the nonlinear flux-pinning response to these 

magnetic forces and torques, all of which are then linearized. 

Comparing simulation results of the nonlinear and linear 

dynamics shows the extent of the linear model's applicability. 

Nevertheless, these simple models offer computational speed and 

physical intuition that a nonlinear model does not. 

 
Index Terms—Dynamics, Linear Systems, Magnetoelectric 

Effects, Superconducting Magnets 

 

I. INTRODUCTION 

ARNSHAW’S theorem states there is no stable stationary 

equilibrium for point charges that are solely held together 

by electrostatic forces [1]. Because they are also 

divergenceless, magnetic fields offer no stable equilibria except 

at the origin or at infinity. This is not the case for flux-pinned 

magnets, for which a stable equilibrium can exist for any 

number of magnets at arbitrary relative positions and 

orientations. Flux pinning a magnet to a superconductor creates 

an equilibrium, or minimum potential energy well, that 

stabilizes the magnet's position and orientation.  

An external magnetic field excites current vortices within a 

superconductor, which is a material that carries current without 

resistance. Cooling a Type II superconductor to below its 

transition temperature in the presence of a magnetic field 

establishes permanent current vortices, which persist as long as 

the superconductor's temperature stays below this threshold. 

The flux-pinning effect influences the dynamics of kilogram-

scale bodies out to about 10 cm of separation distance.  The 

energy in the magnetic field determines the range.  

In early empirical studies of flux pinning, Williams noticed 

potential curves that resemble a volcano, with a minimum at the 

center of the disc and a maximum near the edge [2]. He 
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proposed a model consisting of a repulsive magnetic field 

source (the mobile image) superimposed upon an attractive 

magnetic field source (the frozen image).  

There are two conventional methods to model the 

magnetization of the superconductor: Bean’s critical-state 

model and Kordyuk’s frozen image model [3], [4]. The critical-

state model is general but numerically intensive because it is 

based on finite-element analysis of interactions among   ̶ideally 

 ̶ infinitesimally small magnetization loops. The accuracy of 

Bean’s model depends on the resolution of magnetization loops, 

which cannot be feasibly solved in real time for problems of 

practical interest. Kordyuk’s advanced frozen-image model 

represents the position and orientation of the two images within 

the superconductor geometrically, an approach that yields 

drastically simpler and faster realtime representations for 

feedback-control architectures. The frozen-image model omits 

the effects from physical parameters like temperature, material, 

and geometry, but they may be accounted for in a modified 

frozen-image model [5]. For simplicity, the following 

assumptions are made. Critical current density is assumed to be 

infinite.  For familiar problems, this limitation has no practical 

effect. The induced magnetic field is greater than the first 

critical magnetic field  ̶  again, an issue that rarely arises in 

practical applications. The temperature is low enough that 

scaling and hysteretic effects are negligible, although Yang 

offers a method to incorporate elastic hysteresis [6]. These 

assumptions, as well as the previous ones, are readily 

accommodated in systems designed for analyzability. 

Kordyuk’s model and the magnetic-moment dipole model 

provide the foundation for many subsequent analytical 

assessments of flux-pinned dynamics and is the basis for the 

rest of this paper [7], [8].  

 

 
Figure 1: Cryocooled superconductor with a pinned permanent 

magnet suspended in gravity 
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Kordyuk created an analytical model to explain image effects 

of flux pinning, known as the frozen image model [4]. 

Kordyuk’s geometric relation between magnet parameters and 

image parameters is graphically depicted in Figure 2. and 

further discussed in Section II. Other authors (Alqadi [9], 

Cansiz [10], Suguira [11], etc.) have written primarily about 

finding the potential fields of magnet/superconductor 

arrangements or the equilibria of magnet/superconductor 

arrangements in three or less degrees of freedom. This paper 

derives the most general case of six degrees-of-freedom. 

A flux-pinned interface offers many benefits for robotics 

applications: passive stability, compliance, absence of 

mechanical contact, and low mass requirements. Flux-pinned 

systems can be actively manipulated to control the orientation 

and position of close-proximity vehicles, while remaining 

contactless and compliant [12]. Traditional, linear control 

synthesis may be successful for such systems, but the inherently 

nonlinear dynamics must be linearized to provide a suitable 

plant model. A linearized model also provides valuable insights 

about the system, such as stability, natural frequencies and 

modes. The present study focuses on a general, linear model for 

these reasons. 

 
Figure 2: Geometric relationship between the equilibrium, frozen 

image, mobile image, superconductor and magnet. [4] 

II. MAGNETIC FIELD SOURCES 

The general expression for magnetic field strength at 

distance 𝝆 from the field source is (1) [10]. 𝒎 is the magnetic 

moment of the dipole of interest. From (1), the magnetic field 

strength decreases with distance cubed. The expression for 

magnetic field strength can be related to a flux-pinned mobile 

image, flux-pinned frozen image, electromagnet, or permanent 

magnet. The magnetic field is a function of two variables: 𝒎 

the magnetic moment dipole and 𝝆 the distance from the field 

source. 𝒎 is a parameter determined by the physical nature of 

the source. 𝝆 can be defined or measured in the physical system. 

The expression for magnetic moment dipoles differs for each 

type magnetic field source. 

 𝑩(𝝆) =
𝜇0

4𝜋|𝝆|3
(3(𝒎 ⋅ �̂�)�̂� − �̂�) (1) 

A. Physical Magnet 

There are two types of physical magnetic field sources: 

permanent magnets and electromagnets. The magnetic moment 

dipole of a permanent magnet is purely defined by physical 

characteristics in (2). B0 is the manufacturer’s measurement of 

the magnetic field at the surface of the magnet. d is the distance 

from the center of dipole to the surface. �̂�𝒑 is the unit direction 

of the magnetic moment dipole. The electromagnetic moment 

dipole is represented by (3), where V (t) is the voltage potential 

of the electromagnet, A is the area enclosed by the 

electromagnet’s coil of wire, T is the number of turns of the 

electromagnet, and R is the resistance of the electromagnet. 

Besides their physical differences, they mathematically 

represent a physical magnetic moment dipole 𝒎𝒑. For a graphic 

depiction of how to relate the variables, refer to Figure 3.a. The 

two physical magnetic field sources differ in the physical 

parameters that make up the magnetic moment dipole 

expression. 

 𝒎𝒑 =
2𝜋𝐵0𝑑

3

𝜇0
�̂�𝒑 (2) 

 𝒎𝑬 =
𝑉𝐴𝑇

𝑅
�̂�𝑬 (3) 

B. Mobile/Diamagnetic Image 

All superconductors display the Meissner effect, which is 

the expulsion of magnetic flux. The magnetic source that 

creates the Meissner effect may be represented as an image 

within the superconductor that changes polarity and magnitude 

to always repel. That image, more specifically, follows the 

external magnetic source and reorients to the moment dipole to 

mirror the external magnetic source. The mobile image’s 

magnetic moment dipole depends on the permanent magnet’s 

Figure 3: Different types of magnetic field interactions. (a) Geometric representation of permanent magnet or electromagnet magnetic field 

source positions. (b) Geometric representation of mobile image magnetic field source positions. (c) Geometric representation of frozen 

image magnetic field source positions. (d) Geometric representation of frozen image and mobile image overlaid at field-cooled position. 
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moment dipole and the orientation of the superconductor, given 

by (4). 𝒎𝒎𝒂𝒈  is the vector from (2) or (3) that represents the 

physical magnet’s moment dipole. �̂�𝒔 is the unit direction 

normal to the surface of the superconductor, illustrated by 

Figure 3.b. The mobile image moves when the permanent 

magnet moves, so the location of the magnetic field from the 

mobile image is dynamic. 𝒓𝒎𝒂𝒈 and 𝒓𝒎 change in the 

expression for magnetic field and potential energy. The 

magnetic field of the magnet’s mobile image from 3.b is given 

by (5), where 𝝆𝒎 is the distance from the mobile image to the 

permanent magnet. That distance is given by (6), where 𝒓𝒎  is 

the location of the mobile image and 𝑶𝒔 is a point on the 

superconductor surface. The mobile image’s magnetic moment 

dipole location and orientation are dependent on the 

superconductor’s geometry. 

 𝒎𝒎  =  𝒎𝒎𝒂𝒈  −  2(�̂�𝒔  ·  𝒎𝒎𝒂𝒈)�̂�𝒔 (4) 

 𝝆𝒎 = 𝒓𝒎𝒂𝒈 − 𝒓𝒎 (5) 

 𝒓𝒎 = 𝒓𝒎𝒂𝒈 − 2((𝒓𝒎𝒂𝒈 − 𝑶𝒔) ⋅ �̂�𝒔) �̂�𝒔 (6) 

C. Physical Magnet 

The frozen image is an image specific to high temperature 

or Type II superconductors. Instead of expelling all magnetic 

flux like Type I superconductors do, Type II superconductors 

field-cool a magnetic field during a transition phase and expel 

external fields that differ from the embedded field. This 

property allows for the stable presence of a field, in this 

application, infinitesimal magnetic dipole. The frozen image is 

a consequence of the presence of an infinitesimal magnetic 

dipole a priori and a posteriori cryocooling, which embeds a 

field in the superconductor that enforces restoration to this 

initial state. To counter the mobile image’s repulsion, the 

frozen image acts as an attractive infinitesimal magnetic dipole 

that stays in place and aligns magnetic moment dipoles with the 

field-cooled magnet. The frozen image’s magnetic moment 

dipole depends on the magnet moment dipole field-cooled onto 

the superconductor and the orientation of the superconductor, 

as shown in (7) and geometrically in Figure 3.c. Equation (8) 

and (9) are analogous to the frozen image distance vectors. Like 

the mobile image, the frozen image is dependent on the 

superconductor’s geometry but, unlike the mobile image, does 

not move when the permanent magnet moves after field-

cooling.  

 𝒎𝒇  =  2(�̂�𝒔  ·  𝒎𝑭𝑪)�̂�𝒔  −  𝒎𝑭𝑪 (7) 

 𝝆𝒇  =  𝒓𝑭𝑪  − 𝒓𝒇 (8) 

 𝒓𝒇  =  𝒓𝑭𝑪  −  2((𝒓𝑭𝑪  −  𝑶𝒔) ·  �̂�𝒔)�̂�𝒔 (9) 

 

III. LINEARIZED DYNAMICS FOR A SINGLE FLUX-

PINNED MAGNET AND SUPERCONDUCTOR 

INTERACTION  

The linearized dynamics for the simplest flux-pinned 

interface is derived. The dynamics are solely dependent on the 

magnetic field source’s position and orientation, along with 

physical parameters specific to the system geometry. Each 

subsection describes the linearization process briefly before 

presenting the final linearized equation set. 

A. Linearizing General Magnetic Dipole Force and Torque 

Equations 

Villani derived the force of a magnetic dipole 𝒎𝒃 

acting on another magnetic dipole 𝒎𝒂 at distance 𝝆, given by 

(10) in which the scalars are brought out front and all vectors 

are unit direction vectors [4]. The final linearized force 

equation relates the first order terms 𝛿𝑭𝒂𝒃 to 𝛿𝒓, 𝛿𝒎𝒂, and 

𝛿𝒎𝒃 , all vectors denoting deviation from equilibrium. To 

linearize about 𝝆𝒆, 𝒎𝒂𝒆, and 𝒎𝒃𝒆, a first order Taylor 

expansion was taken of (10) by replacing 𝑭𝒂𝒃 = 𝑭𝒆 + 𝛿𝑭𝒂𝒃, 

𝝆 = 𝝆𝒆 + 𝛿𝒓, 𝒎𝒂 = 𝒎𝒂𝒆 + 𝛿𝒎𝒂, 𝒎𝒃 = 𝒎𝒃𝒆 + 𝛿𝒎𝒃. The 

equilibrium force is subtracted from both sides. The cross 

products and dot products are replaced with cross and 

transpose operators (𝑣 × to 𝑣×, 𝑣 ⋅ to 𝑣𝑇), then rearranged to 

isolate the first order terms. To transform the linear equation 

to matrix form, notice that the quantities in front of 𝛿𝒓, 𝛿𝒎𝒂, 
and 𝛿𝒎𝒃  are 3x3 matrices. The final matrix expression for 

linearized force between two magnetic moment dipoles is 

given in (11). The moment/torque of a magnetic dipole 𝒎𝒃 

acting on another magnetic dipole 𝒎𝒂 at distance ρ is given by 

(12), also derived by Villani [5]. The same process of 

linearization is applied to Villani’s moment equation to yield 

(13).

 

 𝑭𝒂𝒃 =
3𝜇0𝑚𝑎𝑚𝑏

4𝜋𝜌4 ((�̂� × �̂�𝒂) × �̂�𝒃 + (�̂� × �̂�𝒃) × �̂�𝒂 − 2�̂�(�̂�𝒂 ⋅ �̂�𝒃) + 5�̂�((�̂� × �̂�𝒂) ⋅ (�̂� × �̂�𝒃))) (10) 

  𝛿𝑭𝒂𝒃 =
3𝜇0

4𝜋|𝜌𝑒|
5

[
 
 
 
 
 
 
 𝑚𝑏𝑒

× 𝑚𝑎𝑒
× + 𝑚𝑎𝑒

× 𝑚𝑏𝑒
× − 2𝑚𝑎𝑒

𝑇 𝑚𝑏𝑒1 −
5

|𝜌𝑒|
2
(𝜌𝑒(𝜌𝑒

×𝑚𝑏𝑒)
𝑇𝑚𝑎𝑒

× − 𝜌𝑒(𝜌𝑒
×𝑚𝑎𝑒)

𝑇𝑚𝑏𝑒
× ) + ⋅ ⋅ ⋅

−
5

|𝜌𝑒|
2 ((𝜌𝑒

×𝑚𝑎𝑒)
×𝑚𝑏𝑒 + (𝜌𝑒

×𝑚𝑏𝑒)
×𝑚𝑎𝑒 − 2(𝑚𝑎𝑒

𝑇 𝑚𝑏𝑒)𝜌𝑒 +
5

|𝜌𝑒|
2 ((𝜌𝑒

×𝑚𝑎𝑒)
𝑇(𝜌𝑒

×𝑚𝑏𝑒))𝜌𝑒
𝑇)

 

−𝑚𝑏𝑒
× 𝜌𝑒

× + (𝜌𝑒
×𝑚𝑏𝑒)

× − 2𝜌𝑒𝑚𝑏𝑒
𝑇 +

5

|𝜌𝑒|
2 𝜌𝑒(𝜌𝑒

×𝑚𝑏𝑒)
𝑇𝜌𝑒

×

 

(𝜌𝑒𝑚𝑎𝑒)
× − 𝑚𝑎𝑒

× 𝜌𝑒
× − 2𝜌

𝑒
𝑚𝑎𝑒

𝑇 +
5

|𝜌𝑒|
2 𝜌𝑒(𝜌𝑒

×𝑚𝑎𝑒)
𝑇𝜌𝑒

×
]
 
 
 
 
 
 
 
𝑇

[
𝛿𝒓

𝛿𝒎𝒂

𝛿𝒎𝒃

] (11) 

 𝝉𝒂𝒃 =
𝜇0𝑚𝑎𝑚𝑏

4𝜋𝜌3 (3(�̂�𝒂 ⋅ �̂�)(�̂�𝒃 × �̂�) + (�̂�𝒂 × �̂�𝒃)) (12) 
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 𝛿𝝉𝒂𝒃 =
𝜇0

4𝜋|𝜌𝑒|
3

[
 
 
 
 
 

3

|𝜌𝑒|
2 (𝑚𝑎𝑒

𝑇 𝜌𝑒𝑚𝑏𝑒
× + 𝑚𝑏𝑒

𝑇 𝜌𝑒𝑚𝑎𝑒
× − (

3

|𝜌𝑒|
2 𝑚𝑎𝑒

𝑇 𝜌𝑒𝑚𝑏𝑒
× 𝜌𝑒 + 𝑚𝑎𝑒

× 𝑚𝑏𝑒) 𝜌𝑒
𝑇)

 
3

|𝜌𝑒|
2
𝑚𝑏𝑒

× 𝜌𝑒𝜌𝑒
𝑇 − 𝑚𝑏𝑒

×

 

−
3

|𝜌𝑒|
2 𝑚𝑎𝑒

× 𝜌𝑒𝜌𝑒
𝑇 − 𝑚𝑎𝑒

×
]
 
 
 
 
 
𝑇

[
𝛿𝒓

𝛿𝒎𝒂

𝛿𝒎𝒃

] (13)

B. Linearized Forces and Torques for Flux-Pinned Forces 

and Torques 

The total force from a flux-pinned interaction is the 

superposition of the mobile image force and frozen image force. 

These images are magnetic field sources that impart linearized 

forces given by (11). The frozen image force is found by 

substituting 𝒎𝒂𝒆  to 𝒎𝒆  the magnet’s equilibrium magnetic 

moment dipole, and 𝒎𝒃𝒆  to 𝒎𝒇𝒆  the frozen image’s equilibrium 

magnetic moment dipole into (11). The frozen image will never 

change in orientation, thus 𝛿𝒎𝒇  =  0. The linearized force 

from the frozen image is given by (14). The mobile image force, 

given by (16), is similarly found by substituting 𝒎𝒂𝒆  to 𝒎𝒆  the 

magnet’s equilibrium magnetic moment dipole, and 𝒎𝒃𝒆  to 

𝒎𝒎𝒆  the mobile image’s equilibrium magnetic moment dipole 

into (11). From Kordyuk’s geometric interpretation of the 

frozen image model, the mobile image reorients itself like a 

mirror image across the superconductors surface, where �̂�𝒔 is 

the unit normal to the superconductor’s surface given by (4). A 

direct relation from m to 𝒎𝒎  is given by (15). This relationship 

reduces the number of independent state variables. The mobile 

image force equation depends only on the magnet’s orientation 

and position, given by (16). The forces from the mobile and 

frozen image are additive and may be combined to a final 

equation for force on the system, given by (17). The total force 

is dependent on the physical magnet’s position and orientation, 

which constitutes the translational dynamic state of the flux-

pinned interaction. 

 

 𝛿𝑭𝒇 =
3𝜇0

4𝜋|𝜌𝑒|
5

[
 
 
 
 
 𝑚𝑓𝑒

× 𝑚𝑒
× + 𝑚𝑒

×𝑚𝑓𝑒
× − 2𝑚𝑒

𝑇𝑚𝑓𝑒1 −
5

|𝜌𝑒|
2
(𝜌𝑒(𝜌𝑒

×𝑚𝑓𝑒)
𝑇
𝑚𝑒

× − 𝜌𝑒(𝜌𝑒
×𝑚𝑒)

𝑇𝑚𝑓𝑒
× ) + ⋅ ⋅ ⋅

−
5

|𝜌𝑒|
2
((𝜌𝑒

×𝑚𝑒)
×𝑚𝑓𝑒 + (𝜌𝑒

×𝑚𝑓𝑒)
×
𝑚𝑒 − 2(𝑚𝑒

𝑇𝑚𝑓𝑒)𝜌𝑒 +
5

|𝜌𝑒|
2
((𝜌𝑒

×𝑚𝑒)
𝑇(𝜌𝑒

×𝑚𝑓𝑒)) 𝜌𝑒
𝑇)

 

−𝑚𝑓𝑒
× 𝜌𝑒

× + (𝜌𝑒
×𝑚𝑓𝑒)

×
− 2𝜌𝑒𝑚𝑓𝑒

𝑇 +
5

|𝜌𝑒|
2 𝜌𝑒(𝜌𝑒

×𝑚𝑓𝑒)
𝑇
𝜌𝑒

×

 ]
 
 
 
 
 
𝑇

[
𝛿𝒓
𝛿𝒎

] (14) 

 𝒎𝒎 = (1 − 2�̂�𝑠�̂�𝒔
𝑇)m (15) 

 𝛿𝑭𝒎 =
3𝜇0

4𝜋|𝜌𝑒|
5

[
 
 
 
 
 
 
 2�̂�𝑠�̂�𝑠

𝑇(𝑚𝑚𝑒
× 𝑚𝑒

× + 𝑚𝑒
×𝑚𝑚𝑒

× − 2𝑚𝑒
𝑇𝑚𝑚𝑒1 −

5

|𝜌𝑒|
2
(𝜌𝑒(𝜌𝑒

×𝑚𝑚𝑒)
𝑇𝑚𝑒

× − 𝜌𝑒(𝜌𝑒
×𝑚𝑒)

𝑇𝑚𝑚𝑒
× ) + ⋅ ⋅ ⋅

−
5

|𝜌𝑒|
2
((𝜌𝑒

×𝑚𝑒)
×𝑚𝑚𝑒 + (𝜌𝑒

×𝑚𝑚𝑒)
×𝑚𝑒 − 2(𝑚𝑒

𝑇𝑚𝑚𝑒)𝜌𝑒 +
5

|𝜌𝑒|
2
((𝜌𝑒

×𝑚𝑒)
𝑇(𝜌𝑒

×𝑚𝑚𝑒))𝜌𝑒
𝑇))

 

−𝑚𝑚𝑒
× 𝜌𝑒

× + (𝜌𝑒
×𝑚𝑚𝑒)

× − 2𝜌𝑒𝑚𝑚𝑒
𝑇 +

5

|𝜌𝑒|
2 𝜌𝑒(𝜌𝑒

×𝑚𝑚𝑒)
𝑇𝜌𝑒

× + ⋅ ⋅ ⋅

(1 − 2�̂�𝑠�̂�𝑠
𝑇) ((𝜌𝑒𝑚𝑒)

× − 𝑚𝑒
×𝜌𝑒

× − 2𝜌𝑒𝑚𝑒
𝑇 +

5

|𝜌𝑒|
2 𝜌𝑒(𝜌𝑒

×𝑚𝑒)
𝑇𝜌𝑒

×) ]
 
 
 
 
 
 
 
𝑇

[
𝛿𝒓
𝛿𝒎

] (16) 

 𝛿𝑭𝒕𝒐𝒕 =
3𝜇0

4𝜋|𝜌𝑒|
5

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝑚𝑓𝑒

× 𝑚𝑒
× + 𝑚𝑒

×𝑚𝑓𝑒
× − 2𝑚𝑒

𝑇𝑚𝑓𝑒1 −
5

|𝜌𝑒|
2 (𝜌𝑒(𝜌𝑒

×𝑚𝑓𝑒)
𝑇
𝑚𝑒

× − 𝜌𝑒(𝜌𝑒
×𝑚𝑒)

𝑇𝑚𝑓𝑒
× ) + ⋅ ⋅ ⋅

−
5

|𝜌𝑒|
2
((𝜌𝑒

×𝑚𝑒)
×𝑚𝑓𝑒 + (𝜌𝑒

×𝑚𝑓𝑒)
×
𝑚𝑒 − 2(𝑚𝑒

𝑇𝑚𝑓𝑒)𝜌𝑒 +
5

|𝜌𝑒|
2
((𝜌𝑒

×𝑚𝑒)
𝑇(𝜌𝑒

×𝑚𝑓𝑒)) 𝜌𝑒
𝑇) + ⋅ ⋅ ⋅ 

2�̂�𝑠�̂�𝑠
𝑇(𝑚𝑚𝑒

× 𝑚𝑒
× + 𝑚𝑒

×𝑚𝑚𝑒
× − 2𝑚𝑒

𝑇𝑚𝑚𝑒1 −
5

|𝜌𝑒|
2
(𝜌𝑒(𝜌𝑒

×𝑚𝑚𝑒)
𝑇𝑚𝑒

× − 𝜌𝑒(𝜌𝑒
×𝑚𝑒)

𝑇𝑚𝑚𝑒
× ) + ⋅ ⋅ ⋅

−
5

|𝜌𝑒|
2 ((𝜌𝑒

×𝑚𝑒)
×𝑚𝑚𝑒 + (𝜌𝑒

×𝑚𝑚𝑒)
×𝑚𝑒 − 2(𝑚𝑒

𝑇𝑚𝑚𝑒)𝜌𝑒 +
5

|𝜌𝑒|
2 ((𝜌𝑒

×𝑚𝑒)
𝑇(𝜌𝑒

×𝑚𝑚𝑒))𝜌𝑒
𝑇))

 

−𝑚𝑓𝑒
× 𝜌𝑒

× + (𝜌𝑒
×𝑚𝑓𝑒)

×
− 2𝜌𝑒𝑚𝑓𝑒

𝑇 +
5

|𝜌𝑒|
2 𝜌𝑒(𝜌𝑒

×𝑚𝑓𝑒)
𝑇
𝜌𝑒

× + ⋅ ⋅ ⋅

−𝑚𝑚𝑒
× 𝜌𝑒

× + (𝜌𝑒
×𝑚𝑚𝑒)

× − 2𝜌𝑒𝑚𝑚𝑒
𝑇 +

5

|𝜌𝑒|
2 𝜌𝑒(𝜌𝑒

×𝑚𝑚𝑒)
𝑇𝜌𝑒

× + ⋅ ⋅ ⋅

(1 − 2�̂�𝑠�̂�𝑠
𝑇) ((𝜌𝑒𝑚𝑒)

× − 𝑚𝑒
×𝜌𝑒

× − 2𝜌𝑒𝑚𝑒
𝑇 +

5

|𝜌𝑒|
2 𝜌𝑒(𝜌𝑒

×𝑚𝑒)
𝑇𝜌𝑒

×)
 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
𝑇

[
𝛿𝒓
𝛿𝒎

] (17) 

The total torque from a flux-pinned interface is the sum of 

the combined frozen and mobile image effects. The frozen 

image torque is found by substituting 𝒎𝒂𝒆  to 𝒎𝒆  the magnet’s 

equilibrium magnetic moment dipole, and 𝒎𝒃𝒆  to 𝒎𝒇𝒆  the 

frozen image’s equilibrium magnetic moment dipole. The 

orientation of the frozen image does not change so the state 

𝛿𝒎𝒇  and the corresponding coefficient is excluded, given by 

(18). The same process is applied to the mobile image. 

Substituting (15) into our previous equation, we reduce the 

number of states needed to calculate 𝛿𝒎𝒎 given by (19). The 

total torque on the magnet is the sum of the torque from the 

mobile and frozen image, given by (20). The total torque is 

solely dependent on the physical magnet’s position and 

orientation, which constitutes the rotational dynamic state of 

the flux-pinned interaction. 
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 𝛿𝝉𝒇 =
𝜇0

4𝜋|𝜌𝑒|
3

[
 
 
 

3

|𝜌𝑒|
2 (𝑚𝑒

𝑇𝜌𝑒𝑚𝑓𝑒
× + 𝑚𝑓𝑒

𝑇 𝜌𝑒𝑚𝑒
× − (

3

|𝜌𝑒|
2 𝑚𝑒

𝑇𝜌𝑒𝑚𝑓𝑒
× 𝜌𝑒 + 𝑚𝑒

×𝑚𝑓𝑒) 𝜌𝑒
𝑇)

 
3

|𝜌𝑒|
2
𝑚𝑓𝑒

× 𝜌𝑒𝜌𝑒
𝑇 − 𝑚𝑓𝑒

×

 ]
 
 
 
𝑇

[
𝛿𝒓
𝛿𝒎

] (18) 

 𝛿𝝉𝒎 =
𝜇0

4𝜋|𝜌𝑒|
3

[
 
 
 2�̂�𝑠�̂�𝑠

𝑇 (
3

|𝜌𝑒|
2
(𝑚𝑒

𝑇𝜌𝑒𝑚𝑚𝑒
× + 𝑚𝑚𝑒

𝑇 𝜌𝑒𝑚𝑒
× − (

3

|𝜌𝑒|
2
𝑚𝑒

𝑇𝜌𝑒𝑚𝑚𝑒
× 𝜌𝑒 + 𝑚𝑒

×𝑚𝑚𝑒)𝜌𝑒
𝑇))

 
3

|𝜌𝑒|
2
𝑚𝑚𝑒

× 𝜌𝑒𝜌𝑒
𝑇 − 𝑚𝑚𝑒

× + (2�̂�𝑠�̂�𝑠
𝑇 − 1) (

3

|𝜌𝑒|
2
𝑚𝑒

×𝜌𝑒𝜌𝑒
𝑇 + 𝑚𝑒

×) ]
 
 
 
𝑇

[
𝛿𝑟
𝛿𝑚

]  (19) 

 𝛿𝝉𝒕𝒐𝒕 =
𝜇0

4𝜋|𝜌𝑒|
3

[
 
 
 
 
 

3

|𝜌𝑒|
2
(𝑚𝑒

𝑇𝜌𝑒𝑚𝑓𝑒
× + 𝑚𝑓𝑒

𝑇 𝜌𝑒𝑚𝑒
× − (

3

|𝜌𝑒|
2
𝑚𝑒

𝑇𝜌𝑒𝑚𝑓𝑒
× 𝜌𝑒 + 𝑚𝑒

×𝑚𝑓𝑒) 𝜌𝑒
𝑇) + ⋅⋅⋅

2�̂�𝑠�̂�𝑠
𝑇 (

3

|𝜌𝑒|
2
(𝑚𝑒

𝑇𝜌𝑒𝑚𝑚𝑒
× + 𝑚𝑚𝑒

𝑇 𝜌𝑒𝑚𝑒
× − (

3

|𝜌𝑒|
2
𝑚𝑒

𝑇𝜌𝑒𝑚𝑚𝑒
× 𝜌𝑒 + 𝑚𝑒

×𝑚𝑚𝑒) 𝜌𝑒
𝑇))

 
3

|𝜌𝑒|
2 𝑚𝑓𝑒

× 𝜌𝑒𝜌𝑒
𝑇 − 𝑚𝑓𝑒

× +
3

|𝜌𝑒|
2 𝑚𝑚𝑒

× 𝜌𝑒𝜌𝑒
𝑇 − 𝑚𝑚𝑒

× + (2�̂�𝑠�̂�𝑠
𝑇 − 1) (

3

|𝜌𝑒|
2 𝑚𝑒

×𝜌𝑒𝜌𝑒
𝑇 + 𝑚𝑒

×)]
 
 
 
 
 
𝑇

[
𝛿𝒓
𝛿𝒎

] (20) 

C. Governing Equations 

For the case of a single magnet and single superconductor, 

the magnet’s dynamics are due to the forces and torques from 

the frozen and mobile image. In this single magnet case, there 

are two magnet moment dipoles exerting forces and torques on 

the magnet. The force and torque equations are given in (21) 

and (22). The translational dynamics of the flux-pinned magnet 

is a result of the force balance equation, (23). The linear 

momentum balance, given by (24), is put into matrix form to 

be easily inserted into a state space form later. Euler’s rigid 

body equation, (25), propagates attitude dynamics. The 

linearized version of the rigid body equations is given by (26). 

Equation (27) simplifies to no longer include gyroscopic 

dynamics because the magnitude of angular velocity at 

equilibrium is 0. The orientation of the magnet may be 

represented by an Euler axis-angle, (28), and alternatively by a 

quaternion, (29). In this case, the Euler axis is the magnetic 

moment dipole unit vector and the angle may be chosen to be 

π because the magnet is axisymmetric. Choosing π retains the 

most information about the magnetic moment dipole pointing 

vector. Upon inspection, the fourth component of the 

quaternion about equilibrium will always be zero, thus no 

information is lost if the quaternion state vector is shortened to 

just the vector components, 𝑞𝑣. To propagate the attitude 

dynamics, there is a linear relation between the quaternion and 

angular velocity that yields the quaternion derivative, given by 

(30). This set of equations fully defines the linearized dynamics 

of a rigid body.  

 ∑𝑭 = 𝑭𝒇 + 𝑭𝒎 (21) 

 ∑𝝉 = 𝝉𝒇 + 𝝉𝒎 (22) 

 ∑𝑭 =  𝑀�̈� (23)  

 𝛿�̈� = 𝑴−𝟏𝛿𝑭𝒕𝒐𝒕  (24) 

 𝝉 = 𝐼 ⋅ �̇� + 𝝎 × (𝐼 ⋅ 𝝎)  (25) 

 𝛿ω̇  =  𝐼−1(𝜔𝑒
×𝐼 − (𝐼𝜔𝑒)

×)𝛿𝜔 + 𝐼−1𝜏 (26) 

 𝛿�̇�  =  𝐼−1𝛿𝜏 (27) 

 𝛿𝒎 =  𝜃𝛿�̂� (28) 

 𝛿𝑞 = [
𝛿�̂�sin (

𝜃

2
)

cos (
𝜃

2
)

] (29)  

 𝛿𝒒�̇� =
1

2
𝒒𝒗𝒆 × 𝛿𝝎 (30) 

D. State Space Model 

The single magnet flux-pinned system dynamics may be 

represented with a first-order system state-space matrix, given 

by 31. The state matrix has the form given in (32). Each entry 

in the state matrix is a block matrix of size corresponding to the 

state and resultant, where the following 𝑎𝑖𝑗  values are given by 

(34) to (40). The matrix entries 𝑎𝑖𝑗  are block matrices of size 

3x3 that are generated from the linearized forces and torques 

from (17) and (20).  

 [

𝛿�̇�
𝛿�̈�
𝛿𝒒�̇�

𝛿�̇�

] = 𝐴 [

𝛿𝒓
𝛿�̇�
𝛿𝒒𝒗

𝛿𝝎

] (31) 

 [

𝛿�̇�
𝛿�̈�
𝛿𝒒�̇�

𝛿�̇�

] =

[
 
 
 
 

0 1 0 0

𝑎21 0 𝑎23 0

0 0 0
1

2
𝑞𝑣𝑒

×

𝑎41 0 𝑎43 0 ]
 
 
 
 

[

𝛿𝒓
𝛿�̇�
𝛿𝒒𝒗

𝛿𝝎

] (32) 

 𝛿�̇�  =  𝛿�̇� (33) 

 𝛿𝒒�̇� =
1

2
𝑞𝑣𝑒 × 𝛿𝜔 (34)

 𝛿�̈�  =  𝑎21𝛿𝒓 + 𝑎23𝛿𝒒𝒗 (35) 

 𝛿�̇�  = 𝑎41𝛿𝒓 +  𝑎43𝛿𝒒𝒗 (36) 
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 𝑎21  = 𝑀−1 3𝜇0

4𝜋|𝜌𝑒|5

(

 
 
 
 
 

𝑚𝑓𝑒
× 𝑚𝑒

× + 𝑚𝑒
×𝑚𝑓𝑒

× − 2𝑚𝑒
𝑇𝑚𝑓𝑒1 −

5

|𝜌𝑒|2
(𝜌𝑒(𝜌𝑒

×𝑚𝑓𝑒)
𝑇
𝑚𝑒

× − 𝜌𝑒(𝜌𝑒
×𝑚𝑒)

𝑇𝑚𝑓𝑒
× ) + 

−
5

|𝜌𝑒|
2 ((𝜌𝑒

×𝑚𝑒)
×
𝑚𝑓𝑒 + (𝜌

𝑒
×𝑚𝑓𝑒)

×
𝑚𝑒 − 2(𝑚𝑒

𝑇𝑚𝑓𝑒)𝜌𝑒
+

5

|𝜌𝑒|
2 ((𝜌𝑒

×𝑚𝑒)
𝑇
(𝜌

𝑒
×𝑚𝑓𝑒)) 𝜌

𝑒
𝑇) +

2�̂�𝑠�̂�𝑠
𝑇
(𝑚𝑚𝑒

× 𝑚𝑒
× + 𝑚𝑒

×𝑚𝑚𝑒
× − 2𝑚𝑒

𝑇𝑚𝑚𝑒1 −
5

|𝜌𝑒|
2 (𝜌

𝑒
(𝜌

𝑒
×𝑚𝑚𝑒)

𝑇
𝑚𝑒

× − 𝜌
𝑒
(𝜌

𝑒
×𝑚𝑒)

𝑇
𝑚𝑚𝑒

× )

−
5

|𝜌𝑒|
2 ((𝜌𝑒

×𝑚𝑒)
×
𝑚𝑚𝑒 + (𝜌

𝑒
×𝑚𝑚𝑒)

×
𝑚𝑒 − 2(𝑚𝑒

𝑇𝑚𝑚𝑒)𝜌𝑒
+

5

|𝜌𝑒|
2 ((𝜌𝑒

×𝑚𝑒)
𝑇
(𝜌

𝑒
×𝑚𝑚𝑒)) 𝜌

𝑒
𝑇))

)

 
 
 
 
 

 (37) 

 𝑎23  =  𝑀−1 3𝜇0|𝑚𝑒|

4𝜋|𝜌𝑒|5

(

 
 
 

−𝑚𝑓𝑒
× 𝜌

𝑒
× + (𝜌

𝑒
×𝑚𝑓𝑒)

×
− 2𝜌

𝑒
𝑚𝑓𝑒

𝑇 +
5

|𝜌𝑒|
2 𝜌

𝑒
(𝜌

𝑒
×𝑚𝑓𝑒)

𝑇
𝜌

𝑒
× +

−𝑚𝑚𝑒
× 𝜌

𝑒
× + (𝜌

𝑒
×𝑚𝑚𝑒)

×
− 2𝜌

𝑒
𝑚𝑚𝑒

𝑇 +
5

|𝜌𝑒|
2 𝜌

𝑒
(𝜌

𝑒
×𝑚𝑚𝑒)

𝑇
𝜌

𝑒
× +

 (1 − 2�̂�𝑠�̂�𝑠
𝑇) ((𝜌

𝑒
𝑚𝑒)

×
− 𝑚𝑒

×𝜌
𝑒
× − 2𝜌

𝑒
𝑚𝑒

𝑇 +
5

|𝜌𝑒|
2 𝜌

𝑒
(𝜌

𝑒
×𝑚𝑒)

𝑇
𝜌

𝑒
×)

)

 
 
 

 (38) 

 𝑎41 = 𝐼−1 𝜇0

4𝜋|𝜌𝑒|
3
(

3

|𝜌𝑒|
2
(𝑚𝑒

𝑇𝜌𝑒𝑚𝑓𝑒
× + 𝑚𝑓𝑒

𝑇 𝜌𝑒𝑚𝑒
× − (

3

|𝜌𝑒|
2
𝑚𝑒

𝑇𝜌𝑒𝑚𝑓𝑒
× 𝜌𝑒 + 𝑚𝑒

×𝑚𝑓𝑒) 𝜌𝑒
𝑇) +

2�̂�𝑠�̂�𝑠
𝑇 (

3

|𝜌𝑒|
2
(𝑚𝑒

𝑇𝜌𝑒𝑚𝑚𝑒
× + 𝑚𝑚𝑒

𝑇 𝜌𝑒𝑚𝑒
× − (

3

|𝜌𝑒|
2
𝑚𝑒

𝑇𝜌𝑒𝑚𝑚𝑒
× 𝜌𝑒 + 𝑚𝑒

×𝑚𝑚𝑒)𝜌𝑒
𝑇))

)  (39) 

 𝑎43 =  𝐼−1 𝜇0|𝑚𝑒|

4𝜋|𝜌𝑒|
3 (

3

|𝜌𝑒|
2 𝑚𝑓𝑒

× 𝜌𝑒𝜌𝑒
𝑇 − 𝑚𝑓𝑒

× +
3

|𝜌𝑒|
2 𝑚𝑚𝑒

× 𝜌𝑒𝜌𝑒
𝑇 − 𝑚𝑚𝑒

× + (2�̂�𝑠�̂�𝑠
𝑇

− 1) (
3

|𝜌𝑒|
2 𝑚𝑒

×𝜌𝑒𝜌𝑒
𝑇 + 𝑚𝑒

×)) (40)

IV. LINEARIZED RIGID BODY DYNAMICS FOR AN 

ARBITRARY NUMBER OF MAGNETS AND 

SUPERCONDUCTORS 

For a system of M rigidly constrained magnets on a rigid 

body with each magnet flux-pinned to N fixed superconductors, 

each superconductor will store M frozen images. The system of 

permanent magnets will feel the effect of each Nth 

superconductor’s embedded images, in which each 

superconductor holds M frozen images, totaling M × N frozen 

images. An equal number of mobile images pair with the frozen 

image counterparts, yielding a total 2 × M × N images that 

generate forces and torques. Assuming the magnets are rigidly 

mounted together, the summation of the forces on each magnet 

yields the total force on the body at the magnet bodies’ center 

of mass. 

 
Figure 4: Frozen and mobile image from magnet j acting on magnet i 

across superconductor k 

A single flux-pinned interaction happens between magnet 

i and magnet j’s images, in which magnet j produces a frozen 

and mobile image on superconductor k, given by (41) and 

shown in Fig. 4. Magnet j produces frozen and mobile images 

on multiple superconductors, which all affect magnet i. The 

total contribution of magnet j’s images onto magnet i is the 

summation of all individual flux-pinned interactions between 

magnet i and j across all superconductors, given by (42). The 

total force on magnet i from all magnet images is the sum of all 

magnet j influences across all superconductors, given by (43). 

The total force on a rigid body is the summation of total force 

on each magnet I, given by (44). 

The torque is similar to the force summation with an extra 

term attributed to force with a moment arm on magnet i, given 

by (45). The total torque on a rigid body is analogous to the 

total force equation but also includes a torque from each force 

displaced from the center of mass, given by (46). These two 

summation equations can be rearranged into a linear set of 

equations using the same linearization techniques from the 

single magnet single superconductor case. 

 𝑭𝒊𝒋𝒌  =  𝑭𝒇𝒓𝒐𝒛𝒆𝒏  +  𝑭𝒎𝒐𝒃𝒊𝒍𝒆 (41) 

 𝑭𝒊𝒋  =  ∑ (𝑭𝒇𝒓𝒐𝒛𝒆𝒏  +  𝑭𝒎𝒐𝒃𝒊𝒍𝒆)𝑘
𝑀
𝑘=1  (42) 

 𝑭𝒊  =  ∑ ∑ ((𝑭𝒇𝒓𝒐𝒛𝒆𝒏  +  𝑭𝒎𝒐𝒃𝒊𝒍𝒆)𝑘
)
𝑗

𝑀
𝑘=1

𝑁
𝑗=1  (43) 

 𝑭𝑪𝑶𝑴  =  ∑ ∑ ∑ (((𝑭𝒇𝒓𝒐𝒛𝒆𝒏  +  𝑭𝒎𝒐𝒃𝒊𝒍𝒆)𝑘
)
𝑗
)
𝑖

𝑀
𝑘=1

𝑁
𝑗=1

𝑁
𝑖=1  (44) 

 𝝉𝒊  =  ∑ ∑ ((𝝉𝒇𝒓𝒐𝒛𝒆𝒏  +  𝝉𝒎𝒐𝒃𝒊𝒍𝒆)𝑘
)
𝑗

𝑀
𝑘=1

𝑁
𝑗=1 + 𝝆𝒊 × 𝑭𝒊 (45) 

 𝝉𝑪𝑶𝑴 = ∑ ∑ ∑ (((𝝉𝒇𝒓𝒐𝒛𝒆𝒏 + 𝝉𝒎𝒐𝒃𝒊𝒍𝒆)𝑘
)
𝑗
)
𝑖

𝑀
𝑘=1

𝑁
𝑗=1

𝑁
𝑖=1 + ∑ 𝝆𝒊 × 𝑭𝒊

𝑀
𝑖=1

 (46) 

The state space of the single magnet single superconductor 

case has 12 state variables: translational position, translational 

velocity, quaternion vector, and angular velocity of the magnet. 

For the general case of a M magnet N superconductor 

interaction, the states will include those 12 state variables for 

each magnet on the rigid body, 12M total states. The most 

general plant, given in (47), is a simplification of the multiple 
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magnet and multiple superconductor plant to a matrix of block 

matrices, where 𝛿𝒛𝒊 = [𝛿𝒓𝑖 𝛿�̇�𝑖 𝛿𝒒𝒗𝒊 𝛿𝝎𝒊]
𝑇 and Ai,j is the 

linearized dynamics of magnet i due to magnet j’s images. 

 [
𝛿�̇�𝟏

⋮
𝛿�̇�𝑴

] = [

𝐴1,1 ⋯ 𝐴1,𝑀

⋮ ⋱ ⋮
𝐴𝑀,1 ⋯ 𝐴𝑀,𝑀

] [
𝛿𝒛𝟏

⋮
𝛿𝒛𝑴

] (47) 

Four Jacobians provide the basis for the partitions in the 

𝐴𝑖,𝑗 matrix of (47): force and torque as a function of position 

and orientation. The single magnet and single superconductor 

plant is derived using this general form 𝐴𝑖,𝑗, given by (48). The 

magnet images affecting the dynamics can be from any 

magnet’s images embedded in any superconductor. Every 

interaction is pairwise and all block matrices are populated. The 

larger system variables are analogous to the single magnet and 

single superconductor variables in (33) to (40). The velocity of 

the magnet i is only the velocity of magnet j, when i=j. The 

quaternion derivative of magnet i is only propagated when 

magnet j=i. Any magnetic moment dipole from an image is 

established from magnet j about superconductor k. Any 

magnetic moment dipole from a magnet is established from 

magnet i. The distance vectors are calculated from magnet j’s 

images about superconductor k to magnet i. These equations 

constitute the entries of the linearized state matrix, forming the 

basis of a linearized flux pinning dynamics model for magnet i 

from specific magnet j’s images from superconductor k. 

𝑎21,𝑖𝑗 , 𝑎23,𝑖𝑗 , 𝑎41,𝑖𝑗 , and 𝑎43,𝑖𝑗  are expressions with summation 

over all N superconductors. 

 [

𝛿�̇�𝒊

𝛿�̈�𝒊

𝛿�̇�𝒗𝒊

𝛿�̇�𝒊

] = 𝐴𝑖,𝑗  

[
 
 
 
 
𝛿𝒓𝒋

𝛿�̇�𝒋

𝛿𝒒𝒗𝒋

𝛿𝝎𝒋 ]
 
 
 
 

  (48) 

     where      𝐴𝑖,𝑗 =

[
 
 
 
 

0 𝑎12,𝑖𝑗 0 0

𝑎21,𝑖𝑗 0 𝑎23,𝑖𝑗 0

0 0 0 𝑎34,𝑖𝑗

𝑎41,𝑖𝑗 0 𝑎43,𝑖𝑗 0 ]
 
 
 
 

 

The output states of a rigid body about the center of mass 

are translational position, translational velocity, attitude, and 

angular velocity of the magnet. For the M magnet N 

superconductor case, the input state includes the position, 

velocity, attitude, and angular velocity of every magnet j, where 

Aj represents the contribution to body dynamics from magnet 

j’s state, given by (49). a21,j, a23,j, a41,j, and a43,j are expressions 

with summation over all N superconductors and M magnets. An 

analogous operation would be to sum each 𝐴𝑖,𝑗 block matrix 

along each column or ith index, resulting in 𝐴𝑗. These 3x3 block 

matrices form the basis of a linearized flux pinning dynamics 

model for a rigid body with all M magnets. 

 [

𝛿�̇�𝑪𝑶𝑴

𝛿�̈�𝑪𝑶𝑴

𝛿�̇�𝒗𝑪𝑶𝑴

𝛿�̇�𝑪𝑶𝑴

] = [𝐴1 … 𝐴𝑀] 

[
 
 
 
 
 
 
 
 
 

𝛿𝒓𝟏

𝛿�̇�𝟏

𝛿𝒒𝒗𝟏

𝛿𝝎𝟏

⋮
𝛿𝒓𝑴

𝛿�̇�𝑴

𝛿𝒒𝒗𝑴

𝛿𝝎𝑴 ]
 
 
 
 
 
 
 
 
 

  (49) 

   where      𝐴𝑖,𝑗 =

[
 
 
 
 

0 𝑎12,𝑖𝑗 0 0

𝑎21,𝑖𝑗 0 𝑎23,𝑖𝑗 0

0 0 0 𝑎34,𝑖𝑗

𝑎41,𝑖𝑗 0 𝑎43,𝑖𝑗 0 ]
 
 
 
 

 

V. SENSITIVTY AND COMPARISON OF SINGLE 

MAGNET AND SINGLE SUPERCONDUCTOR 

DYNAMICS 

To validate the linearized dynamics and investigate the 

dynamic sensitivity of each state, a simulation with the full 

nonlinear dynamic equations is compared to the linearized state 

space. The fully nonlinear simulation also offers a second 

method to validate the linear state space, using a common 

software package. Dynamic characteristics of the linear state 

space are discussed, followed by a comparison of the nonlinear 

dynamic time histories and the derived linearized state space 

propagated dynamics to generate RMS error. Finally, the paper 

studies the sensitivity of force and torque by independently 

varying each state.  

A. Defining System Parameters 

The specific magnet chosen is that of strength 0.8815 Tesla 

and of diameter 0.75 in. If z represents the vertical height in 

Cartesian coordinate space, the magnet is field-cooled 1 cm 

above the superconductor. Both the superconductor and magnet 

are pointing directly upward. The position of the permanent 

magnet from an arbitrary origin on the superconductor surface 

is represented by 𝒓𝟏. The magnetic moment dipole of the 

permanent magnet contains a field strength and a unit direction, 

represented by 𝒎𝟏. The orientation of the superconductor is the 

surface normal unit vector, given by �̂�𝒔. The mass matrix is the 

mass of the permanent magnet, multiplied by an identity 

matrix, given by M. R is the radius of the spherical magnetic 

moment dipole. I is the inertia tensor of the spherical magnet. 

TABLE I 

SINGLE MAGNET AND SUPERCONDUCTOR CASE STUDY 

PARAMETERS 

 

Distance [m] Magnet Moment Dipole 
[T] 

Body Parameters 

𝒓𝟏  = [0; 0; 0.01] 𝒎𝟏 = 0.8815[0; 0; 1]  �̂�𝑠  = [0; 0; 1] 

𝝆𝒆 = [0; 0; 0.02] 𝒎𝒆 = 0.8815[0; 0; 1] M = 0.0272 kg 

𝒓𝒇  = [0; 0; −0.01] 𝒎𝒇𝒆  = 0.8815[0; 0; 1] R = 0.009525m 

𝒓𝒎  = [0; 0; −0.01] 𝒎𝒎𝒆  = 0.8815[0; 0; −1] I = 3.63 × 10−5 kg-m2 
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From these physical parameters, the image parameters are 

found. 𝒓𝒇 is the position of the frozen image. 𝒓𝒎 is the position 

of the mobile image. 𝝆𝒆 is the position vector from the images 

to the permanent magnet when in equilibrium, which is also 

the field-cooled position. The equilibrium magnetic moment 

dipole is equivalent to the field-cooled orientation of the 

permanent magnet 𝒎𝒆. The frozen image magnetic moment 

dipole 𝒎𝒇𝒆  is the same orientation as the permanent magnet 

orientation when field-cooling. The mobile image magnetic 

moment dipole 𝒎𝒎𝒆  is the mirrored orientation as the 

permanent magnet orientation when field-cooling. Refer to 

Table 1 for a complete list of system parameters. All code is 

online and available at: github.com/frankiezoo/SMSS Linear 

Dynamics.git 

B. Linearizing a Nonlinear Simulation and Deriving 

Linearized Matrix 

After building a nonlinear dynamics model of a single 

magnet and single superconductor, the model is linearized with 

the help of the Linear Analysis Toolbox from Mathworks 

Simulink. The input perturbation states are the quaternion and 

the position of the permanent magnet. The output measurement 

is the force and torque. The state space produced from 

Simulink’s linearization produces the expression in (50). The 

single magnet and single superconductor plant from (32) is 

modified to include the four Jacobians from Simulink’s 

linearization process from (49), given by (51). The state matrix 

generated from the simulation is equivalent within machine 

precision to the linearized state matrix derived in the preceding 

sections.  

 𝐽 =  [

𝜕𝑭

𝜕𝒓

𝜕𝑭

𝜕𝒒

𝜕𝝉

𝜕𝒓

𝜕𝝉

𝜕𝒒

] (50) 

  [

𝛿�̇�
𝛿�̈�
𝛿𝒒�̇�

𝛿�̇�

] =

[
 
 
 
 
 

0 1 0 0

𝑀−1 𝜕𝑭

𝜕𝒓
0 𝑀−1|𝒎𝒆|

𝜕𝑭

𝜕𝒒
0

0 0 0
1

2
𝑞𝑣𝑒

×

𝐼−1 𝜕𝝉

𝜕𝒓
0 𝐼−1|𝒎𝒆|

𝜕𝝉

𝜕𝒒
0 ]

 
 
 
 
 

[

𝛿𝒓
𝛿�̇�
𝛿𝒒𝒗

𝛿𝝎

] (51) 

C. Modal Analysis of Linearized Flux-Pinned Model 

Modal analysis of a dynamic system reveals stability and 

frequency information. The eigenvalues and eigenvectors are 

found with the linearized state space matrix. The plant derived 

in the previous subsection has the following eigenpairs. The 

flux-pinned system is marginally stable because all eigenvalues 

have a 0 real component.  The numerical values associated with 

each eigenpair manifest different properties in the physical 

system, shown in Table 2.

 
TABLE 2 

SINGLE MAGNET AND SUPERCONDUCTOR EIGENPAIRS 

eigenpair λ mode shape 

1 108.5i 𝜔𝑦 �̇�𝑥 

2 -108.5i 𝜔𝑦 �̇�𝑥 

3 108.5i 𝜔𝑥  �̇�𝑦 

4 -108.5i 𝜔𝑥  �̇�𝑦 

5 37.4i 𝜔𝑥  𝜔𝑦 

6 -37.4i 𝜔𝑥  𝜔𝑦 

7 37.4i 𝜔𝑦 𝜔𝑥 

8 -37.4i 𝜔𝑦 𝜔𝑥 

9 146.4i �̇�𝑧 𝑟𝑧 

10 -146.4i �̇�𝑧 𝑟𝑧 

11 0 𝑞3 𝑟𝑧 

12 0 𝑞3  

 

The first 10 eigenvalues of the flux-pinned plant are all 

imaginary, which represent the spring like nature of flux-

pinned interfaces. Due to the axial symmetry of the magnet, the 

eigenvalues representing the x and y dynamics come in 

quadruplets. The eigenvectors with imaginary values must be 

paired with the conjugate eigenvector to manifest real physical 

dynamics. Intuitively, flux-pinned interfaces have stiffer 

translational joints than rotational joints. The modal analysis 

reveals the same conclusion, where the z translation has the 

highest stiffness, the x and y translation also relatively high, and 

the x and y rotation with the lowest stiffness. 

The first four modes show a relation between rotation and 

translation about x and y. The rotation is the main modal shape, 

but contributes to translation. This stiffness is rather high. The 

next four modes, 5 to 8, show a relation between the rotation 

about x and y. The rotation about one axis is the main modal 

shape, but the rotation about the other axis is also a significant 

modal. This stiffness is the lowest of all modes. Modes 9 and 

10 strictly reflects translation in the z direction. It has the 

highest stiffness of all the modes. The last modes have 0 

eigenvalues because the dynamics of the system do not resist to 

any perturbation of these states. Any perturbation in q3, or the 

magnetic strength of the magnet, results in translation in the z 

direction. Any perturbation in the rotation about the z axis, q3, 

results in rotation about the z axis until another perturbation or 

energy dissipation is introduced. 

D. Sensitivity of Linearized Dynamics due to State Variation 

Although the linearized plant is nearly exact to machine 

precision error at equilibrium, the linear plant approximates 

nonlinear dynamics less accurately the further the system 

deviates from equilibrium. Below are sensitivity plots varying 

state variables and correlating error in force and torque 

calculations between the linearized equations and nonlinear 

equations. Translation and rotation in x and y are the same due 

to symmetry, shown in Fig. 5, 6, 8 and 9. There is no rotation 

in z because the magnet is axially symmetric. The most 

sensitive state is the translational displacement in the z 

direction, shown in Fig. 7. The equilibrium separation distance 
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from the superconductor surface is 1 cm, or 10-2 m. To retain 

below 5% error in force, displacements in z must be bound to 

10−4 m. This requirement is much more stringent if the error 

threshold is 1%, decreasing the displacement bound down to 

10−5 m. Perturbations in the x and y translational displacement 

may be as high as 1 m, or 10-3 m, yet still retain 5% RMS error 

in force. 

 
Figure 5: Error in force and torque between linearized and nonlinear 

model when varying x displacement 

 
Figure 6: Error in force and torque between linearized and nonlinear 

model when varying y displacement 

 
Figure 7: Error in force and torque between linearized and nonlinear 

model when varying z displacement 

 
Figure 8: Error in force and torque between linearized and nonlinear 

model when varying x rotation 

 
Figure 9: Error in force and torque between linearized and nonlinear 

model when varying y rotation 

VI. CONCLUSION 

The general, linearized state-space equations derived here 

allow closed-form analytical characterization of a flux-pinned 

interface, along with the state matrix needed to formulate linear 

control algorithms. The results are an important step toward 

implementing six degree-of-freedom dynamic systems, such as 

docking, formation flying, autonomous assembly of multiple 

bodies, and non-contacting pointing platforms.   

This model is expected to help characterize the passive 

dynamics of a flux-pinned system in all its degrees of freedom 

to permit the formulation of control algorithms. The linearized 

model accurately reflects the nonlinear dynamics within small 

displacements. Understanding the sensitivity of spatial 

perturbations informs the implementation of feedback control, 

for example in choosing the proper sensor resolution and 

predicting the expected excursions of the flux-pinned interface 

dynamics.  

Although the linearized equations are consistent with the 

fundamental physics, Kordyuk’s geometric mapping and 

Villani’s dipole interactions represent limitations that may 

come into play for systems with nonlinear excursions and for 

which the dipole assumptions break down. Future work lies in 

refining the basic nonlinear flux pinning model and 

parameterizing the nonlinearities in the dynamics model. 
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