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Linearized Dynamics of General
Flux-Pinned Interfaces

Frances Zhu

Abstract—A flux-pinned interface offers a passively stable equi-
librium that otherwise cannot occur between magnets because elec-
tromagnetic fields are divergenceless. The contactless, compliant
nature of flux pinning offers many benefits for close-proximity
robotic maneuvers, such as rendezvous, docking, and actuation.
This paper derives the six degree-of-freedom linear dynamics about
an equilibrium for any magnet/superconductor configuration. Lin-
earized dynamics are well suited to predicting close-proximity
maneuvers, provide insights into the character of the dynamic sys-
tem, and are essential for linear control synthesis. The equilibria
and stability of a flux-pinned interface are found using Villani’s
equations for magnetic dipoles. Kordyuk’s frozen-image model
provides the nonlinear flux-pinning response to these magnetic
forces and torques, all of which are then linearized. Comparing
simulation results of the nonlinear and linear dynamics shows the
extent of the linear model’s applicability. Nevertheless, these sim-
ple models offer computational speed and physical intuition that a
nonlinear model does not.

Index Terms—Dynamics, linear systems,
effects, superconducting magnets.

magnetoelectric

1. INTRODUCTION

ARNSHAW?’S theorem states that there is no stable sta-
E tionary equilibrium for point charges that are solely held
together by electrostatic forces [1]. Because they are also diver-
genceless, magnetic fields offer no stable equilibria except at
the origin or at infinity. This is not the case for flux-pinned mag-
nets, for which a stable equilibrium can exist for any number
of magnets at arbitrary relative positions and orientations. Flux
pinning a magnet to a superconductor creates an equilibrium,
or minimum potential energy well, that stabilizes the magnet’s
position and orientation.

An external magnetic field excites current vortices within a
superconductor, which is a material that carries current with-
out resistance. Cooling a Type II superconductor to below its
transition temperature in the presence of a magnetic field es-
tablishes permanent current vortices, which persist as long as
the superconductor’s temperature stays below this threshold.
The flux-pinning effect influences the dynamics of kilogram-
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scale bodies out to about 10 cm of separation distance. The
energy in the magnetic field determines the range.

In early empirical studies of flux pinning, Williams noticed
potential curves that resemble a volcano, with a minimum at
the center of the disc and a maximum near the edge [2]. He
proposed a model consisting of a repulsive magnetic field source
(the mobile image) superimposed upon an attractive magnetic
field source (the frozen image).

There are two conventional methods to model the mag-
netization of the superconductor: Bean’s critical-state model
and Kordyuk’s frozen-image model [3], [4]. The critical-state
model is general but numerically intensive because it is based
on a finite-element analysis of interactions among—ideally—
infinitesimally small magnetization loops. The accuracy of
Bean’s model depends on the resolution of magnetization loops,
which cannot be feasibly solved in real time for problems of
practical interest. Kordyuk’s advanced frozen-image model rep-
resents the position and orientation of the two images within the
superconductor geometrically, an approach that yields drasti-
cally simpler and faster real-time representations for feedback-
control architectures. The frozen-image model omits the effects
from physical parameters such as temperature, material, and
geometry, but these may be accounted for in a modified frozen-
image model [5]. For simplicity, the following assumptions are
made. Critical current density is assumed to be infinite. For
familiar problems, this limitation has no practical effect. The
induced magnetic field is greater than the first critical magnetic
field—again, an issue that rarely arises in practical applications.
The temperature is low enough that scaling and hysteretic effects
are negligible, although Yang offered a method to incorporate
elastic hysteresis [6]. These assumptions, as well as the previous
ones, are readily accommodated in systems designed for ana-
lyzability. Kordyuk’s model and the magnetic moment dipole
model provide the foundation for many subsequent analytical
assessments of flux-pinned dynamics and are the basis for the
rest of this paper [7], [8].

Kordyuk created an analytical model to explain the image
effects of flux pinning, known as the frozen-image model [4].
Kordyuk’s geometric relation between magnet parameters and
image parameters is graphically depicted in—Fig. 2 and fur-
ther discussed in Section II. Other authors (Alqadi [9], Cansiz
[10], Suguira [11], etc.) have written primarily about finding
the potential fields of magnet/superconductor arrangements or
the equilibria of magnet/superconductor arrangements in three
or less degrees of freedom. This paper derives the most general
case of six degrees of freedom.
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Fig. 1. Cryocooled superconductor with a pinned permanent magnet sus-
pended in gravity.

mm

iy

Fig. 2. Geometric relationship among the equilibrium, frozen image, mobile
image, superconductor and magnet [4].

A flux-pinned interface offers many benefits for robotics ap-
plications, namely, passive stability, compliance, absence of
mechanical contact, and low mass requirements. Flux-pinned
systems can be actively manipulated to control the orientation
and position of close-proximity vehicles while remaining con-
tactless and compliant [12]. Traditional, linear control synthesis
may be successful for such systems, but the inherently non-
linear dynamics must be linearized to provide a suitable plant
model. A linearized model also provides valuable insights into
the system, such as stability, natural frequencies, and modes.
This study focuses on a general, linear model for these reasons.

II. MAGNETIC FIELD SOURCES

The general expression for magnetic field strength at distance
p from the field source is (1) [10]. m is the magnetic moment
of the dipole of interest. From (1), the magnetic field strength
decreases with distance cubed. The expression for magnetic
field strength can be related to a flux-pinned mobile image, flux-
pinned frozen image, electromagnet, or permanent magnet. The
magnetic field is a function of two variables: m the magnetic
moment dipole and p the distance from the field source. m is a
parameter determined by the physical nature of the source. p can
be defined or measured in the physical system. The expression
for magnetic moment dipoles differs for each type magnetic
field source.

Mo
4r|p

B(p)= o5 Bm -5 —ih). )
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A. Physical Magnet

There are two types of physical magnetic field sources: per-
manent magnets and electromagnets. The magnetic moment
dipole of a permanent magnet is purely defined by physical
characteristics in (2). By is the manufacturer’s measurement of
the magnetic field at the surface of the magnet. d is the distance
from the center of dipole to the surface. 7, is the unit direction
of the magnetic moment dipole. The electromagnetic moment
dipoleis represented by (3), where V (7) is the voltage potential of
the electromagnet, A is the area enclosed by the electromagnet’s
coil of wire, T is the number of turns of the electromagnet, and
R is the resistance of the electromagnet. Besides their physical
differences, they mathematically represent a physical magnetic
moment dipole m ,. Fig. 3(a) graphically depicts the relationship
among variables. The two physical magnetic field sources differ
in the physical parameters that make up the magnetic moment

dipole expression.
2 B()d3 N (2)
m,=———m
P 1o P
VAT |

B. Mobile/Diamagnetic Image

All superconductors display the Meissner effect, which is the
expulsion of magnetic flux. The magnetic source that creates
the Meissner effect may be represented as an image within
the superconductor that changes the polarity and magnitude to
always repel. That image, more specifically, follows the external
magnetic source and reorients to the moment dipole to mirror the
external magnetic source. The mobile image’s magnetic moment
dipole depends on the permanent magnet’s moment dipole and
the orientation of the superconductor, given by (4). my,g is
the vector from (2) or (3) that represents the physical magnet’s
moment dipole. 7z is the unit direction normal to the surface of
the superconductor, illustrated in Fig. 3(b). The mobile image
moves when the permanent magnet moves, so the location of
the magnetic field from the mobile image is dynamic. 7., and
r, change in the expression for magnetic field and potential
energy, respectively. The magnetic field of the magnet’s mobile
image from Fig. 3(b) is given by (5), where p,, is the distance
from the mobile image to the permanent magnet that is given
by (6), where r,, is the location of the mobile image and O
is a point on the superconductor surface. The mobile image’s
magnetic moment dipole location and orientation are dependent

on the superconductor’s geometry.
My = Myag — 2 (Mg - Mpag) Mt 4)
Pm =Tmag —T'm &)
' = Fmag — 2 ((rmag — OS) . ﬁls) g 6)

C. Physical Magnet

The frozen image is an image specific to high temperature
or Type II superconductors. Instead of expelling all magnetic
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Different types of magnetic field interactions. (a) Geometric representation of permanent magnet or electromagnet magnetic field source positions.

(b) Geometric representation of mobile image magnetic field source positions. (c) Geometric representation of frozen-image magnetic field source positions.
(d) Geometric representation of frozen image and mobile image overlaid at field-cooled position.

flux like Type I superconductors do, Type II superconductors
field-cool a magnetic field during a transition phase and expel
external fields that differ from the embedded field. This property
allows for the stable presence of a field, in this application, in-
finitesimal magnetic dipole. The frozen image is a consequence
of the presence of an infinitesimal magnetic dipole a priori and
a posteriori cryocooling, which embeds a field in the supercon-
ductor that enforces restoration to this initial state. To counter
the mobile image’s repulsion, the frozen image acts as an at-
tractive infinitesimal magnetic dipole that stays in place and
aligns magnetic moment dipoles with the field-cooled magnet.
The frozen image’s magnetic moment dipole depends on the
magnetic moment dipole field-cooled onto the superconductor
and the orientation of the superconductor, as shown in (7) and
geometrically in Fig. 3(c). Equations (8) and (9) are analogous
to the frozen-image distance vectors. Like the mobile image,
the frozen image is dependent on the superconductor’s geom-
etry, but, unlike the mobile image, it does not move when the
permanent magnet moves after field cooling.

my =2 (g - mpc) iy — mpc (7
pfr=rpc—Try ®)
ry=rrc —2((rrc — Oy) - fig) . )

III. LINEARIZED DYNAMICS FOR A SINGLE FLUX-PINNED
MAGNET AND SUPERCONDUCTOR INTERACTION

The linearized dynamics for the simplest flux-pinned inter-
face is derived. The dynamics are solely dependent on the mag-
netic field source’s position and orientation, along with physical
parameters specific to the system geometry. Each subsection

describes the linearization process briefly before presenting the
final linearized equation set.

A. Linearizing General Magnetic Dipole Force and Torque
Equations

Villani derived the force of a magnetic dipole m, acting on
another magnetic dipole m, at distance p, given by (10) shown at
the bottom of this page, in which the scalars are brought out front
and all vectors are unit direction vectors [4]. The final linearized
force equation relates the first-order terms §F,p to 6r, Smg,
and §my, all vectors denoting deviation from equilibrium. To
linearize about p,, m,,, and my,, a first-order Taylor expansion
of (10) was taken by replacing Fup = Fe + §Fap, p = pe +
or, my = mye + dmg, and my = myp, + Smy. The equilibrium
force is subtracted from both sides. The cross products and dot
products are replaced with cross and transpose operators (vx
to v™ and v- to v7), and then rearranged to isolate the first-
order terms. To transform the linear equation to matrix form,
notice that the quantities in front of §r, dm,, and dmj are 3
x 3 matrices. The final matrix expression for linearized force
between two magnetic moment dipoles is given by (11) shown
at the bottom of this page. The moment/torque of a magnetic
dipole m; acting on another magnetic dipole m, at distance p
is given by (12), shown at the top of the next page, also derived
by Villani [5]. The same process of linearization is applied to
Villani’s moment equation to yield (13) shown at the top of the
next page.

B. Linearized Forces and Torques for Flux-Pinned Forces and
Torques

The total force from a flux-pinned interaction is the superpo-
sition of the mobile image force and frozen-image force. These

Fap = T—/ff’b (P X ting) Xty + (B X iy) X firg — 2 (g - p) + 5p (B X 1itg) - (§ X 1iy)) (10)
mim - mmi, = 2mTmid — 5 (oe(orm) ml = pelpzma) mi) +-- ]
30| = () e ) =2l o 5 (o) ) o) | [0 ]
47l ocl? —m 0l + (P me) = 2pemb, + 2 po(pZmie)” ] sy

T
(Permae) = mp = 2pem, + =5pe(pSMac) ' P
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Tap = (B (g - p) iy X ) + (g X Hip)) (12)
47 p3
‘pf‘ﬁ (mgepﬂm;e + mgepﬂmae - <|pf|2mgep€m;ep€ + mgemh€> IOeT) Sr
Ho ) 3 x T x
STyp = ———— —m —m Sm (13)
= T et i e

X T X
- )|2maeloepe — Mg

| pe

images are magnetic field sources that impart linearized forces
given by (11). The frozen-image force is found by substituting
mg, to m,, the magnet’s equilibrium magnetic moment dipole,
and mp, to m ., the frozen image’s equilibrium magnetic mo-
ment dipole, into (11). The frozen image will never change
in orientation; thus, ém; = 0. The linearized force from the
frozen image is given by (14) shown at the bottom of this page.
The mobile image force, given by (16), is similarly obtained by
substituting m,, to m,, the magnet’s equilibrium magnetic mo-
ment dipole, and mp, to m,,., the mobile image’s equilibrium
magnetic moment dipole, into (11). From Kordyuk’s geomet-
ric interpretation of the frozen-image model, the mobile image
reorients itself like a mirror image across the superconductors
surface, where g is the unit normal to the superconductor’s
surface given by (4). A direct relation from m to m,, is given by
(15) shown at the bottom of this page. This relationship reduces
the number of independent state variables. The mobile image

force equation depends only on the magnet’s orientation and
position, given by (16) shown at the bottom of this page. The
forces from the mobile and frozen images are additive and may
be combined to a final equation for force on the system, given by
(17) shown at the bottom of this page. The total force is depen-
dent on the physical magnet’s position and orientation, which
constitutes the translational dynamic state of the flux-pinned
interaction.

The total torque from a flux-pinned interface is the sum of the
combined frozen and mobile image effects. The frozen-image
torque is obtained by substituting m,, to m,, the magnet’s equi-
librium magnetic moment dipole, and my, to m f,, the frozen
image’s equilibrium magnetic moment dipole. The orientation
of the frozen image does not change, so the state dm ¢ and the
corresponding coefficient are excluded, given by (18) shown at
the top of the next page. The same process is applied to the
mobile image. Substituting (15) into our previous equation, we

T

T
x— ,oe(p:me)rm;e) 4.

3,bL X X 8
5 = ot e ((orm mye e ms me 2w+ 35 (em) oemed) ) | [om] 09
—m, 02 + (pim o) = 20mY, + xpe(pZmye)" o
My = (; - zmgmg) m (15)
'zmbn%T(m my +mimx, —2mIny.1 — % ( 3 mme my — pe(p;me)rm;w) 4] T
g | 2 (e m) e + (o mie) me =2 (mImoe) pe+ 22 ((02me)" (pzmae) ) ol ) [ 5r }
m— 5 X X X T X
4| pel Mmool A+ (05 mme) ™ — 2peml, Ip 720 (2 Mime) " 0F H-+- sm
I (1= 27 ) (oemey =mpz = 2paml + Zpe(prme)” o) |
(16)
— o7
my my +mimy, — 2mImg,1 — ‘pﬂ (pe prmye) m: — Pe(ﬂexme)Tm;e) + .-
_pL (( me) my, + (pexmfe)xme — 2(me mfe) Pe + ﬁ ((pexme)r (p;mfe)> peT) 4.
21 g Z(m mx +mxm, —2mlmy,1 — ﬁ (,oe(,o(fm,,,e)rmeX - pe(p;me)rm,fle> + ...
SFp = ﬂ _Lz ((pxme)xmme_'_(pxmme)xme—Z(meme) ,oe-i—i2 ((pme)T (pxmme)) pT)> or .
47| p|? loel” AR e e ¢ X ; ‘ ‘ Sm
_m;f'elae>< + (’Oexmf‘—’)x - Zpemie + 10e |2p€(pe mfe) IOeX + -
_m;pfmpgx + (pexmme)x - 2p8m;17;g + Wpe (Pexmme)Tng + -
i (1 — 2 ) ((pe D —=mipl = 2p.m] + ‘Qpe(pfme)TpS)
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- T
wo | o (m pem’y, +mb, pem (‘p M, Pettt} pe + m mfe) pf) [ or } s)
Tp=——
47| pe | i ﬁm_fepepe — mfe dm
- T
o stmz (\p3|2 (mzpem:,;e + mnTwpem? - (V)ilzmzpem;;gpe + mzmme) peT)) Y4
T = ——73 19
" anpel? 3 my, + (2mm! — 1 my +my Sm 1
T MmePePe = My o pepd
T
\p% (m pemfg + mfgpe (lp%mzpem;gpe + m;mfe> ;03T> + -
5Ty = —0 ZmﬁzT( 3 (m oem> +ml pmx—(imT,omXp +mXm )pT)> or (20)
tot 47T|,Og|3 ST\ pe |2 e Fel"t e mele'te lp. e Fel melle e "tme e Sm .
3 mx —mX 4+ 3o T _ iy aanT
L \pe\szepe'oe My, + ‘pe‘zmmepepe Mpye + <2m mg — 1) (Ip |~m 'Ofpe +m >
reduce the number of states needed to calculate §m,, given by
(19) shown at the top of the next page. The total torque on the t=1-0+ox o (25)
magnet is the sum of the torque from the mobile and frozen i . i
images, given by (20) shown at the top of this page. The total . o (we =) ) o+ 17z (26)
torque is solely dependent on the physical magnet’s position So = 1718t (27)
and orientation, which constitutes the rotational dynamic state .
of the flux-pinned interaction. om = 05 (28)
dm sin (%)
C. Governing Equations 8q = , (29)
For the case of a single magnet and single superconductor, the o (5)
magnet’s dynamics are due to the forces and torques from the Si. — - < Sw (30)
frozen and mobile images. In this single magnet case, there are Gv =5 '

two magnet moment dipoles that are exerting forces and torques
on the magnet. The force and torque equations are given by (21)
and (22), respectively. The translational dynamics of the flux-
pinned magnet is a result of the force balance equation (23). The
linear momentum balance, given by (24), is put into matrix form
to be easily inserted into a state-space form later. Euler’s rigid
body equation (25) propagates attitude dynamics. The linearized
version of the rigid body equations is given by (26). Equation
(27) simplifies to no longer include the gyroscopic dynamics
because the magnitude of angular velocity at equilibrium is 0.
The orientation of the magnet may be represented by an Euler
axis-angle (28), and alternatively by a quaternion (29). In this
case, the Euler axis is the magnetic moment dipole unit vector,
and the angle may be chosen to be 7 because the magnet is ax-
isymmetric. Choosing 7 retains most of the information about
the magnetic moment dipole-pointing vector. Upon inspection,
the fourth component of the quaternion about equilibrium will
always be zero; thus, no information is lost if the quaternion state
vector is shortened to just the vector components ¢g,. To prop-
agate the attitude dynamics, there is a linear relation between
the quaternion and angular velocity that yields the quaternion
derivative, given by (30). This set of equations fully defines the
linearized dynamics of a rigid body.

> F=F;+F, Q21
dr=ts+1m (22)
> F = M¥ (23)

§F = M~ '8F,y (24)

D. State-Space Model

The single magnet flux-pinned system dynamics may be rep-
resented with a first-order system state-space matrix, given by
(31). The state matrix has the form given in (32). Each entry in
the state matrix is a block matrix of size corresponding to the
state and resultant, where the following a;; values are given by
(34)—(40). The matrix entries a;; are block matrices of size 3 x
3 that are generated from the linearized forces and torques from
(17) and (20), respectively. Eq. (37)."(40) shown at the bottom
of the next page.

SF ] sr
SF 2
Tl=al 31y
8q, 5q.
S® Sw
rsF 0O 1 O 0 or
# a 0 a 0 SF
oF _ 21 23 1 (32)
54, 0 0 0 3q5 8qy
L sw _ ayg 0 ass 0 0]
OF = Or (33)
. 1
8¢y = qve % dw (34)
OF = ay ér + axdq, 35)
8@ = a416r + as38q, (36)
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Fig. 4. Frozen and mobile images from magnet j acting on magnet i across
superconductor k.

IV. LINEARIZED RIGID BODY DYNAMICS FOR AN ARBITRARY
NUMBER OF MAGNETS AND SUPERCONDUCTORS

For a system of M rigidly constrained magnets on a rigid
body with each magnet flux pinned to N fixed superconductors,
each superconductor will store M frozen images. The system of
permanent magnets will feel the effect of each Nth supercon-
ductor’s embedded images, in which each superconductor holds
M frozen images, totaling M x N frozen images. An equal num-
ber of mobile images pair with the frozen image counterparts,
yielding a total 2 x M x N images that generate forces and
torques. Assuming the magnets are rigidly mounted together,
the summation of the forces on each magnet yields the total
force on the body at the magnet bodies’ center of mass.

A single flux-pinned interaction happens between the images
of magnets i and j, in which magnet j produces frozen and mo-
bile images on superconductor k, given by (41) and shown in

IEEE TRANSACTIONS ON APPLIED SUPERCONDUCTIVITY

superconductors, which all affect magnet i. The total contribu-
tion of magnet j’s images onto magnet i is the summation of
all individual flux-pinned interactions between magnets i and
Jj across all superconductors, given by (42). The total force on
magnet i from all magnet images is the sum of all magnet j
influences across all superconductors, given by (43). The total
force on a rigid body is the summation of total force on each
magnet /, given by (44).

The torque is similar to the force summation with an extra
term attributed to the force with a moment arm on magnet i,
given by (45). The total torque on a rigid body is analogous to
the total force equation but also includes a torque from each
force displaced from the center of mass, given by (46). These
two summation equations can be rearranged into a linear set
of equations using the same linearization techniques from the
single magnet single superconductor case.

Fijk = F'trozen + F mobile (41)
M
Fij =) (Firozen + Fmobite) (42)
k=1
N M
Fi =Y ((Frromen + Frmobite)y),; (43)
j=1 k=1
N N M
Feom=)_Y > ((Fieoren + Frobite)s);); (44)
i=1 j=1 k=1
N M
T = Z Z ((Ttrozen + Tmobile)k)j +pi X F; (45)
j=1 k=1
N N M M
Tcom = Z Z Z ((Ztrozen + Tmobite));), + Z pi x Fi.
i=1 j=1 k=1 i=1

Fig. 4. Magnet j produces frozen and mobile images on multiple (46)
X X x x x T x
mymg +m, mf —2m’r cMmypel — e‘ (pe(pe mfe) m) — pe(,oe mg) mfe) +
T
T — 25 ((ozme)“me+ (o2m o) “me =2 (mIm ) oo + 25 ((pzme)" (p2mye)) pF ) + -
axr = PR - T T
o 2] (mis i+ mim, = 2mImed = 2 (pe(ozmue) ' mg = pe(p2me) m,)
T
— ((pfme)xmme + (02 mume) “me =2 (mmune) pe + ((pe m,) (pmee)) pf))
T
—my, ol + (plmyse)” = 2pem}, + %zpe(p?mfe) pX+
3o |m
ap = M M _m;:lglogx + (pexmme) - 2p€mmg + |2 Pe (P mme) pgx+ (38)
47| pel ,
(1 — g ) ((pe O = mpl = 2pam{ + 2 pe(pme) pj)
Lo (e (mfpgm;e Fmpepeme = (ﬁmgpem?ep"' + mmee) p}) +
ag = I — (39)
axlpel” \ 2 m? (Ipﬁlz (meT,oem,f,e +m! pm* — (Ipzlzm DM e + M mme> X ))
m 3 3 3
agz = 1—1M ( zm;epgpj —my5, +— mY,pepr —my, + (Zm l) < —m; pep, +m; )) (40)
4| pel” \lpel” T el | el

307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322



323
324
325
326
327
328
329
330
331
332

333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352

353

354
355
356
357
358
359
360
361

ZHU AND PECK: LINEARIZED DYNAMICS OF GENERAL FLUX-PINNED INTERFACES 7

The state space of the single magnet single superconductor
case has 12 state variables: translational position, translational
velocity, quaternion vector, and angular velocity of the magnet.
For the general case of an M magnet N superconductor inter-
action, the states will include those 12 state variables for each
magnet on the rigid body, i.e., 12M total states. The most general
plant, given in (47), is a simplification of the multiple magnet
and multiple superconductor plant to a matrix of block matri-
ces, where 8z; = [8r;87;8¢,;®;]" and A;; is the linearized
dynamics of magnet i due to magnet j’s images.

82 Ay ALy 8z

= z (47)

8Zm Ay Apm 8Zm

Four Jacobians provide the basis for the partitions in the A; ;
matrix of (47): force and torque as a function of position and
orientation. The single magnet and single superconductor plant
is derived using this general form A; ;, given by (48). The mag-
net images affecting the dynamics can be from any magnet’s
images embedded in any superconductor. Every interaction is
pairwise and all block matrices are populated. The larger sys-
tem variables are analogous to the single magnet and single
superconductor variables in (33)—(40). The velocity of magnet
i is only the velocity of magnet j, when i = j. The quaternion
derivative of magnet i is only propagated when magnet j = i.
Any magnetic moment dipole from an image is established from
magnet j about superconductor k. Any magnetic moment dipole
from a magnet is established from magnet i. The distance vectors
are calculated from magnet j’s images about superconductor & to
magnet i. These equations constitute the entries of the linearized
state matrix, forming the basis of a linearized flux-pinning dy-
namics model for magnet i from specific magnet j’s images from
superconductor k. @y, a23,ij, A41,ij» and a43 ;; are expressions
with summation over all N superconductors.

(Sf’i Srj
SF; OF j
. =A;; (48)
54, 5qj
5(1.),' (S(z)j

where
0 ap,ij 0 0

A a0 an;; 0
i =
0 0 0 asz4 ij
asri;j 0 aszy; O

The output states of a rigid body about the center of mass are
translational position, translational velocity, attitude, and angu-
lar velocity of the magnet. For the M magnet N superconductor
case, the input state includes the position, velocity, attitude, and
angular velocity of every magnet j, where A; represents the
contribution to body dynamics from magnet j’s state, given by
(49). a2y j, as3 j, a4, j,and as3 ; are expressions with summa-
tion over all N superconductors and M magnets. An analogous

operation would be to sum each A; ; block matrix along each
column or ith index, resulting in A ;. These 3 x 3 block matrices
form the basis of a linearized flux-pinning dynamics model for
arigid body with all M magnets.

[ ér
81
8q v
Sfcom 5o,
S'er =4 A (49)
8q,com
Socom Orm
S8F
8qvm
L S@m
where
0 ai,ij 0 0
A= a0 axniy; 0
0 0 0 auy
asrij 0 asy; O

V. SENSITIVITY AND COMPARISON OF SINGLE MAGNET AND
SINGLE SUPERCONDUCTOR DYNAMICS

To validate the linearized dynamics and investigate the dy-
namic sensitivity of each state, a simulation with the full nonlin-
ear dynamic equations is compared to the linearized state space.
The fully nonlinear simulation also offers a second method
to validate the linearized state space, using a common soft-
ware package. Dynamic characteristics of the linearized state
space are discussed, followed by a comparison of the nonlinear
dynamic time histories and the derived linearized state-space-
propagated dynamics to generate the RMS error. Finally, this
paper studies the sensitivity of force and torque by indepen-
dently varying each state.

A. Defining System Parameters

The specific magnet chosen is that of strength 0.8815 T and
diameter 0.75 in. If z represents the vertical height in the Carte-
sian coordinate space, the magnet is field-cooled 1 cm above the
superconductor. Both the superconductor and magnet are point-
ing directly upward. The position of the permanent magnet from
an arbitrary origin on the superconductor surface is represented
by r;. The magnetic moment dipole of the permanent magnet
contains a field strength and a unit direction, represented by
m . The orientation of the superconductor is the surface normal
unit vector, given by 7izg. The mass matrix is the mass of the
permanent magnet, multiplied by an identity matrix, given by
M. R is the radius of the spherical magnetic moment dipole. [ is
the inertia tensor of the spherical magnet.

From these physical parameters, the image parameters are
found. r s is the position of the frozen image. r,, is the position
of the mobile image. p, is the position vector from the images
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TABLE I
SINGLE MAGNET AND SUPERCONDUCTOR CASE STUDY PARAMETERS

Distance [m] = Magnet Moment Dipole

[T]

Body Parameters

r1=[0;0;0.01]  my=0.8815[0;0; 1] i = [0; 0; 1]
pe=1[0;0;0.02]  m,=0.8815[0; 0; 1] M=0.0272kg
r;=[0;0;-0.01]  my,=0.8815[0; 0; 1] R=0.009525m

Tm=[0;0;-0.01]  Mpe=0.8815[0; 0; -1] I=3.63 x 10-kg-m?

to the permanent magnet when in equilibrium, which is also the
field-cooled position. The equilibrium magnetic moment dipole
is equivalent to the field-cooled orientation of the permanent
magnet m,. The frozen-image magnetic moment dipole m z,
is of the same orientation as the permanent magnet orienta-
tion when field-cooled. The mobile image magnetic moment
dipole m,,, is the mirrored orientation as the permanent mag-
net orientation when field-cooled. Table I presents a complete
list of system parameters. All code is online and available at
github.com/frankiezoo/SMSS Linear Dynamics.git.

B. Linearizing a Nonlinear Simulation and Deriving
Linearized Matrix

After building a nonlinear dynamics model of a single magnet
and single superconductor, the model is linearized with the help
of the Linear Analysis Toolbox from MathWorks Simulink. The
input perturbation states are the quaternion and the position of
the permanent magnet. The output measurement is the force and
torque. The state space produced from Simulink’s linearization
produces (50). The single magnet and single superconductor
plant from (32) is modified to include the four Jacobians from
Simulink’s linearization process from (49), given by (51). The
state matrix generated from the simulation is equivalent within
machine precision to the linearized state matrix derived in the
preceding sections.

roF  OF
ar aq
J=14 (50)
L or aq
SF 0 1 0 0 Sr
5F | ML 0 M me 5T 0 SF
54, 0 0 0 395 | | 8qv
. —19t -1 T
EY5) ' 0 ITme S
(€29)

C. Modal Analysis of Linearized Flux-Pinned Model

Modal analysis of a dynamic system reveals stability and fre-
quency information. The eigenvalues and eigenvectors are found
with the linearized state-space matrix. The plant derived in Sec-
tion V-B has the following eigenpairs. The flux-pinned system
is marginally stable because all eigenvalues have a 0 real com-
ponent. The numerical values associated with each eigenpair

IEEE TRANSACTIONS ON APPLIED SUPERCONDUCTIVITY

TABLE II
SINGLE MAGNET AND SUPERCONDUCTOR EIGENPAIRS
eigenpair A mode shape
1 108.5i Wy Ty
2 -108.5i Wy Ty
3 108.5i Wy 7y
4 -108.5i Wy 7y
5 37.4i Wy Wy
6 -37.4i Wy Wy
7 37.4i Wy Wy
8 -37.4i Wy Wy
9 146.4i 7, 7,
10 -146.4i 7y 7,
11 0 q3 1,
12 0 q3

manifest different properties in the physical system, as shown
in Table II.

The first ten eigenvalues of the flux-pinned plant are all imagi-
nary, which represent the spring-like nature of flux-pinned inter-
faces. Due to the axial symmetry of the magnet, the eigenvalues
representing the x and y dynamics come in quadruplets. The
eigenvectors with imaginary values must be paired with the
conjugate eigenvector to manifest real physical dynamics. In-
tuitively, flux-pinned interfaces have stiffer translational joints
than rotational joints. The modal analysis reveals the same con-
clusion, where the z translation has the highest stiffness, the
x and y translations are also relatively high, and the x and y
rotations have the lowest stiffness.

The first four modes show a relation between the rotation
and translation about the x and y axes. The rotation is the main
modal shape, but contributes to the translation. This stiffness is
rather high. The next four modes, 5-8, show a relation between
the rotation about the x and y axes. The rotation about one axis
is the main modal shape, but the rotation about the other axis is
also a significant modal. This stiffness is the lowest of all modes.
Modes 9 and 10 strictly reflect translation in the z direction. It
has the highest stiffness of all the modes. The last modes have
0 eigenvalues because the dynamics of the system do not resist
to any perturbation of these states. Any perturbation in g3, or
the magnetic strength of the magnet, results in translation in the
z direction. Any perturbation in the rotation about the z-axis g3
results in rotation about the z-axis until another perturbation or
energy dissipation is introduced.

D. Sensitivity of Linearized Dynamics due to State Variation

Although the linearized plant is nearly exact to machine pre-
cision error at equilibrium, the linear plant approximates non-
linear dynamics less accurately the further the system deviates
from equilibrium. Figs. 5-9 show sensitivity plots varying state
variables and correlating error in force and torque calculations
between the linearized equations and nonlinear equations. The
translation and rotation in the x and y directions are the same due
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Fig. 5. Error in force and torque between linearized and nonlinear models
when varying displacement along the x direction.
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Fig. 6. Error in force and torque between linearized and nonlinear models
when varying displacement along the y direction.
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Fig. 7. Error in force and torque between linearized and nonlinear models
when varying displacement along the z direction.

to symmetry, as shown in Figs. 5, 6, 8, and 9. There is no rotation
in the z direction because the magnet is axially symmetric. The
most sensitive state is the translational displacement in the z di-
rection, as shown in Fig. 7. The equilibrium separation distance
from the superconductor surface is 1 cm, or 1072 m. To retain
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Fig. 8. Error in force and torque between linearized and nonlinear models
when varying rotation along the x direction.
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Fig. 9. Error in force and torque between linearized and nonlinear models
when varying rotation along the y direction.

below 5% error in force, displacements in the z direction must
be bound to 10~* m. This requirement is much more stringent
if the error threshold is 1%, decreasing the displacement bound
down to 107> m. Perturbations in the x and y translational dis-
placements may be as high as 1 m, or 107 m, yet still retaining
5% RMS error in force.

VI. CONCLUSION

The general, linearized state-space equations derived here al-
low the closed-form analytical characterization of a flux-pinned
interface, along with the state matrix needed to formulate lin-
ear control algorithms. The results are an important step toward
implementing six degree-of-freedom dynamic systems, such as
docking, formation flying, autonomous assembly of multiple
bodies, and noncontacting pointing platforms.

This model is expected to help characterize the passive dy-
namics of a flux-pinned system in all its degrees of freedom
to permit the formulation of control algorithms. The linearized
model accurately reflects the nonlinear dynamics within small
displacements. Understanding the sensitivity of spatial pertur-
bations informs the implementation of feedback control, for
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example, in choosing the proper sensor resolution and predicting
the expected excursions of the flux-pinned interface dynamics.

Although the linearized equations are consistent with the fun-
damental physics, Kordyuk’s geometric mapping and Villani’s
dipole interactions represent limitations that may come into play
for systems with nonlinear excursions and for which the dipole
assumptions break down. Future work lies in refining the basic
nonlinear flux-pinning model and parameterizing the nonlinear-
ities in the dynamics model.
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Linearized Dynamics of General
Flux-Pinned Interfaces

Frances Zhu @ and Mason A. Peck

Abstract—A flux-pinned interface offers a passively stable equi-
librium that otherwise cannot occur between magnets because elec-
tromagnetic fields are divergenceless. The contactless, compliant
nature of flux pinning offers many benefits for close-proximity
robotic maneuvers, such as rendezvous, docking, and actuation.
This paper derives the six degree-of-freedom linear dynamics about
an equilibrium for any magnet/superconductor configuration. Lin-
earized dynamics are well suited to predicting close-proximity
maneuvers, provide insights into the character of the dynamic sys-
tem, and are essential for linear control synthesis. The equilibria
and stability of a flux-pinned interface are found using Villani’s
equations for magnetic dipoles. Kordyuk’s frozen-image model
provides the nonlinear flux-pinning response to these magnetic
forces and torques, all of which are then linearized. Comparing
simulation results of the nonlinear and linear dynamics shows the
extent of the linear model’s applicability. Nevertheless, these sim-
ple models offer computational speed and physical intuition that a
nonlinear model does not.

Index Terms—Dynamics, linear systems,
effects, superconducting magnets.

magnetoelectric

1. INTRODUCTION

ARNSHAW’S theorem states that there is no stable sta-
E tionary equilibrium for point charges that are solely held
together by electrostatic forces [1]. Because they are also diver-
genceless, magnetic fields offer no stable equilibria except at
the origin or at infinity. This is not the case for flux-pinned mag-
nets, for which a stable equilibrium can exist for any number
of magnets at arbitrary relative positions and orientations. Flux
pinning a magnet to a superconductor creates an equilibrium,
or minimum potential energy well, that stabilizes the magnet’s
position and orientation.

An external magnetic field excites current vortices within a
superconductor, which is a material that carries current with-
out resistance. Cooling a Type II superconductor to below its
transition temperature in the presence of a magnetic field es-
tablishes permanent current vortices, which persist as long as
the superconductor’s temperature stays below this threshold.
The flux-pinning effect influences the dynamics of kilogram-
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30, 2018. This work was supported in part by the NASA Space Technology
Research Fellowship under Grant NNX15AP55H. This paper was recommended
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scale bodies out to about 10 cm of separation distance. The
energy in the magnetic field determines the range.

In early empirical studies of flux pinning, Williams noticed
potential curves that resemble a volcano, with a minimum at
the center of the disc and a maximum near the edge [2]. He
proposed a model consisting of a repulsive magnetic field source
(the mobile image) superimposed upon an attractive magnetic
field source (the frozen image).

There are two conventional methods to model the mag-
netization of the superconductor: Bean’s critical-state model
and Kordyuk’s frozen-image model [3], [4]. The critical-state
model is general but numerically intensive because it is based
on a finite-element analysis of interactions among—ideally—
infinitesimally small magnetization loops. The accuracy of
Bean’s model depends on the resolution of magnetization loops,
which cannot be feasibly solved in real time for problems of
practical interest. Kordyuk’s advanced frozen-image model rep-
resents the position and orientation of the two images within the
superconductor geometrically, an approach that yields drasti-
cally simpler and faster real-time representations for feedback-
control architectures. The frozen-image model omits the effects
from physical parameters such as temperature, material, and
geometry, but these may be accounted for in a modified frozen-
image model [5]. For simplicity, the following assumptions are
made. Critical current density is assumed to be infinite. For
familiar problems, this limitation has no practical effect. The
induced magnetic field is greater than the first critical magnetic
field—again, an issue that rarely arises in practical applications.
The temperature is low enough that scaling and hysteretic effects
are negligible, although Yang offered a method to incorporate
elastic hysteresis [6]. These assumptions, as well as the previous
ones, are readily accommodated in systems designed for ana-
lyzability. Kordyuk’s model and the magnetic moment dipole
model provide the foundation for many subsequent analytical
assessments of flux-pinned dynamics and are the basis for the
rest of this paper [7], [8].

Kordyuk created an analytical model to explain the image
effects of flux pinning, known as the frozen-image model [4].
Kordyuk’s geometric relation between magnet parameters and
image parameters is graphically depicted in—Fig. 2 and fur-
ther discussed in Section II. Other authors (Alqadi [9], Cansiz
[10], Suguira [11], etc.) have written primarily about finding
the potential fields of magnet/superconductor arrangements or
the equilibria of magnet/superconductor arrangements in three
or less degrees of freedom. This paper derives the most general
case of six degrees of freedom.

1051-8223 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Fig. 1. Cryocooled superconductor with a pinned permanent magnet sus-
pended in gravity.

Fig. 2. Geometric relationship among the equilibrium, frozen image, mobile
image, superconductor and magnet [4].

A flux-pinned interface offers many benefits for robotics ap-
plications, namely, passive stability, compliance, absence of
mechanical contact, and low mass requirements. Flux-pinned
systems can be actively manipulated to control the orientation
and position of close-proximity vehicles while remaining con-
tactless and compliant [12]. Traditional, linear control synthesis
may be successful for such systems, but the inherently non-
linear dynamics must be linearized to provide a suitable plant
model. A linearized model also provides valuable insights into
the system, such as stability, natural frequencies, and modes.
This study focuses on a general, linear model for these reasons.

II. MAGNETIC FIELD SOURCES

The general expression for magnetic field strength at distance
p from the field source is (1) [10]. m is the magnetic moment
of the dipole of interest. From (1), the magnetic field strength
decreases with distance cubed. The expression for magnetic
field strength can be related to a flux-pinned mobile image, flux-
pinned frozen image, electromagnet, or permanent magnet. The
magnetic field is a function of two variables: m the magnetic
moment dipole and p the distance from the field source. m is a
parameter determined by the physical nature of the source. p can
be defined or measured in the physical system. The expression
for magnetic moment dipoles differs for each type magnetic
field source.

o
4r|p

B(p) = |3(3(m‘/3)/3—ﬁ1). ey
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A. Physical Magnet

There are two types of physical magnetic field sources: per-
manent magnets and electromagnets. The magnetic moment
dipole of a permanent magnet is purely defined by physical
characteristics in (2). By is the manufacturer’s measurement of
the magnetic field at the surface of the magnet. d is the distance
from the center of dipole to the surface. 7, is the unit direction
of the magnetic moment dipole. The electromagnetic moment
dipole is represented by (3), where V (¢) is the voltage potential of
the electromagnet, A is the area enclosed by the electromagnet’s
coil of wire, T is the number of turns of the electromagnet, and
R is the resistance of the electromagnet. Besides their physical
differences, they mathematically represent a physical magnetic
moment dipole m ,. Fig. 3(a) graphically depicts the relationship
among variables. The two physical magnetic field sources differ
in the physical parameters that make up the magnetic moment

dipole expression.
, W 21 B()d3 i (2)
P T P
VAT |
iy = —— . 3

B. Mobile/Diamagnetic Image

All superconductors display the Meissner effect, which is the
expulsion of magnetic flux. The magnetic source that creates
the Meissner effect may be represented as an image within
the superconductor that changes the polarity and magnitude to
always repel. That image, more specifically, follows the external
magnetic source and reorients to the moment dipole to mirror the
external magnetic source. The mobile image’s magnetic moment
dipole depends on the permanent magnet’s moment dipole and
the orientation of the superconductor, given by (4). My, is
the vector from (2) or (3) that represents the physical magnet’s
moment dipole. 7z, is the unit direction normal to the surface of
the superconductor, illustrated in Fig. 3(b). The mobile image
moves when the permanent magnet moves, so the location of
the magnetic field from the mobile image is dynamic. r,,,, and
r, change in the expression for magnetic field and potential
energy, respectively. The magnetic field of the magnet’s mobile
image from Fig. 3(b) is given by (5), where p,, is the distance
from the mobile image to the permanent magnet that is given
by (6), where r,, is the location of the mobile image and O
is a point on the superconductor surface. The mobile image’s
magnetic moment dipole location and orientation are dependent

on the superconductor’s geometry.
My = Mypgg — 2 (ms . mmag) g (@Y)
Pm = Tmag —T'm 4
Ty = Fmag — 2 ((r,,,ag — Os) . rhx) g (6)

C. Physical Magnet

The frozen image is an image specific to high temperature
or Type II superconductors. Instead of expelling all magnetic
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Fig. 3.

Different types of magnetic field interactions. (a) Geometric representation of permanent magnet or electromagnet magnetic field source positions.

(b) Geometric representation of mobile image magnetic field source positions. (c) Geometric representation of frozen-image magnetic field source positions.
(d) Geometric representation of frozen image and mobile image overlaid at field-cooled position.

flux like Type I superconductors do, Type II superconductors
field-cool a magnetic field during a transition phase and expel
external fields that differ from the embedded field. This property
allows for the stable presence of a field, in this application, in-
finitesimal magnetic dipole. The frozen image is a consequence
of the presence of an infinitesimal magnetic dipole a priori and
a posteriori cryocooling, which embeds a field in the supercon-
ductor that enforces restoration to this initial state. To counter
the mobile image’s repulsion, the frozen image acts as an at-
tractive infinitesimal magnetic dipole that stays in place and
aligns magnetic moment dipoles with the field-cooled magnet.
The frozen image’s magnetic moment dipole depends on the
magnetic moment dipole field-cooled onto the superconductor
and the orientation of the superconductor, as shown in (7) and
geometrically in Fig. 3(c). Equations (8) and (9) are analogous
to the frozen-image distance vectors. Like the mobile image,
the frozen image is dependent on the superconductor’s geom-
etry, but, unlike the mobile image, it does not move when the
permanent magnet moves after field cooling.

my =2 (i - mpc) litg — mpc )
pf=TFFc—Tryf (3)
ry=rrc —2((rrc = Oy) - i) . 9)

III. LINEARIZED DYNAMICS FOR A SINGLE FLUX-PINNED
MAGNET AND SUPERCONDUCTOR INTERACTION

The linearized dynamics for the simplest flux-pinned inter-
face is derived. The dynamics are solely dependent on the mag-
netic field source’s position and orientation, along with physical
parameters specific to the system geometry. Each subsection

describes the linearization process briefly before presenting the
final linearized equation set.

A. Linearizing General Magnetic Dipole Force and Torque
Equations

Villani derived the force of a magnetic dipole m; acting on
another magnetic dipole m,, at distance p, given by (10) shown at
the bottom of this page, in which the scalars are brought out front
and all vectors are unit direction vectors [4]. The final linearized
force equation relates the first-order terms §F,p to 6r, Smg,
and §my, all vectors denoting deviation from equilibrium. To
linearize about p., mg,, and my,, a first-order Taylor expansion
of (10) was taken by replacing Fop = Fe + §F ap, p = pe +
or, my = mye + émg, and my = mp, + Smyp. The equilibrium
force is subtracted from both sides. The cross products and dot
products are replaced with cross and transpose operators (vx
to v* and v- to v7), and then rearranged to isolate the first-
order terms. To transform the linear equation to matrix form,
notice that the quantities in front of §r, dm,, and dm; are 3
x 3 matrices. The final matrix expression for linearized force
between two magnetic moment dipoles is given by (11) shown
at the bottom of this page. The moment/torque of a magnetic
dipole m; acting on another magnetic dipole m, at distance p
is given by (12), shown at the top of the next page, also derived
by Villani [5]. The same process of linearization is applied to
Villani’s moment equation to yield (13) shown at the top of the
next page.

B. Linearized Forces and Torques for Flux-Pinned Forces and
Torques

The total force from a flux-pinned interaction is the superpo-
sition of the mobile image force and frozen-image force. These

3M0mumb ~ A A A A A AsA A ArA A A ~
Fap = Cdmpt ((p x Mhg) X 1y + (p X Wp) X frg — 2P (fg - p) + 5P (( X 1g) - (f X 1)) (10)
X X X X T 5 X T X T x T
mp,my, +m}my, —2m} mp1 — o (pe(pe mbe) mpy, — pg(pg mae) mbe) 4.
‘ ér
X X X X x T x
SF 310 _lp% ((,Oe mae) Mpe + (,Oe mbe) Mae — 2 (mggmbe) Pe + \p% <(/0g mae) (Pe mbe)) ;OeT) sm an
ab i — a
47‘[|pe|5 X % x X _ 9 T 5 x T
My Pl + (P mpe)” = 2pemi, + 2z pe(0 M) P sy

T
(loe’/nae)>< - m;epex - 2p€m§e + ﬁpg(pexmae) ’Oex
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Tab = an (3 (g - p) (1 X p) + (g X Mp)) (12)
o ‘p::‘z (mgepem;e + mlepemae - (#mgepem;epe + m:emb€> peT) or

6Tap = —— My, Pep, — My, Smy (13)
7T|,06| 3 (Smb

ol

maepepe - mae

images are magnetic field sources that impart linearized forces
given by (11). The frozen-image force is found by substituting
mg, to m,, the magnet’s equilibrium magnetic moment dipole,
and mp, to m ., the frozen image’s equilibrium magnetic mo-
ment dipole, into (11). The frozen image will never change
in orientation; thus, émy = 0. The linearized force from the
frozen image is given by (14) shown at the bottom of this page.
The mobile image force, given by (16), is similarly obtained by
substituting m,, to m,, the magnet’s equilibrium magnetic mo-
ment dipole, and my, to m,,., the mobile image’s equilibrium
magnetic moment dipole, into (11). From Kordyuk’s geomet-
ric interpretation of the frozen-image model, the mobile image
reorients itself like a mirror image across the superconductors
surface, where g is the unit normal to the superconductor’s
surface given by (4). A direct relation from m to m,, is given by
(15) shown at the bottom of this page. This relationship reduces
the number of independent state variables. The mobile image

force equation depends only on the magnet’s orientation and
position, given by (16) shown at the bottom of this page. The
forces from the mobile and frozen images are additive and may
be combined to a final equation for force on the system, given by
(17) shown at the bottom of this page. The total force is depen-
dent on the physical magnet’s position and orientation, which
constitutes the translational dynamic state of the flux-pinned
interaction.

The total torque from a flux-pinned interface is the sum of the
combined frozen and mobile image effects. The frozen-image
torque is obtained by substituting m,, to m,, the magnet’s equi-
librium magnetic moment dipole, and mj, to m ., the frozen
image’s equilibrium magnetic moment dipole. The orientation
of the frozen image does not change, so the state dm ¢ and the
corresponding coefficient are excluded, given by (18) shown at
the top of the next page. The same process is applied to the
mobile image. Substituting (15) into our previous equation, we

mymy +mimy, —2mlmy,1 —

W (:Oe (pgx

mfg)Tm“_,X — pe(pexme)Tm;e) 4.

3 x x or
o8y = ot =i (e s =2 ) (m” Gmed) )| ] 09
e
—m, 02 + (pim o) = 20mY, + Zopo(pXmy.) o
o (1 _ 2msm3) m (15)
S - o7
g (m;:lem: +mXm), —2mImy,,1 — o ( 3 mme mY — pe(prme) mnxw) 4
op 310 BE ((pjmg)xmmp + (2 mme) “me — 2 (m mue) pe + 2 ((pexme)T (pjmme)) peT) ) [ sr }
" 4w =m0 A (P mne) = 200m, + o pe(0Zmne) pX 4 sm
| (l_zmm )((pe E)X_m P —ngm +‘p ‘2106(106 me) ,Oe> |
(16)
_ - T T _T
mymy +mimy, — 2mImys, 1 — = PRE (,oe Smype) my — pe(pXme.) mfg)—i—...
Ipe (( me) myge + (pe mfe) me — 2(m mfe) Pe + ﬁ ((pexme)T (p:mfe)) peT) N
2m rﬁz (mmem +mim,, — Zmmeel — Ipi‘\z (Pe(PeXmme)Tme - pe(p;me)Tm;;le) + ..
3 « y ’ or
SF iy = # — pf ((,ojmg) Mpme + (pfmme) me =2 (mImpe) pe + ﬁ ((ngme)T (pfmme)) pf)) |:8m:| :
—m S+ (0 mpe)” — 20emY, + = |2/0e(pe mfe) P+
—Mm P + (pgxmmE)X - 2pem£,g + W,Oe (P:mme) P+
I (1= 20T ) (o)™ = mZpz = 20m! + Zp.(07me) o)
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- T
oo o | i (e g = (GmE pemope+mimpe) of) | [ or "
7™ anlp.? 53w ool - mX sm
L o2 fePePe = M e
- T
o Z’ﬁvfﬁf (ﬁ (mngem::w + mr{wpemz - (ﬁmfpemnéepe + m:mme) peT)> |: or i| (19)
T = 3
47 p| Somisopenl = m, + (2l = 1) (Zemg pepl +m?) sm
T
ﬁ (mzpem;e + m‘]fwep@m: - (ﬁmzpem;epe + mexmf3> IOET> N
or
o P
8Tt = ——— | 2] (ﬁ (mfpem,f,e +my pem — (ﬁmfpgm;epg + mjmme) pZ)) . Qo
47| pe | ‘ ‘ dm
| amfpepl —m, + amypep! —my, + (Zn%n%f - 1) (lpflzm;pepf + m)
reduce the number of states needed to calculate ém,, given by
(19) shown at the top of the next page. The total torque on the t=1l-0+tox(- 0 (25)
magnet is the sum of the torque from the mobile and frozen iy % _1
images, given by (20) shown at the top of this page. The total ag= (we =) ) do+ 177 (26)
torque is solely dependent on the physical magnet’s position S =116t 27)
and orientation, which constitutes the rotational dynamic state .
of the flux-pinned interaction. omg =05 (28)
dm sin (%)
C. Governing Equations 8q = . (29)
For the case of a single magnet and single superconductor, the €08 (7)
magnet’s dynamics are due to the forces and torques from the . 1
s s 5G4y = 5qve X Sw. (30)
frozen and mobile images. In this single magnet case, there are 2

two magnet moment dipoles that are exerting forces and torques
on the magnet. The force and torque equations are given by (21)
and (22), respectively. The translational dynamics of the flux-
pinned magnet is a result of the force balance equation (23). The
linear momentum balance, given by (24), is put into matrix form
to be easily inserted into a state-space form later. Euler’s rigid
body equation (25) propagates attitude dynamics. The linearized
version of the rigid body equations is given by (26). Equation
(27) simplifies to no longer include the gyroscopic dynamics
because the magnitude of angular velocity at equilibrium is 0.
The orientation of the magnet may be represented by an Euler
axis-angle (28), and alternatively by a quaternion (29). In this
case, the Euler axis is the magnetic moment dipole unit vector,
and the angle may be chosen to be 7 because the magnet is ax-
isymmetric. Choosing 7 retains most of the information about
the magnetic moment dipole-pointing vector. Upon inspection,
the fourth component of the quaternion about equilibrium will
always be zero; thus, no information is lost if the quaternion state
vector is shortened to just the vector components ¢g,. To prop-
agate the attitude dynamics, there is a linear relation between
the quaternion and angular velocity that yields the quaternion
derivative, given by (30). This set of equations fully defines the
linearized dynamics of a rigid body.

> F=F;+F, Q1)
Z T=Tf+1Tn (22)
> F = MF (23)

8F = M~'8F o (24)

D. State-Space Model

The single magnet flux-pinned system dynamics may be rep-
resented with a first-order system state-space matrix, given by
(31). The state matrix has the form given in (32). Each entry in
the state matrix is a block matrix of size corresponding to the
state and resultant, where the following a;; values are given by
(34)—(40). The matrix entries a;; are block matrices of size 3 x
3 that are generated from the linearized forces and torques from
(17) and (20), respectively. Eq. (37)."(40) shown at the bottom
of the next page.

Si ] Sr
SF ;
. | =A o (31)
qu 5qv
8@ dw
C 87 ] 0 1 O or
Si _ a0 ap; 0 orF (32)
84, 0 0 0 3q5||3%
L dw _ ayg 0 ags 0 Sw
81 = SF 33)
. 1
8¢y = EQUe X 8w (34)
OF = ay dr + axdq, (35)
8@ = a416r 4+ as36q, (36)
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Fig. 4. Frozen and mobile images from magnet j acting on magnet i across
superconductor k.

IV. LINEARIZED RIGID BODY DYNAMICS FOR AN ARBITRARY
NUMBER OF MAGNETS AND SUPERCONDUCTORS

For a system of M rigidly constrained magnets on a rigid
body with each magnet flux pinned to N fixed superconductors,
each superconductor will store M frozen images. The system of
permanent magnets will feel the effect of each Nth supercon-
ductor’s embedded images, in which each superconductor holds
M frozen images, totaling M x N frozen images. An equal num-
ber of mobile images pair with the frozen image counterparts,
yielding a total 2 x M x N images that generate forces and
torques. Assuming the magnets are rigidly mounted together,
the summation of the forces on each magnet yields the total
force on the body at the magnet bodies’ center of mass.

A single flux-pinned interaction happens between the images
of magnets i and j, in which magnet j produces frozen and mo-
bile images on superconductor k, given by (41) and shown in
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superconductors, which all affect magnet i. The total contribu-
tion of magnet j’s images onto magnet i is the summation of
all individual flux-pinned interactions between magnets i and
Jj across all superconductors, given by (42). The total force on
magnet i from all magnet images is the sum of all magnet j
influences across all superconductors, given by (43). The total
force on a rigid body is the summation of total force on each
magnet /, given by (44).

The torque is similar to the force summation with an extra
term attributed to the force with a moment arm on magnet i,
given by (45). The total torque on a rigid body is analogous to
the total force equation but also includes a torque from each
force displaced from the center of mass, given by (46). These
two summation equations can be rearranged into a linear set
of equations using the same linearization techniques from the
single magnet single superconductor case.

Fijk = F'trozen + F mobile (41)
M
Fij = Z (Ffrozen + Fmobile)k (42)
k=1
N M
Fi=Y > (Fiomen + Fobiteh); (43)
j=1 k=1
N N M
Feow= )Y D ((Fieoren + Fobite)s); ), (44)
i=1 j=1 k=1
N M
T = Z Z ((Ttrozen + Tmobile)k)j +pi x F; (45)
j=1 k=1
N N M M
Tcom = Z Z Z (((Tfrozen + rmobile)k)j)i + Z pi X F;.

i=I

Il
~.
Il
~
Il

Fig. 4. Magnet j produces frozen and mobile images on multiple (46)
T T
mfm o mm = omIm el = 2 (po(orm ) 'm = po(orme) m,) +
T
PR i ((p"xme)xmfe F(pimye) me =2 (mlmye) pe + i <(pexm“) (p;mfe)) pZ) " 37)
az = 3 T T
47| e g (mnxwmeX Hmlmy, = 2mmpel — (,oe (X M) mY — pe(pXme) m,,xw>
T
— e (o2 me) me + (P2 ) “me =2 (nImue) pe + 2= ((02me) " (p2mne)) 27 )
T
—mj ol + (pimpe)” = 20mT, + %pe(p:mfe) i+
3o |m
a3 = M™! M _m;,(/lgpgx + (pgxmmﬁ) - 2pemmg + |2 Pe (/0 mme) p;<+ (38)
47 pe| ,
(1 — 21! ) ((,oe O = mpl = 2pam{ + s pe(pme) pf)
3 T x T 3 T X T
o L (me Pely, + My, pem, — (Wme PelM 7, Pe + mmee> P, ) + 39
41 — 3
axlpel” \ 2 m? <|P:j|2 (meT,oem;w +m?! pom* — (ufﬁ T pem 0o + m:mme> pZ))
_1 Mo lme| (3 3 3
ag =1 1—63 ( zm;epgper — m;f.e mepgpe —m,,, + (2m 1) 2m:pepeT +m) . (40)
47 [pel” \1pel ‘ |pel? | 0e |
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The state space of the single magnet single superconductor
case has 12 state variables: translational position, translational
velocity, quaternion vector, and angular velocity of the magnet.
For the general case of an M magnet N superconductor inter-
action, the states will include those 12 state variables for each
magnet on the rigid body, i.e., 12M total states. The most general
plant, given in (47), is a simplification of the multiple magnet
and multiple superconductor plant to a matrix of block matri-
ces, where 8z; = [6r;6Fi8q,i0w;]" and Ajj is the linearized
dynamics of magnet i due to magnet j’s images.

8%y Ay Al m 82y

= o | @

8Zm Ama Aymd Lozm

Four Jacobians provide the basis for the partitions in the A; ;
matrix of (47): force and torque as a function of position and
orientation. The single magnet and single superconductor plant
is derived using this general form A; ;, given by (48). The mag-
net images affecting the dynamics can be from any magnet’s
images embedded in any superconductor. Every interaction is
pairwise and all block matrices are populated. The larger sys-
tem variables are analogous to the single magnet and single
superconductor variables in (33)—(40). The velocity of magnet
i is only the velocity of magnet j, when i = j. The quaternion
derivative of magnet i is only propagated when magnet j =1i.
Any magnetic moment dipole from an image is established from
magnet j about superconductor k. Any magnetic moment dipole
from a magnet is established from magnet i. The distance vectors
are calculated from magnet j’s images about superconductor & to
magnet i. These equations constitute the entries of the linearized
state matrix, forming the basis of a linearized flux-pinning dy-
namics model for magnet i from specific magnetj’s images from
superconductor k. aay,;j, a23,ij, A41,ij» and a43 ;; are expressions
with summation over all N superconductors.

(31.‘,' (Srj
8F; 8F
.| = A (48)
qui (quj
5(;),' (Swj

where

0 alz,,-j 0 O

A a0 a0
ij =
0 0 0 as4 ij
asri; 0 aszy; O

The output states of a rigid body about the center of mass are
translational position, translational velocity, attitude, and angu-
lar velocity of the magnet. For the M magnet N superconductor
case, the input state includes the position, velocity, attitude, and
angular velocity of every magnet j, where A; represents the
contribution to body dynamics from magnet j’s state, given by
(49). a2y, ans j, asy,j,and as3 ; are expressions with summa-
tion over all N superconductors and M magnets. An analogous

operation would be to sum each A; ; block matrix along each
column or ith index, resulting in A ;. These 3 x 3 block matrices
form the basis of a linearized flux-pinning dynamics model for
arigid body with all M magnets.

- ory
81
5q1
SFcom Sw,
eow |y, Aw] (49)
8qvcom
docom Orm
OFm
8qvm
L S@m
where
0 ap; 0 0
A= a0 axn;; 0
0 0 0 azs,ij
as i 0 as 0

V. SENSITIVITY AND COMPARISON OF SINGLE MAGNET AND
SINGLE SUPERCONDUCTOR DYNAMICS

To validate the linearized dynamics and investigate the dy-
namic sensitivity of each state, a simulation with the full nonlin-
ear dynamic equations is compared to the linearized state space.
The fully nonlinear simulation also offers a second method
to validate the linearized state space, using a common soft-
ware package. Dynamic characteristics of the linearized state
space are discussed, followed by a comparison of the nonlinear
dynamic time histories and the derived linearized state-space-
propagated dynamics to generate the RMS error. Finally, this
paper studies the sensitivity of force and torque by indepen-
dently varying each state.

A. Defining System Parameters

The specific magnet chosen is that of strength 0.8815 T and
diameter 0.75 in. If z represents the vertical height in the Carte-
sian coordinate space, the magnet is field-cooled 1 cm above the
superconductor. Both the superconductor and magnet are point-
ing directly upward. The position of the permanent magnet from
an arbitrary origin on the superconductor surface is represented
by r;. The magnetic moment dipole of the permanent magnet
contains a field strength and a unit direction, represented by
m. The orientation of the superconductor is the surface normal
unit vector, given by nit;. The mass matrix is the mass of the
permanent magnet, multiplied by an identity matrix, given by
M. R is the radius of the spherical magnetic moment dipole. [ is
the inertia tensor of the spherical magnet.

From these physical parameters, the image parameters are
found. r s is the position of the frozen image. r,, is the position
of the mobile image. p, is the position vector from the images
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TABLE I
SINGLE MAGNET AND SUPERCONDUCTOR CASE STUDY PARAMETERS

Distance [m] = Magnet Moment Dipole =~ Body Parameters
[T]
r1=[0; 0; 0.01] m, = 0.8815[0; 0; 1] ms=[0; 0; 1]
pe=1[0;0;0.02] m,=0.8815[0; 0; 1] M=0.0272kg
r7=1[0; 0; -0.01] my, = 0.8815[0; 0; 1] R=0.009525m

Tm=1[0;0; -0.01] My = 0.8815[0; 0; -1] I=3.63 x 10-5kg-m?

to the permanent magnet when in equilibrium, which is also the
field-cooled position. The equilibrium magnetic moment dipole
is equivalent to the field-cooled orientation of the permanent
magnet m,. The frozen-image magnetic moment dipole m g,
is of the same orientation as the permanent magnet orienta-
tion when field-cooled. The mobile image magnetic moment
dipole m,,, is the mirrored orientation as the permanent mag-
net orientation when field-cooled. Table I presents a complete
list of system parameters. All code is online and available at
github.com/frankiezoo/SMSS Linear Dynamics.git.

B. Linearizing a Nonlinear Simulation and Deriving
Linearized Matrix

After building a nonlinear dynamics model of a single magnet
and single superconductor, the model is linearized with the help
of the Linear Analysis Toolbox from MathWorks Simulink. The
input perturbation states are the quaternion and the position of
the permanent magnet. The output measurement is the force and
torque. The state space produced from Simulink’s linearization
produces (50). The single magnet and single superconductor
plant from (32) is modified to include the four Jacobians from
Simulink’s linearization process from (49), given by (51). The
state matrix generated from the simulation is equivalent within
machine precision to the linearized state matrix derived in the
preceding sections.

rOF  OF
J = ‘;_ ;’_" (50)
L ar 9q
SF 0 1 0 0 sr
SF MTEE 0 MTme| G 0 87
sg, | | o o0 0 1o || 5q,
S® _rlg—; 0 17 me| 5% S
(51

C. Modal Analysis of Linearized Flux-Pinned Model

Modal analysis of a dynamic system reveals stability and fre-
quency information. The eigenvalues and eigenvectors are found
with the linearized state-space matrix. The plant derived in Sec-
tion V-B has the following eigenpairs. The flux-pinned system
is marginally stable because all eigenvalues have a 0 real com-
ponent. The numerical values associated with each eigenpair
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TABLE I
SINGLE MAGNET AND SUPERCONDUCTOR EIGENPAIRS
eigenpair A mode shape
1 108.5i Wy Ty
2 -108.5i Wy Ty
3 108.5i Wy 7y
4 -108.5i Wy 7y
5 37.4i Wy wy
6 -37.4i Wy wy
7 37.4i Wy Wy
8 -37.4i Wy Wy
9 146.4i 7, 7,
10 -146.4i 7, 7
11 0 q3 7y
12 0 q3

manifest different properties in the physical system, as shown
in Table II.

The first ten eigenvalues of the flux-pinned plant are all imagi-
nary, which represent the spring-like nature of flux-pinned inter-
faces. Due to the axial symmetry of the magnet, the eigenvalues
representing the x and y dynamics come in quadruplets. The
eigenvectors with imaginary values must be paired with the
conjugate eigenvector to manifest real physical dynamics. In-
tuitively, flux-pinned interfaces have stiffer translational joints
than rotational joints. The modal analysis reveals the same con-
clusion, where the z translation has the highest stiffness, the
x and y translations are also relatively high, and the x and y
rotations have the lowest stiffness.

The first four modes show a relation between the rotation
and translation about the x and y axes. The rotation is the main
modal shape, but contributes to the translation. This stiffness is
rather high. The next four modes, 5-8, show a relation between
the rotation about the x and y axes. The rotation about one axis
is the main modal shape, but the rotation about the other axis is
also a significant modal. This stiffness is the lowest of all modes.
Modes 9 and 10 strictly reflect translation in the z direction. It
has the highest stiffness of all the modes. The last modes have
0 eigenvalues because the dynamics of the system do not resist
to any perturbation of these states. Any perturbation in g3, or
the magnetic strength of the magnet, results in translation in the
z direction. Any perturbation in the rotation about the z-axis g3
results in rotation about the z-axis until another perturbation or
energy dissipation is introduced.

D. Sensitivity of Linearized Dynamics due to State Variation

Although the linearized plant is nearly exact to machine pre-
cision error at equilibrium, the linear plant approximates non-
linear dynamics less accurately the further the system deviates
from equilibrium. Figs. 5-9 show sensitivity plots varying state
variables and correlating error in force and torque calculations
between the linearized equations and nonlinear equations. The
translation and rotation in the x and y directions are the same due

428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455

456

457
458
459
460
461
462
463

Q2



464
465
466
467
468

ZHU AND PECK: LINEARIZED DYNAMICS OF GENERAL FLUX-PINNED INTERFACES

log abs err in force from dx norm err in force from dx
10

1
ES
= =
- L 50
2, 2
g E
0;
-30 0 .
-10 8 6 -4 2 -10 8 ] 4 2
log10(dx) [10* m] log10(dx) [10* m]
log abs err in torque from dx norm err in torque from dx
0 o 100
oA = 'g' X
E -10 i 2 ———y
E P Bl 00 s 2|
= o ‘g !
2,20 i =
7 B I
- 5 |
-30 0
-10 -8 -6 -4 2 -10 -8 -6 -4 2

log10(dx) [10* m] log10(dx) [10* m]

Fig. 5. Error in force and torque between linearized and nonlinear models
when varying displacement along the x direction.
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Fig. 6. Error in force and torque between linearized and nonlinear models
when varying displacement along the y direction.
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Fig. 7. Error in force and torque between linearized and nonlinear models
when varying displacement along the z direction.

to symmetry, as shown in Figs. 5, 6, 8, and 9. There is no rotation
in the z direction because the magnet is axially symmetric. The
most sensitive state is the translational displacement in the z di-
rection, as shown in Fig. 7. The equilibrium separation distance
from the superconductor surface is 1 cm, or 1072 m. To retain
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Fig. 8.  Error in force and torque between linearized and nonlinear models
when varying rotation along the x direction.
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Fig. 9. Error in force and torque between linearized and nonlinear models
when varying rotation along the y direction.

below 5% error in force, displacements in the z direction must
be bound to 10~* m. This requirement is much more stringent
if the error threshold is 1%, decreasing the displacement bound
down to 10~ m. Perturbations in the x and y translational dis-
placements may be as high as 1 m, or 107 m, yet still retaining
5% RMS error in force.

VI. CONCLUSION

The general, linearized state-space equations derived here al-
low the closed-form analytical characterization of a flux-pinned
interface, along with the state matrix needed to formulate lin-
ear control algorithms. The results are an important step toward
implementing six degree-of-freedom dynamic systems, such as
docking, formation flying, autonomous assembly of multiple
bodies, and noncontacting pointing platforms.

This model is expected to help characterize the passive dy-
namics of a flux-pinned system in all its degrees of freedom
to permit the formulation of control algorithms. The linearized
model accurately reflects the nonlinear dynamics within small
displacements. Understanding the sensitivity of spatial pertur-
bations informs the implementation of feedback control, for
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example, in choosing the proper sensor resolution and predicting
the expected excursions of the flux-pinned interface dynamics.

Although the linearized equations are consistent with the fun-
damental physics, Kordyuk’s geometric mapping and Villani’s
dipole interactions represent limitations that may come into play
for systems with nonlinear excursions and for which the dipole
assumptions break down. Future work lies in refining the basic
nonlinear flux-pinning model and parameterizing the nonlinear-
ities in the dynamics model.
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