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Abstract
Carnot’s general proposition, also referred to as one of Carnot’s principles, states that the work producing potential of
heat—harvested by reversible heat engines—is independent on the working fluid and on engine internal details, being
only a function of the temperatures of the reservoirs with which the engine exchanges heat. �is concept, usually
presented to ME students in the context of the second law of thermodynamics, is usually proven by contradiction,
using second law concepts and abstractions, without concrete examples, even though Carnot’s proposition mentions
concrete things such as working fluids and engine internal details. �is work proposes to document the usage
of reversible Stirling engine models that take the engine arrangement and fluid properties into account towards
illustrating the validity of Carnot’s general proposition.
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1. Introduction
�e subject of the second law of thermodynamics figures
amidst the most philosophical teaching topics in mechani-
cal engineering. Many studies have been produced around
the theme of pedagogical improvements in presenting the

second law of thermodynamics, under a variety of strate-
gies [12, 8, 2, 5, 10, 1].

One of the key concepts covered in textbook presen-
tations of the second law are the so-called Carnot princi-
ples [17] or corollaries [11], or claim [3, p. 88], or even de-
ductions than make up one principle [7]—di�erent sources
attribute di�erent names and list a varying number of what
Carnot has mostly called propositions [15], without labeling
them, except for the ones that he named “fundamental”
and “general”.

Carnot’s fundamental proposition is a statement of a
necessary condition for heat engines to attain “maximum”
work production from heat [15, p. 56]:

“[. . .] that in the bodies employed to realize the
motive power of heat there should not occur any
change of temperature which may not be due to a
change of volume.”
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Recall his work appears many years before the second
law of thermodynamics had been established, and the prop-
erties we now use, such as entropy, had been invented. In
modern terms, Carnot’s fundamental proposition can be
paraphrased as “the temperature of the working fluid can
only change during isentropic changes in volume”, recall-
ing that both friction and heat transfer irreversibilities
would cause the fluid to experience temperature changes
that could not be explained by adiabatic and reversible
change in volume.

Carnot’s general proposition, on the other hand, is the
generalization of his fundamental proposition, and states
that [15, p. 68]:

“�e motive power of heat is independent of the
agents employed to realize it; its quantity is fixed
solely by the temperatures of the bodies between,
which is e�ected, finally, the transfer of the caloric.”

Meaning, in current thermodynamic terms, that the
maximum work producing potential of heat is independent
of the working fluid substance employed in its production,
being determined only by the temperatures1 in which heat
is being transferred. Modern texts make it explicit that
such work producing potential is also independent on the
engine’s internal details [17], or, equivalently, sequence of
logical [13] processes [11] of the reversible machines.

Carnot’s general proposition is typically presented to
mechanical engineering students in the context of the sec-
ond law of thermodynamics in the form of a statement
followed by a proof by contradiction [17, 11, 7], using sec-
ond law concepts and abstractions, i.e., by proposing a
violation of the general proposition and showing in the
conceptual realm that it leads to a violation of a statement
of the second law of thermodynamics—a method that is
both su�cient and general from a mathematical viewpoint.

Despite the mathematical fitness of this approach, it
lacks concrete examples. In one hand, one may argue that
lack of concrete examples may pose unnecessary extra dif-
ficulties on learners; on the other hand, the proposition’s
phrasing seems to beg for concrete examples, as it men-
tions concrete things such as working fluids and engine
internal details.

Keen and attentive learners may correctly wonder that
both heat intake and net work output done by reversible
models of di�erent real engines may be written as compli-
cated functions of the engines’ internal details, working

1Note the plural which embeds what would later on make up the
Kelvin-Planck statement of the second law.

fluid properties, and reservoir temperatures—and wonder
how all these things may fit together under the restrictions
of Carnot’s general proposition.

�is work focuses in documenting one such analy-
sis, and thus becoming a reference that can be presented
opportunely—not in place of, but alongside the usual proof
by contradiction—to inquiring learners, or whenever an
instructor see to be fitting. Moreover, it is hoped that the
concrete aspects of Carnot’s general proposition are met,
at least in the few instances provided herein.

Well-known engineering textbook reversible cycles in-
clude (i) the Carnot, (ii) the Stirling, and (iii) the Erickson
ones [17]. �e Stirling cycle is of peculiar interest for the
task due to (a) the present time interest displayed towards
it; (b) the fact that many reversible models are available in
the literature; and (c) the existence of three di�erent such
engine configuration types: the α-, β -, and γ-ones—so
that variations on engine internal details and operating
parameters and on working fluid can be performed in the
context of illustrating Carnot’s general proposition.

Historically, reversible Stirling engine cycles have been
proposed by Schmidt [14], Finkelstein [6], Walker [16] and
Kirkley [9]. �e focus of early works has been investigating
optimal engine construction and operating parameters.

More recently, Cheng and Yang [4] developed a re-
versible, dimensionless, and parametric Stirling engine
model that accounts not only for working fluid and for
engine operating parameter variations, but also for en-
gine configuration alteration, i.e., among the α-, the β -,
and the γ-types. Moreover, they provide exact analytical
expressions for net work output and for heat inlet that
are written in terms of the various model parameters and
engine internal configurations.

Following reasons (b) and (c) given above, the existing
work of Cheng and Yang [4] is deemed ideally suited for
the purpose of illustrating Carnot’s general proposition “in
action” based on a concrete example—of reversible Stirling
engines of various mechanical arrangements. �erefore,
this work expands knowledge by the connections that are
made and the insights that are registered in association to the
aimed illustration, also in its production and documentation,
rather than developing another Stirling engine model or
one that is beyond Cheng and Yang’s work.

2. Reversible Stirling Engine Model

In this section, Cheng and Yang’s reversible Stirling engine
model [4] is presented. Only a concise subset of the model
that is useful for the goal of the present work is being
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presented.
Moreover, the model nomenclature is kept the same

as the one used in the original reference [4], so as to allow
readers to easily lookup in the original work the parts
herein abridged. �ere is only a minute change in the
employed nomenclature for conciseness, which consists in
annotating the Greek letter of the engine configuration
above a symbol, so as to specify that symbol’s expression
for that particular engine configuration, starting on Eq. (1).

Cold Piston

Regenerator

cHXeHX

Hot Piston

Figure 1. Schematic representation of an ideal Stirling
engine of the α-type. �e ‘eHX’ and the ‘cHX’ are the
‘expansion’ and ‘compression’ heat exchangers, respectively
of high- and low- temperatures. �e power pistons and
the regenerator are indicated. Volumes are not to scale.
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Figure 2. Schematic representation of an ideal Stirling
engine of the β -type. �e ‘eHX’ and the ‘cHX’ are the
‘expansion’ and ‘compression’ heat exchangers, respectively
of high- and low- temperatures. �e power and
displacement pistons and the regenerator are indicated.
Volumes are not to scale.

Let Vcs and Ves be piston and displacer sweep volumes
in the operation of a reversible Stirling engine of either
α-, β -, or γ-type—in Stirling engine nomenclature, it is
common to name high- and low- temperature spaces and
adjacent moving parts as ‘expansion’, and ‘compression’
ones, respectively, see Figures 1–3 that illustrate the ‘expan-
sion’, and ‘compression’ heat exchangers; hence the ‘c’ and
‘e’ subscripts.

Let further Vd be the so-called engine “dead volume”,
which is composed by piston and displacer minimum clear-
ances and regenerator volumes, i.e., Vd =Vemin +Vcmin +
Vr, respectively.
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Figure 3. Schematic representation of an ideal Stirling
engine of the γ-type. �e ‘eHX’ and the ‘cHX’ are the
‘expansion’ and ‘compression’ heat exchangers, respectively
of high- and low- temperatures. �e power and
displacement pistons and the regenerator are indicated.
Volumes are not to scale.

Let φ be the engine’s cranksha� angle, and α be the
expansion-to-compression piston-piston (for the α-type)
or piston-displacer (for the β - and γ-types) phase angle.
For all engine configurations the expansion volume, Ve(φ),
is:

Ve(φ) =V α
e (φ) =V β

e (φ) =V γ
e (φ)

=Vemin +
1
2

Ves(1+ sin(φ +α)). (1)

�e compression volume, Vc(φ), is configuration de-
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pendent:

V α
c (φ) =Vcmin +

1
2

Vesκ(1+ sin(φ)), (2)

V β
c (φ) =Vcmin +

1
2

Ves(
√

1−2κ cosα +κ2

+κ sinφ − sin(φ +α)), (3)

V γ
c (φ) =Vcmin +

1
2

Ves(1+κ +κ sinφ

− sin(φ +α)), (4)

where κ ≡Vcs/Ves is the engine sweep volume ratio.
It is worth noting that each engine has its very own

distinct volume dynamics, making them suitable to verify-
ing Carnot’s general proposition from the point of view of
“di�erent internal details”.

Let the total engine volume—the instantaneous vol-
ume occupied by the engine’s working fluid,

V (φ) =Ve(φ)+Vc(φ)+Vr, (5)

be written in terms of a configuration dependent dimen-
sionless function most generally written as Φ(φ |χ,κ,α),
i.e., in terms of parameters χ , κ and α , so that

V (φ) =VesΦ(φ |χ,κ,α), (6)

with:

Φ
α(φ |χ,κ,α) = χ +

1
2
(1+κ)

+
1
2
(sin(φ +α)+κ sinφ), (7)

Φ
β (φ |χ,κ,α) = χ +

1
2

κ sinφ +
1
2
(1

+
√

1−2κ cosα +κ2), (8)

Φ
γ(φ |χ,κ) = χ +

1
2
(2+κ)+

1
2

κ sinφ . (9)

where χ ≡ Vd/Ves is the engine dead volume ratio. It is
worth noting that for the γ-type engine, parameter α is
absent from the Φ function, thus showing that di�erent en-
gine configuration may also lead to di�erent mathematical
“signature” of intermediate functions.

�e working fluid pressure, p, is assumed to be uni-
form throughout the engine cavity—as pressure-drops in-
troduce irreversibilities that would prevent one from ver-
ifying Carnot’s general proposition in such models. As-
suming, for the sake of simplicity, while still allowing for
di�erent fluids to be used, ideal gas p-V -T behavior of the
working fluid, one has:

p =
mR

Ve
Te
+ Vc

Tc
+ Vd

Td

=
mRTe

Ves
Ψ(φ |α,κ,τ,χ), (10)

where Te, Tc, and Td ≡ (Te+Tc)/2 are the expansion, com-
pression, and dead space temperatures, respectively, with
Te > Tc for heat engine operation; and Ψ(φ |α,κ,τ,χ) is
the dimensionless engine pressure function of φ with pa-
rameters α,κ,τ,χ , in which τ ≡ Tc/Te is the compression-
to-expansion reservoir temperature ratio. It is worth not-
ing that if Carnot’s general proposition is to hold, the
thermal e�ciency of the exemplified Stirling engines must
be a function of τ only.

�e dimensionless pressure function is a multi-term,
engine configuration dependent expression:

1
Ψα(φ)

=
2χ

1+ τ
+

κ + τ

2τ
+

κ sinφ

2τ

+
sin(φ +α)

2
, (11)

1
Ψβ (φ)

=
2χ

1+ τ
+

τ +
√

1−2κ cosα +κ2

2τ

+
κ sinφ

2τ
+

(τ−1)sin(φ +α)

2τ
, (12)

1
Ψγ(φ)

=
2χ

1+ τ
+

1+ τ +κ

2τ
+

κ sinφ

2τ

+
(τ−1)sin(φ +α)

2τ
. (13)

�e RTe-normalized (i) specific net cycle work, W̄ ,
and (ii) specific inlet cycle heat, Q̄in, are dimensionless
quantities that can be expressed as:

W̄ =

∮
pd(V/m)

RTe

=
∫ 2π

0
Ψ(φ)

∂Φ(φ |χ,κ,α)

∂φ
dφ , (14)

Q̄in =

∮
pd(Ve/m)

RTe

=
1
2

∫ 2π

0
Ψ(φ)cos(φ +α)dφ , (15)

recalling that Φ has a di�erent mathematical signature
for γ-type engines, with respect to the α- and β -types,
Eq. (7)–(9).

Equations (14) and (15) embody the argument made
on the Introduction section of this work, meaning that
both cycle net work and cycle inlet heat expressions are
complicated and di�erent functions of the engine’s internal
details—whether in terms of α-, β -, or of γ-type configu-
rations, but also of construction/tuning parameters such
as α , κ , and χ—and of the thermal reservoir temperatures,
τ .
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3. Illustration of Carnot’s General Proposition

Solutions to the integrals of Eqs. (14) and (15) are given by
Cheng and Yang [4], which applied the residual theorem.
�e resulting expressions are:

W̄ =
2πτκ(1− τ)sinα

a2 +b2 ·Λ, (16)

Q̄in =
2πτκ sinα

a2 +b2 ·Λ, (17)

with

Λ =

(
β −

√
β 2− (a2 +b2)√

β 2− (a2 +b2)

)
, (18)

where a, b, and β are configuration dependent expressions,
given as:

aα = τ sinα, (19)

aβ =−(1− τ)sinα, (20)

aγ =−(1− τ)sinα; (21)

bα = κ + τ cosα, (22)

bβ = κ− (1− τ)cosα, (23)

bγ = κ− (1− τ)cosα; (24)

β
α = 4τχ/(1+ τ)+ τ +κ, (25)

β
β = 4τχ/(1+ τ)+ τ

+
√

1−2κ cosα +κ2, (26)

β
γ = 4τχ/(1+ τ)+1+ τ +κ. (27)

Although the cycle net work, W̄ , and inlet heat, Q̄in,
are indeed complicated functions of the engine’s configura-
tion, internal details, and of the reservoir temperatures, as
shown by Eqs. (16) and (17), one can realize, by mere inspec-
tion on these same equations, that the thermal e�ciencies,
ηt ≡ W̄/Q̄in, of all these reversible engines:

1. Are indeed the same: ηα
t = η

β

t = η
γ

t ;

2. Are equal to any reversible engine’s thermal e�ciency,
ηt,rev = 1− τ , operating between the same temper-
ature reservoirs; and

3. Are indeed a function of only the reservoirs’ temper-
atures: ηt :ηt(τ).

�erefore, the reversible α-, β -, and γ-types Stirling
engine models of Cheng and Yang [4], are shown to follow
Carnot’s general proposition, according to the second law
of thermodynamics.

�e worked out illustration serves thus as an instance
of defined reversible engines with di�erent internal de-
tails and working fluids of possibly di�erent properties,
whose thermal e�ciencies are restricted by Carnot’s gen-
eral proposition, despite the fact that their net work and
inlet heat are di�erent and complicated functions of the
various working parameters and engine configuration.

4. Conclusions
�is work has illustrated the validity of Carnot’s general
proposition [15] by using a parametric, reversible Stirling
engine model from the literature [4] that takes into account
engine geometry and working fluid properties. Moreover,
the analytic nature of the model, with its exact solution,
helps in keeping the illustration concise and exact, and
generic up to the model’s modeling space.

In one hand, the example illustrated herein is less
generic and less conceptual (i.e., more instantiated) than
the canonical proof by contradiction using only general
concepts, usually presented in thermodynamics courses
and textbooks [17, 11, 7], and therefore, evidently does not
serve as a general replacement of the proof by contradic-
tion.

On the other hand, the illustration based on a re-
versible model of a real engine is more defined and hope-
fully more palpable and interesting to inquiring students.
One can argue that at least the illustration complements
the proof by contradiction and may boost interest by the
more concrete approach.
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