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On Illustrating Carnot’s General Proposition by Means of

Reversible Stirling Engines
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Abstract

Carnot’s general proposition, also referred to as one of Carnot’s principles, states that the work producing potential of
heat—harvested by reversible heat engines—is independent on the Working fluid and on engine internal details, bcing
only a function of the temperatures of the reservoirs with which the engine exchanges heat. This concept, usually
prcsentcd to ME students in the context of the second law of thcrmodynamics, is usually proven by contradiction,
using second law concepts and abstractions, without concrete examples, even though Carnot’s proposition mentions
concrete things such as Working fluids and engine internal details. This work proposes to document the usage
of reversible Stirling engine models that take the engine arrangement and fluid properties into account towards

illustrating the validity of Carnot’s general proposition.
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1. Introduction

The subject of the second law of thermodynamics figures
amidst the most philosophical teaching topics in mechani-
cal engineering. Many studies have been produccd around
the theme of pedagogical improvements in presenting the

second law of thermodynamics, under a variety of strate-
gies [12, 8,2, 5, 10, 1].

One of the key concepts covered in textbook presen-
tations of the second law are the so-called Carnot princi-
ples [17] or corollaries [11], or claim [3, p. 88], or even de-
ductions than make up one principle [7]—different sources
attribute different names and list a varying number of what
Carnot has mostly called propositions [15], without labcling
them, except for the ones that he named “fundamental”
and “gcncral”.

Carnot’s fundamental proposition is a statement of a
necessary condition for heat engines to attain “maximum”
work production from heat [15, p. 56]:

“[...] that in the bodies employed to realize the
motive power of heat there should not occur any
change of temperature which may not be due to a
change of volume.”
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Recall his work appears many years before the second
law of thermodynamics had been established, and the prop-
erties we now use, such as entropy, had been invented. In
modern terms, Carnot’s fundamental proposition can be
paraphrased as “the temperature of the working fluid can
only change during isentropic changes in volume”, recall-
ing that both friction and heat transfer irreversibilities
would cause the fluid to experience temperature changes
that could not be explained by adiabatic and reversible
change in volume.

Carnot’s general proposition, on the other hand, is the
generalization of his fundamental proposition, and states

that [15, p. 68]:

“The motive power of heat is independent of the
agents employed to realize it; its quantity is fixed
solely by the temperatures of the bodies between,

which is eﬂeeted, ﬁnally, the tmnsfer of the caloric.”

Meaning, in current thermodynamic terms, that the
maximum work producing potential of heat is independent
of the working fluid substance employed in its production,
being determined only by the temperatures1 in which heat
is being transferred. Modern texts make it explicit that
such work producing potential is also independent on the
engine’s internal details [17], or, equivalently, sequence of
logical [13] processes [11] of the reversible machines.

Carnot’s general proposition is typically presented to
mechanical engineering students in the context of the sec-
ond law of thermodynamics in the form of a statement
followed by a proof by contradiction [17, 11, 7], using sec-
ond law concepts and abstractions, i.c., by proposing a
violation of the general proposition and showing in the
conceptual realm that it leads to a violation of a statement
of the second law of thermodynamics—a method that is
both sufficient and general from a mathematical viewpoint.

Despite the machematical fitness of this approaeh, it
lacks concrete examples. In one hand, one may argue that
lack of concrete examples may pose unnecessary extra dif-
ficulties on learners; on the other hand, the proposition’s
phrasing secems to beg for concrete examples, as it men-
tions concrete things such as working fluids and engine
internal details.

Keen and attentive learners may correctly wonder that
both heat intake and net work output done by reversible
models of different real engines may be written as compli-
cated functions of the engines’ internal details, Working

"Note the plural which embeds what would later on make up the
Kelvin-Planck statement of the second law.

fluid properties, and reservoir temperatures—and wonder
how all these things may fit together under the restrictions
of Carnot’s general proposition.

This work focuses in documenting one such analy-
sis, and thus becoming a reference that can be presented
opportunely—not in place of, but alongside the usual proof
by contradiction—to inquiring learners, or whenever an
instructor see to be ﬁtting. Moreover, it is hoped that che
concrete aspects of Carnot’s general proposition are met,
at least in the few instances provided herein.

Well-known engineering textbook reversible cycles in-
clude (i) the Carnot, (ii) the Stirling, and (iii) the Erickson
ones [17]. The Stirling cycle is of peculiar interest for the
task due to (a) the present time interest displayed towards
it; (b) the fact that many reversible models are available in
the literature; and (c) the existence of three different such
engine configuration types: the a-, B-, and y-ones—so
that variations on engine internal details and operating
parameters and on working fluid can be performed in the
context of illustrating Carnot’s general proposition.

Historically, reversible Stirling engine cycles have been
proposed by Schmidt [14], Finkelstein [6], Walker [16] and
Kirkley [9]. The focus of early works has been investigating
optirnal engine construction and operating parameters.

More recently, Cheng and Yang [4] developed a re-
versible, dimensionless, and parametric Stirling engine
model that accounts not only for working fluid and for
engine operating parameter variations, but also for en-
gine configuration alteration, i.c., among the o-, the 8-,
and the y-types. Moreover, they provide exact analytical
expressions for net work output and for heat inlet that
are written in terms of the various model parameters and
engine internal eonfigurations.

Following reasons (b) and (c) given above, the existing
work of Cheng and Yang [4] is deemed ideally suited for
the purpose of illustrating Carnot’s general proposition “in
action” based on a concrete example—of reversible Stirling
engines of various mechanical arrangements. Therefore,
this work expands knowledge by the connections that are
made and the insights that are registered in association to the
aimed illustration, also in its production and documentation,
rather than developing another Stirling engine model or
one that is beyond Cheng and Yang's work.

2. Reversible Stirling Engine Model

In this section, Cheng and Yang’s reversible Stirling engine
model [4] is presented. Only a concise subset of the model
that is useful for the goal of the present work is being
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presented.

Moreover, the model nomenclature is kept the same
as the one used in the original reference [4], so as to allow
readers to Casily iookup in the original work the parts
herein abridged. There is only a minute change in the
Cmploycd nomenclature for conciseness, which consists in
annotating the Greek letter of the engine configuration
above a symbol, so as to specify that symbol’s expression
for that particular engine configuration, starting on Eq. (1).

Hot Piston

Regenerator

eHX cHX

Figure 1. Schematic representation of an ideal Stirling
engine of the O-type. The ‘eHX and the ‘¢<HX are the
‘expansion’ and ‘compression’ heat exchangers, respectively
of high- and low- temperatures. The power pistons and

the regenerator are indicated. Volumes are not to scale.

Regenerator

I

cHX eHX
Figure 2. Schematic representation of an ideal Stirling
engine of the B-type. The ‘eHX’ and the ‘¢HX are the

‘expansion’ and ‘compression’ heat exchangers, respectively

of high- and low- temperatures. The power and
displacement pistons and the regenerator are indicated.
Volumes are not to scale.

Let Vig and Vg be piston and displacer sweep volumes
in the operation of a reversible Stirling engine of either
o-, B-, or y-type—in Stirling engine nomenclature, it is
common to name high- and low- temperature spaces and
adjacent moving parts as ‘expansion’, and ‘compression’
ones, rcspcctivcly, see Figures 1-3 that illustrate the ‘expan-
sion’, and ‘compression’ heat exchangers; hence the ‘¢’ and
‘e’ subscripts.

Let further Vy be the so-called engine “dead volume”,
which is composed by piston and displacer minimum clear-
ances and regenerator volumes, i.c., Vg = Vemin + Vemin +

V,., respectively.

Regenerator

cHX eHX
Figure 3. Schematic representation of an ideal Stirling
engine of the y-type. The ‘eHX and the ‘¢HX’ are the
‘expansion’ and ‘compression’ heat exchangers, respectively
of high- and low- temperatures. The power and
displacement pistons and the regenerator are indicated.
Volumes are not to scale.

Let ¢ be the engine’s crankshaft angle, and o be the
expansion-to-compression piston-piston (for the a-type)
or piston-displacer (for the B- and y-types) phase angle.
For all engine configurations the expansion volume, V,(¢),
is:

Ve(9) =V (9) =VFE(9) =V (9)

= emin‘i’%ves(l‘i'Sin((P‘i‘a)). (1)

The compression volume, V,(¢), is configuration de-
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pendent:
VA(P) = Vemin + %Ves’((l +sin(¢)), )
VE(9) = Vomin + %Ves(\/l —2Kcosa + K2
+ xsing —sin(¢ + @)), (3)

1 .
ch(¢) = Vemin + Eves(l + K+ Ksin¢

- Sin(¢) + (X)), (4)

where K =V, /V,q is the engine sweep volume ratio.

[t is worth noting that each engine has its very own
distinct volume dynamics, making them suitable to Verify—
ing Carnot’s general proposition from the point of view of
“different internal details”.

Let the total engine volume—the instantaneous vol-
ume occupied by the engine’s working fluid,

V(¢> :Ve(¢)+VC(¢)+Vr; (5)

be written in terms of a Conﬁgumtion dcpcndcnt dimen-
sionless function most generally written as D(@|x, k, @),
i.e., in terms of‘paramctcrs X, K and &, so that

V(9) = Ves (9|2, K, ), (6)

with:
1
D (lx k. ) = x + 5(1 +K)
+%(sin(¢+a)+KSin¢), 7

1 1
(9|10, 0) = x + 5 Ksing + (1

+\/1—2KCOSOH-K2), (8)

D7 (9|x, x) :x+%(2+x)+%xsin¢. 9)

where ¥ = V,;/V,s is the engine dead volume ratio. It is
worth noting that for the y-type engine, parameter o is
absent from the @ function, thus showing that different en-
gine Conﬁguration may also lead to different mathematical
“signature” of intermediate functions.

The working fluid pressure, p, is assumed to be uni-
form throughout the engine cavity—as pressure-drops in-
troduce irreversibilities that would prevent one from ver-
ifying Carnot’s general proposition in such models. As-
suming, for the sake of simplicity, while still allowing for
different fluids to be used, ideal gas p-V-T behavior of the
working fluid, one has:

mR

]Z 32 Ty s

mRT,
¥(o|a,x,7,%),

(10)

where T, Tt., and Ty = (T, + T;.) /2 are the expansion, com-
pression, and dead space temperatures, respectively, with
T, > T. for heat engine operation; and ¥(¢|a, k, 7, %) is
the dimensionless engine pressure function of(]) with pa-
rameters O, K, T, X, in which T = T, /T, is the compression-
to-expansion reservoir temperature ratio. It is worth not-
ing that if Carnot’s general proposition is to hold, the
thermal cfﬁcicncy of the exempliﬁed Stir]ing engines must
be a function of 7 only.

The dimensionless pressure function is a multi-term,

engine configuration dependent expression:

1 2 K+T+Ksin¢
wo(g) 1+t 21 27
+ Sm(q); %) ; (11)
1 2x t+V1-2kcoso+K?
wB(g) 1+7 27
1 2 1—|—’L’+K+Ksin¢
wr(g) 1+t 27 27
I G 1)8;((? +a) )

The RT,-normalized (i) specific net cycle work, W,
and (ii) specific inlet cycle heat, Qjy, are dimensionless
quantities that can be expressed as:

= $pd(V/m)
W=""%t
m dD(9|x,x, @)

= wO— P do, (14)
= _ $pd(Ve/m)
Qin = TRL
2
:;/O W(¢)cos(¢ + ) dg, (15)

recalling that @ has a different mathematical signature
for y-type engines, with respect to the o- and B-types,
Eq. (7)-(9).

Equations (14) and (15) embody the argument made
on the Introduction section of this work, meaning that
both cycle net work and cycle inlet heat expressions are
complicated and different functions of the engine’s internal
details—whether in terms of @-, B-, or of Y-type configu-
rations, but also of construction/tuning parameters such
as o, K, and ){—and of the thermal reservoir temperatures,
T.
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3. [llustration of Carnot’s General Proposition

Solutions to the intcgrals of Egs. (14) and (15) are given by
Cheng and Yang [4], which applied the residual theorem.

The rcsulting expressions are:

2ntk(1 —7)sino

W= A 16
- 2TTKSIn O
n="gip ()

with

A= ﬁ_ BZ_(a2_|_b2) (18)
pr—(@+0%) )

where a, b, and B are configuration dependent expressions,

given as:

a* = Tsina, (19)
af = —(1-1)sina, (20)
a’=—(1-1)sina; 1)
b* =K+ tcosa, (22)
bP =k —(1—1)cosa, (23)
b =x—(1—1)cosa; (24)
B*=4tx/(1+1)+T+K, (25)
BP =d4ty/(1+1)+7

—i—\/l—ZK‘COSOC-l—K'Z, (26)
BY=dtx/(1+7)+1+T+K, 27)

Although the cycle net work, W, and inlet heat, Qj,
are indeed complicated functions of the engine’s configura-
tion, internal details, and of the reservoir temperatures, as
shown by Egs. (16) and (17), one can realize, by mere inspec-
tion on these same equations, that the thermal efficiencies,
Nt = W /Qin, of all these reversible engines:

1. Are indeed the same: N = ntﬁ =n/;

2. Are equal to any reversible engine’s thermal efficiency,
Nirev = 1 — T, operating between the same temper-

ature reservoirs; and

3. Are indeed a function ofonly the reservoirs’ temper-

acures: Ty : Tlt(f)-

Therefore, the reversible a-, B-, and Y-types Stirling
engine models of Cheng and Yang [4], are shown to follow
Carnot’s gcncral proposition, according to the second law
of thermodynamics.

The worked out illustration serves thus as an instance
of defined reversible engines with different internal de-
tails and working fluids of possibly different properties,
whose thermal efficiencies are restricted by Carnot’s gen-
eral proposition, despite the fact that their net work and
inlet heat are different and cornplicatcd functions of the

various working parameters and engine configuration.

4. Conclusions

This work has illustrated the Va]idity of Carnot’s general
proposition [15] by using a parametric, reversible Stirling
engine model from the literature [4] that takes into account
engine geometry and Working fluid properties. Moreover,
the analytic nature of the model, with its exact solution,
helps in keeping the illustration concise and exact, and
generic up to the model’s modeling space.

In one hand, the example illustrated herein is less
generic and less Conccptual (i.e., more instantiated) than
the canonical proof by contradiction using only general
concepts, usually presented in thermodynamics courses
and textbooks [17, 11, 7], and therefore, evidently does not
serve as a general replacement of the proof by contradic-
tion.

On the other hand, the illustration based on a re-
versible model of a real engine is more defined and hope—
fully more palpable and interesting to inquiring students.
One can argue that at least the illustration complements
the proof by contradiction and may boost interest by the

more concrete approach.

Conflict of Interest

The authors declare that there is no conflict of interest in
this work.

CRediT Author Statement

CN: Conccptualization, Mcthodology, Writing - Original
Draft, Writing - Review & Editing, Project administra-
tion. KAEB: Methodology, Investigation, Writing - Orig-
inal Draft (figures), Writing - Review & Editing. JMSL:
Methodology, Resources, Writing - Review & Editing, Su-

pervision, Funding acquisition.

Acknowledgments

KAEB and JMSL acknowledge the financial support in
part by the Coordination of Improvement of Highcr Edu-
cation Personnel — Brazil (CAPES) — Finance Code 001,



On Illustrating Carnot’s General Proposition by Means of Reversible Stirling Engines — 6/6

the National Council for Scientific and Technological De-
Velopment (CNPq), the Foundation Araucaria (FA) and
the Financier of Studies and Projects (FINEP).

CN received no specific grant from any funding agency
in the public, private, or not-for-profit sectors.

All authors acknowledge the Federal University of
Technology — Parana (UTFPR) and the Federal Institute
of Education, Science and Technology of Santa Catarina
(IFSC), who contributed to this study in providing hu-
man resources, laboratories, and institutional access to
bibliography databases.

To YHWH God be the glory!

References

MR T. Beaubouef Sr. Second law redux. Int. J. Mech. Eng.
Educ., 43(3):145-152, 2015.

21" Adrian Bejan. Fundamental optima in thermal sci-
ence. International Journal of Mechanical Engineering Ed-
ucation, 25(1):33-47, 1997.

BI' Adrian Bejan. Advanced Engineering Yhermodynamic&
John Wiley & Sons, Hoboken, New Jersey, 3rd edition,
August 20006.

141 Chin—Hsiang Cheng and Hang-Suin Yang. Optimiza-
tion of geometricai parameters for Stiriing engines
based on theoretical analysis. Applied Energy, 92:395-
405, 2012.

51 \William R. Dunbar and Noam Lior. Teaching power
cycles by comparative first- and second-law analysis
of their evolution. International Journal of Mechanical
Engineering Education, 25(1):13-31, 1997.

161 Ted Finkelstein. Optimization of phasc anglc and

volume ratio for Stirling engines. Technical report,

SAE International, jan 1960.

71 1 B. Jones and G. A. Hawkins. Engineering Thermody-
namics: An Introductory Textbook. John Wiley & Sons,
1986.

181 Richard Kaufman, Thomas V. Marcella, and Eric Shel-
don. Reflections on the pedagogic motive power of
unconventional thermodynamic cycles. American Jour-

nal of Physics, 64(12):1507-1517, 1996.

bl D, w. Kirkley. Determination of the optimum con-
iiguration fora Stirling engine. Journal of Mechanical
Engineering Science, 4(3):204-212, sep 1962.

(0] chfcry Lewins. Entropy poilution of the environment:

a teaching approach to the second law. International

(1]

[12]

[13]

[14]

[15]

[16]

[17]

Journal of Mechanical Engineering Education, 39(1):60—
67, 2011.

Michael J. Moran and Howard N. Shapiro. Principios
de termodinamica para engenharia. Livros Técnicos e
Cientificos Editora, Rio de Janeiro, R, fourth edition,
2002.

F. Moukalled and R. Y. Nuwayhid. The efficiency at
maximum power output of a carnot engine with heat
leak. International Journal of Mechanical Engineering Ed-
ucation, 23(2):157-165, 1995.

C. Naaktgeboren. On exact and local polytropic pro-
cesses: Etymology, modeling, and requisites, May 2020.
engrxiv.org/cabd4.

G. Schmidt. Theorie der lehmannschen calorischen
machine. Zeitschrift des Vereines Deutscher Ingenieure,
15(1-12):97-112, 1871.

R. H. Thurston, editor. Reflections on the motive power of
fire: and other papers on the second law of thermodynamics.

John Wiley & Sons, New York, 1897.
G. Walker. An optimization of the principal design

parameters of Stirling cycle machines. Journal of Me-

chanical Engineering Science, 4(3):226-240, sep 1962.

Y. A. Cengel and M. A. Boles. Termodinamica. AMGH,
Porto Alcgrc, 7th edition, 2013.



	Introduction
	Reversible Stirling Engine Model
	Illustration of Carnot's General Proposition
	Conclusions
	References

