		
Comparison of the Least-Squares Regression Line and a Truncated Discrete Fourier Transform when describing Linearly Correlated data
Chris Francis Anto
I. Introduction
At the very heart of statistics and at the foundation of the Fourier transform lies one intersecting concept: approximation. By making use of this fact, this paper aims to develop a more accurate method of representing linear correlation. 
In the past, the least squares regression line has been the most widely used method in graphically displaying linear correlation. The regression coefficient, thereby, has been the main method of showing degree of correlation1. The use of a Fourier transform to approximate a set of scattered, correlated data points could significantly improve accuracy in terms of finding degree of correlation. While, more conventionally, the Fourier transform speaks of an infinite summation of sines and cosines, it seems that using a specified number of sines and cosines, based on the scatter property of a correlated set of data points would prove advantageous in regards to uncovering this degree. The method would involve using the Fourier transform to determine the frequencies (y axis values) of N data points, where N is a real number. By obtaining a periodogram of said data points, one could get an idea of where the most deviation occurs. Using these points, a summation of sines or cosines or both can be used to approximate, with an increased certainty when held against the regression coefficient, many more properties, including degree of correlation between a set of data points. In this paper, the primary target is to visualize this process, while comparing and contrasting with the conventional regression line. 
This paper analyzes the regression line method and attempts to compare the use of the Fourier transform as a means of approximation in contrast to the regression line, so as to conclude which method seems more appropriate.

II. Least squares regression line

In linear least squares regression, the line of best fit is chosen to minimize the sums of the squares of the residuals.2 The determinant of how linearly correlated a set of points are can be quantified using the ‘correlation coefficient’. The product moment correlation coefficient (PMCC) can take a value between +1 and -1, where the boundaries +1 and -1 indicate maximum correlation1. In such a model, a PMCC of -1 suggests perfect negative correlation, while a PMCC of +1 indicates perfect positive correlation.1

The PMCC can be calculated using:

                                                                                       (1)                           
 where 


 =                                                                              (1a)


=                                                                           (1b)  


=                                                                                          (1c) 1
 
Further, using the summary statistics above, the equation of this line can be calculated using the formula 

                                                                                                                                                     (2)
Where

                                                                                                                                                    (2a)


                                                                                                                                         (2b)

     where

     = mean of y                                                                                                 (2bi)

      = mean of x                                                                                                (2bii)

The PMCC is a feature of a least squares regression line. The least squares regression line’s purpose is to minimize the dispersion between itself and a data set, such that the line is truly of ‘best fit’.

Dispersion, D, in this paper, is defined as the measure of the average vertical distance between data points and the best fit. It is calculated using:

                                                                                                                                         (3)
Where,
d =absolute values for vertical distance between fit and actual data point            (3a)
n=total number of data points for which d is calculated	                    (3b)

Firstly, statistical variance, in the simplest sense, is a measurement of the spread between numbers in a data set. It measures how far each number is from the mean, or the average of the data set 3

The dispersion between each data point and the line is what the line of best fit aims to minimize. Essentially, the Fourier transform method in section 3 also aims to minimize the variance.  Minimizing this dispersion is a task that is closely related to the variance, in that the lower the variance, the more straight the ‘0 dispersion’ graph would be. For points aligned in a straight line, the zero-dispersion graph would be a straight line running through all the points. 

Variance is also often regarded as the mean of the squares of the deviations from the arithmetic mean of a data set4. It can be written as:


                                                                                                                (4)

Here, yi is every y axis value for a given data set, while A0 is a constant in every sum, which is to be determined. In order to find the A0 such that variance for this value is minimum. We can do so by differentiating the variance with respect to A0 and equating this to 0. 


                                                                                                   (5)

A simplification of this summation will get us to


                                                                               (6)

Solving for A0 at this point will give us our proof.


                                                                                                                        (7)

As observed in the final Eq. (6), the A0 value for which variance is minimal is in fact the average value. This is clear as we finally divide the summation of data points by the number of data points, pointing towards an average of these points.


The limiting factor when trying to minimize this dispersion using a least squares regression line is the fact that we are meant to use a straight line. If we could model the graph such that it could pass every data point, this would not be a problem. We try, in this paper, to do so using the Fourier series.

We are testing the question of whether the Fourier transform method could hypothetically achieve an average dispersion of near zero.

III. Fourier Transform method

In this section, we logically try and uncover the steps to a Fourier Transform based method in minimizing dispersion between data points and an approximation of those points.

The application of this method in section 4 is largely dependent on the conclusions presented in this section.

We will be using matlab for ease of representation in the section. The base of this method lies in the very definition of the Fourier transform

Again, in layman’s terms for the sake of understanding this particular application, The Fourier Transform is a tool that breaks a waveform (a function or signal) into an alternate representation, a summation of sine and cosines. The discrete Fourier Transform shows that any waveform can be re-written as the sum of sinusoidal functions.5

The idea is that for any set of data where the x axis values, at least certain values, are evenly spaced, we are able to use the Fourier series to come up with an approximate; similar to the way the least squares regression line does. Some of the key differences will be observed in Section 4.


Making use of world bank data, we will try to approximate the population of Greece, during their industrial revolution between years 1960 and 1975 included, while explaining the process as we go through. First, we can take a look at the data.6

[image: ]Table 1: World bank data statistics for the population of Greece between 1960 and 1975















Plotting these values in matlab as circles and then utilizing Matlab’s polyval and polyfit function to plot the least squares regression line running through these points results in:



[image: ]Figure 1: the relationship between population and year, from Table 1, is clearly linear.










At this point, we make use of the Fast Fourier Transform, or the fft function in Matlab. This allows us to observe the transform magnitudes for Fig. 2 above. In essence, we are able to observe the points at which the most deviation from the general trend occurs. This process is graphically explained along with the matlab coding in section 4.


Now, if we take the inverse of Fourier transform from the step in the preceding paragraph, we should be able to exactly approximate every data point we were originally tasked with. We can take this inverse using the ifft function on Matlab.
[image: ]

Figure 2: The ifft function is able to meet each data point, and approximate them to 0 dispersion












In section 4, we evaluate the effect of removing certain frequencies by reducing their amplitude to 0, and the effect this has on the fit. As seen in Fig. 2, it is clear that this is a better fit than the straight line fit in Fig. 1. In Section 4, we try to uncover exactly how much better and what this characteristic can tell us about how correlated a data set is, which is what the PMCC aims to do as well. The question is which method gives us a better depiction of the linear properties of a correlated set of data.



IV. Comparing the Fourier transform method to the least squares regression line

In this section we do our final analysis of the 2 methods, and try to compare dispersion when certain frequencies are omitted from our fourier transform.
To understand this method, we will first use some model data to plot. By first picking our X axis values of integers from 0 to 99, we will have 100 evenly spaced points. Then we create  a straight line passing through all the points using y=2.5x+1
[image: ]Figure 3: a graph of y=2.5x+1, for all x values from 0 to 99
 















Matlab has a gallery function which we utilize here to add ‘noise’, which is done to model real world data. These noise values are simply randomly added to each data point of our straight line. Plotting these points will produce a graph shown in Fig. 4.

[image: ]Figure 4: similar to figure one, except the gallery function in matlab has added ‘noise’.











At this point, we use a fast fourier transform. This step is vital to the process. The Matlab coding for this process is as follows:


fyn=fft(y);mfyn=abs(fyn);
f=[0:1:99];
figure;plot(f,mfyn)
xlabel('frequency');
ylabel('transform Magnitude')

[image: ]Figure 5: Here, we can observe, graphically observe each frequency’s transform magnitude. For example, at about 38, the magnitude is 0. Which means that frequency is not included.





As in section 3, we must takt the inverse of the Fourier transform using the ifft function to exactly approximate every data point.
[image: ]

Figure 6: every single data point in our original ‘noise’ is now accounted for, with 0 dispersion.









A closer look at Fig. 5 would lead to a rather interesting observation: certain frequencies have a transform magnitude of close to 0. A closer look suggests these near 0 transform magnitudes exist for frequencies in the middle of the graph: about 21 to 80. If we ‘discarded’ these frequencies by setting them to 0, one would assume the effect on our ifft would not be destructive:

[image: ]Figure 7: a graphical representation after setting frequencies 21 to 80 to 0











And now the actual ifft plot with these new transform magnitudes. 

[image: ]Figure 8: the ifft plot is, as expected, less accurate in depicting the actual shape formed by our data points










Our observations here shouldn’t come as much of a surprise. But the application to our analysis is pivotal. The Fig. 8 does display more dispersion compared to Fig. 6 ; but how much more, and how many frequencies would we have to remove in order to reach the dispersion of the straight line fit? 

Before testing this question with more plots with different number of frequencies, remember the dispersion calculation we are going forward with is Eq. (3)


First, to use as a benchmark, we calculate this dispersion for our initial least squares regression line:


 (4 significant figures)                                            (8)

                                                                                                                                                                                                                                               
Note that the n=98. This will be the case for all our fits as we always omit our first and last data points. This is because Fourier fits for lower a lower number of frequencies often have sudden ‘jumps’ at the first and last frequencies. This can be observed in Fig. 8. This is because the Fourier transform is a feature that necessarily represents only periodic functions. Since our function is obviously not periodic, the fourier transform considers the entire function as once period. The next period begins at the same y value as the first. And so there exists a discontinuity towards the last data points, wherein the fourier approximation ‘jumps’ back to the y value at the first data point. 

The dispersion for Fig. 6 is 0, as there exists no vertical difference between each data point and our Fourier fit.

Fig. 8, the fourier fit when values 21-80=0, has a dispersion calculated as:


 (4 significant figures)                                 (9)                                                  
We now try equating some more frequencies to 0 and calculate dispersion. In this next case we allow frequencies 15-85 to be 0, such that only 27 frequencies are considered: (15-1)+(98-85).
[image: ]
Figure 9: Looking closely, we realize that the fit is less accurate than Fig.9.











Yes, this fit is less accurate than that of Fig. 8, where we considered 38 frequencies. We can now calculate D for Fig. 9, which contains fewer frequencies.


 (4 significant figures)                                             (10) 

At this point, we can safely conclude that:

The lower the number of frequencies considered, the less accurate our best fit is, and therefore the higher our average dispersion, D

This D value, presented in Eq. (10) is still lower than that of the straight line fit. We have a question to answer here: ‘How many frequencies must we remove so that the D value for this fourier fit is higher that that of the least squares regression line in Eq. (8)’. 

Because of the conclusion we arrived at 2 paragraphs ago, one could say that the accuracy of the Fourier transform is equal to that of the least squares regression line when both D values are the same. Similarly, where the D value surpasses that of the least squares regression line, the Fourier transform is less accurate than the least squares regression line.

Plotting a graph of D against number of frequencies, using D of the least squares regression line as reference helps us get an idea of how the 2 types of approximations compare at different number of frequencies included:
[image: ]
Figure 10: the average dispersion for different numbers of frequencies included in the inverse Fourier transform. The red horizontal line is the average dispersion for the least squares regression line.














V. Conclusion
There are considerable advantages obtained from plotting Fig. 10. The number of frequencies used gives us certain hints about the linearity of the data set. The PMCC does this too by assigning the data set a value between -1 and +1, as described in section 2. 

The number of frequencies required in order to arrive at a D value equal to or more than that of the least squares regression line is linked to the scatter property or degree of correlation of the data set. We can conclude that:
 
The more frequencies we need to include in order to arrive at a D value less than that of the least squares regression line for a set of data, the more scattered, and less correlated the data is.
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