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Simulation Charging of the Forming Line by the Operator Method

V.Chumakov,  O. Kharchenko,  O. Grigor’ieva, V. Pososhenko
Abstract—The application of repeated Laplace transform to the analysis of a line with distributed parameters is considered. As an example, pulse forming lines are analyzed, which are widely used in microwave radio devices and high-current charged particle accelerators. The results of the calculation of the charge voltage of the forming line from the voltage source are given. The dependence of the line charging mode on the relationship between the internal resistance of the source and the characteristic impedance of the line is shown.
Index Terms— Laplace transform, forming line, operator method 
I. INTRODUCTION
H
IGH voltage pulse shapers are one of the key components of high-current charged particle accelerators and power radioelectronics devices, for example, transmitters. They perform the function of an intermediate link between the primary voltage source (as a rule, the Arkadyev-Marx generator) and the vacuum diode, in which the electron beam itself is formed, and provide compression of the primary source energy in a short time interval and with a short pulse front [1-3]. As formers, lines with distributed parameters are used, the model of which is the telegraph equation [4, 5]. To analyze the charge and discharge modes of the forming line, an operator method is usually used, which allows one to go from a model in the form of partial differential equations to ordinary differential equations [4–7]. However, the analysis is even more simplified if we apply the repeated Laplace transform to the image of telegraph equations and thus realize the main advantage of the operator method: the transition from a system of differential equations to a system of algebraic equations.

II. Model of the Line with Distributed Parameters
A. Review Stage

Consider a lossless forming line with a length l in idling mode at the output, to the input of which a DC voltage source U0 is connected with an internal resistance Ri, the value of which is generally different from the characteristic impedance of the line Zc. Arrange the line along the axis Ox, placing the origin at the point of connection of the voltage source.


The original system of equations describing the distribution of voltage and current in the line is as follows
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where the functions
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 are instantaneous values of voltage and current, and L and C values are linear inductance and line capacitance. Suppose there is no initial energy supply in the line, which corresponds to zero initial conditions
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The boundary conditions of the problem are represented as follows
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where 
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 are, respectively, the input impedance of the line and the internal impedance of the source at the input, 
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 is the input voltage.

Apply the Laplace transform to system (1) with variable t and we get
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Here, U and I are Laplace images of voltage and current. Obviously, the images are functions of the x coordinate and the complex variable p. The second terms on the right-hand side of equations (4) are the values of voltages and currents at time t = 0 and reflect the important advantage of the operator method, which is to automatically take into account the initial conditions of the problem. In this problem, zero initial conditions (2) are accepted
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Fig. 1. Charge the line from a constant voltage source

We assume that the images U and I satisfy the Dirichlet conditions, therefore, they can be repeated Laplace transform with respect to the variable x. Apply the specified transformation to system (4) and obtain
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where the functions 
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 represent the result of the repeated Laplace transform of the U and I , 
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 images, which is a complex variable
The right side of (5) contains images of boundary conditions that are obtained by re-calculating the Laplace integral from images U and I. Again, we emphasize an important advantage of the operator method: the boundary conditions of the problem are taken into account automatically as a result of calculating the voltage and current images. Applying to (3) the Laplace transform, we write the image of the boundary conditions
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Here 
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 - is the input operator impedance of an open segment of a line of length l, which is expressed by the formula
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The characteristic impedance of the line is equal 
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. The velocity of wave propagation in the line is 
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III. Repeated Laplace Transform of the Telegrapher Equations System
System (5) is a system of the linear algebraic equations. Voltage solution 
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 found by Cramer’s method
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Substituting here (7), we obtain
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After transformations, expression (8) takes the form
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The parameter 
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  is the reflection coefficient from the line input
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A further solution is the reverse process of transition from the image (9) to the original line voltage. First, we perform the inverse Laplace transform with respect to the variable s. Noting that the dependence on s is only in the last bracket (9), we obtain
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The terms in square brackets (10) correspond respectively to the images of the forward and reverse waves in the line. Now take into account that with 
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Substitution of this expansion in (10) finally gives an image of the voltage
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Rewrite the last expression by involuting the series
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Finally, voltage in the line may be calculate using the properties of the Laplace transform [8] 
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Here and earlier, the symbol 
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 denotes Heaviside function.
We see that the voltage in the line is represented as pairs of incident and reflected waves, propagating, respectively, towards the open end and back. The height of the first incident wave is 
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The same height has a wave reflected from the end of the line. Further, the height of each subsequent n-th pair of waves differs from the previous one in 
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 times due to reflection from the beginning of the line, i.e. the height of each subsequent pair decreases because 
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. Figuratively speaking, the waves form a “sandwich”, with each subsequent pair of waves forming more and more thin layers of the “sandwich” fig.2. Note that the above solution reflects the essence of the method of wandering waves (d’Alembert method) [9].

Usually, when the line is charged, the relation holds, from 
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 which it follows that the reflection coefficient is close to unity. Consequently, the first incident wave is characterized by a very small height, and the decrease in height of subsequent waves occurs very slowly
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Fig. 2. Formation of "layers" of voltage when charging a line from a voltage source with a finite internal resistance

The limit value of the voltage 
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 to which the line is charged can be found by summing the height of the voltage waves at 
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. At the same time, the number of passes along the line of direct and reverse waves also tends to infinity. As a result, we obtain
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where it is taken into account that 
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Thus, the line implements the process of charging up to the voltage of the source, in the same way as when an RC – circuit is connected to a constant voltage source [7]. Consequently, a line segment with a length 
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  is equivalent to a capacitor with a capacity 
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 - is the linear capacitance of the line. The time constant of the charging circuit is
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On fig.3, a time diagram of the process of charging a line segment is constructed. In contrast to the charge of a concentrated capacitance, where the process occurs continuously, in this case the voltage increases in steps with each pass of the incident and reflected waves. The envelope of the voltage growth steps is described by the formula 
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Calculate the number of wave passes through the line 
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, which provides a full charge of the line. As it is known, the time interval  3
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 is usually chosen as the criterion for the full charge of the tank. In this case, the capacity is charged to a voltage of 0.95
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From here
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So, for example, for a line with a characteristic impedance 
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 = 50 Ω, a charge from a source with 
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 = 10 kΩ will occur after 600 wave passes through the line
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Fig. 3. Time diagram of the charging segment of the open line from the DC voltage source at 
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The voltage distribution at  
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 is somewhat different. In this case, the height of the first incident wave is close to the source voltage, so after the first reflection the voltage in the line exceeds the charging voltage, and the process will be represented by steps with a decreasing height.

The matching of the voltage source with the line takes place at 
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Thus, a single impulse is formed in the line, i.e. the charge occurs in one pass of the incident and reflected waves
The expression for the instantaneous value of the voltage in the line (14) can be arrived at in another way. So, it is known [7,8] that the presence of a factor in the image denominator 
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 is a sign that the original is a periodic function with a period T =
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. Taking this into account, as well as applying the original delay theorem to expression (9), we can immediately write the result in the form (14).

The solution for the current in the line can be obtained using the first equation of the system (4), substituting (13) into it, and then calculating the original. The result for the current can be achieved differently by solving the system (5) for 
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, and then following the method outlined.
IV. Conclusion

The Laplace transform is a powerful tool for solving differential equations. The results of this work fully demonstrate the capabilities of the operator method for solving partial differential equations, providing a transition to algebraic equations by repeated Laplace transform with respect to the second variable. Such a conversion can be performed multiple times in the case of a function with a larger number of variables. It is shown that the Laplace transform allows one to automatically take into account both the initial conditions and the boundary conditions of the problem, and the reverse transition to the original is greatly facilitated by using the properties of the Laplace transform and the operator calculus theorem
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