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Abstract
The purpose of this paper is to present two greedy algorithms that can improve the consistency of an AHP Matrix adjusting the original comparisons with discrete values. The first one aims to preserve the original pairwise comparisons as much as possible and the second one improves the consistency ratio as much as possible. Both algorithms were compared with other 11 methods, from the past and recent literature, through three numerical examples: one inconsistent matrix with 9 criteria, one with 8 criteria and the last one, a highly inconsistent matrix with 7 criteria. Our method performed better than all the other ones. The proposed method can be used independently from the techniques to derive the eigenvector, eigenvalue or the consistent ratio, and naturally, in order to make a sensible comparison, all methods were compared using the same techniques. The Conservative Algorithm solution, gains in quality because it can preserve most of the original information, however the consistent ratio value stays just below the consistency threshold, in the other hand, the Progressive Algorithm gains in quantity, because it aims to reduce the consistent ratio to zero or near zero. Our approach offers two types of solutions, that are fast and near optimal.
Keywords: Analytic Hierarchy Process; Inconsistency Reduction; Greedy Algorithm.
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1. Introduction

The analytic hierarchy process (AHP) proposed by Saaty (1977, 1980) is recognized as the most popular multi-criteria decision making method. The method uses a reciprocal decision matrix obtained by pairwise comparisons between each criteria. (Alonso and Lamata, 2006; Siraj et al., 2012c)

Nonetheless, an AHP matrix need to be consistent to make the priorities derived from the pairwise comparisons valid. Brunelli (2016) points out that there are more than 18 different methods of prioritization to obtains weights (eigenvectors) and Choo and Wedley (2004) affirms that, if and only if, a matrix is consistent then all prioritization methods should give the same results. Still, Siraj et al. (2012b) sustains that although prioritization methods have been extensively discussed and compared in the last couple of decades, there is no consensus in determining a common criterion to compare all of them.
The consistency can be measured by an index, named consistency ratio (CR), elaborated by Saaty (1977) which states that, an AHP matrix can be considered consistent, if the CR is below the threshold level of 0.10, and a perfect consistency can be reached if the CR index is equal zero. The index is obtained by the estimation of the matrix eigenvalue, . Many other authors like Barzilai (1998), Stein and Mizzi (2007), Pelaez and Lamata (2003), Crawford and Williams (1985), Aguarón and Moreno-Jiménez (2003), elaborated other indexes, with an assorted of methods to estimate the eigenvalue, but the Saaty’s CR remained the most popular approach.
Due the importance to obtain a consistent matrix many studies have been developed over the years projected to remove or reduce inconsistency levels, like, Lamata and Pelaez (2002) that proposed an algorithm for improving the consistency in the pairwise comparison matrices based on three-way cycles technique. Siraj et al. (2012a) also used a three-way cycles technique to check for consistent pairwise comparisons, however the adjusted values were continuous ones 
Benitez et al. (2011) and Benitez et al. (2014) focused on a linearization process technique to lead an AHP matrix to an acceptable level of consistency while complying with some expert preferences. Their solution adjusts the original pairwise comparisons to continuous values. Lin et al. (2013), Li and Ma (2007, 2008) developed methods, that reduced the inconsistency levels and also complied with experts’ preferences.
Gao et al. (2011), Zhang et al. (2014) and Girsang et al. (2012) proposed algorithms to find solutions for their methods, which decreased the consistent ratio by adjusting the pairwise comparisons with continuous values. Zhang et al. (2014) compared their work with the ones developed by Xu and Wei (1999) and Cao et al. (2008) to demonstrate the efficiency of their proposed method. 
Ergu et al. (2011) and Tseng et al. (2006) proposed different methods to identify inconsistent pairwise comparisons, and almost similarly, both methods adjusts the pairs using only discrete values, however the adjustments can vary too much from the original comparisons.
Pereira and Costa (2015) developed a nonlinear programming model to improve the consistency ratio to zero or near zero, however if the preservation of pairwise comparisons is intended then the consistency ratio may have higher results, yet, below the threshold level. Abel et al. (2013) have used a multi-objective optimization approach to generate a solution balanced by the trade-off between the consistency ratio improvement and the original comparisons preservation. Both methods used only discrete values. 
The literature indicates that many mathematical approaches can be used to improve consistent ratios, however most of methods adjusts the pairwise comparison to continuous values that do not belong to the original Saaty Scale. As demonstrated by Saaty (2003) the continuous values should be approximated to the discrete ones, in order to generate consistent matrices in consonance with his original method. Therefore, our proposal extends the main idea proposed by Pereira and Costa (2015) and Abel et al. (2013), that is to find consistent solutions with only discrete adjustments and as near as possible from the original comparisons. 
To reach this goal, we have developed two greedy algorithms, one preserves the original pairwise comparisons as much as possible and the other improves the consistency ratio as much as possible. In order to demonstrate the efficiency of our algorithms we have compared them with 11 works: Xu and Wei (1999), Tseng et al. (2006), Cao et al. (2008), Ergu et al. (2011), Benitez et al. (2011), Lin et al. (2013), Abel et al. (2013), Zhang et al. (2014) and Pereira and Costa (2015). 
The comparison was made using three inconsistent matrices, one with 9 criteria, one with 8 criteria and the last one, a highly inconsistent matrix with 7 criteria. To compare the models in the same basis the prioritization method and the CR were calculated in the same manner. However, our algorithms can work with any other different techniques to obtain the eigenvector, the eigenvalue and the CR. 
2. Materials and Methods
As stated before the literature presents many CR indexes and many more prioritization methods, to demonstrate the efficiency of our method, and for the simplicity (hence our algorithms and results can be easily obtained by researchers or undergraduate students of any level), we have chosen to derive the prioritization, the normalized columns method which requires the normalization of all the columns of the pairwise comparisons and then the arithmetic means of the rows are taken and normalized to obtain the eigenvector. For the CR we have selected the classic calculation, which requires first to obtain the Consistency Index (CI), through the Equation 01:


Where:
 = Consistency Index;
= Eigenvalue that is estimated by calculating the mean of the values of the eigenvector; 
 = Total number of criteria.

Then the CR can be calculated by the Equation 02:

Where:
 = Consistency Ratio;
 = Consistency Index; 
 = Random Consistency Index.

The RI has a set of known tabulated values that are show in Table 01:
Table 01 – Random Consistency Index (Saaty, 1980)
	Matrix Order
	3
	4
	5
	6
	7
	8
	9

	RI
	0.58
	0.90
	1.12
	1.24
	1.32
	1.41
	1.45



Also we need to present the concept of deviations points, introduce by Pereira and Costa (2015). The deviation points can be interpreted as measures of distance between an original comparison and the adjusted one, and ideally, to avoid loss of information the value of the deviations points should be small. However, as the deviation points increase the CR decreases to a value equal zero or near zero. This trade-off must be balanced by the decision maker, who will decide what is more important the CR value or the original pairwise comparisons preservation.
Table 02 helps to better understand the deviation points concept. Suppose that a pairwise comparison has the value of 1/3 (row 1 of Table 02), which is in the position 6 (row 2 of Table 02), and decision maker agrees to accept a variation of 2 deviation points. Consequently, the decision maker accepts that his original comparison can vary from the lower bound value 1/5 (position 4, two deviation points to the left) to the upper bound value 1 (position 8, two deviation points to the right). Pereira and Costa (2015) recommends the utilization of a maximum of 3 deviation points, in order to avoid too much information loss.   
Table 02 – Relative Positions (Pereira and Costa, 2015)
	Scale
	1/9
	1/8
	1/7
	1/6
	1/5
	1/4
	1/3
	1/2
	1
	2
	3
	4
	5
	6
	7
	8
	9

	Position
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16



As stated before, the algorithms have two different objectives therefore they have two different stopping rules, the first one, the Conservative Algorithm, aims to preserve the original pairwise comparisons as much as possible, so the iteration is stopped as soon the CR value is below 0.1. The second one, the Progressive Algorithm, improves the consistency ratio as much as possible so the iteration is stopped when the CR cannot be further improved. The pseudocode for both algorithms are presented in Table 03, and each step is detailed in the following paragraphs.








Table 03 –  Progressive and Conservative Algorithms

01. Initialize CRMA ← 0
02. Initialize CRMB ← 1
03. While {CRMA - CRMB ≠ 0; CRMA - CRMB > 0.10}  Do
04.            CRMA ← Consistency Ratio of MA
05.            Store MA and CRMA
06.            For Each i element of MA
07.                              Do Until LBi = UBi
08.                                              Element i = LBi
09.                                              CRMB ← Consistency Ratio of MB
10.                                              Store created MB and CRMB
[bookmark: _GoBack]11.                                              Increase LBi in one deviation point
12.                              End Do
13.                              Restore MA elements
14.            End For
15.            Select MB with the minimum CRMB
16.            MA ← MB
17. EndWhile
18. Return MA

Where:

 = Matrix A (the inconsistent matrix);
 = Matrix B (set of modified matrices);
= Consistency Ratio of the Matrix A;
= Consistency Ratio for each Matrix B; 
= Lower bound value  of the pairwise comparison ;
 = Upper bound value of the pairwise comparison .

First, the  and  values must be initialized in order the start the first loop, arbitrarily we can set these values to 0 and 1, respectively (lines 01 and 02). If a Progressive Algorithm is being used then the first loop follows the stopping rule:  -   ≠ 0, which states that the algorithm will stops only when the CR value cannot be further improved, and if a Conservative Algorithm is being used then the first loop follows the stopping rule:  -  > 0.1, which states that the algorithm will stops only when the CR value is below the threshold level 0.1 (line 03). Inside the first loop (lines 03 to 17) the  is calculated (Equation 02) and stored (lines 04 and 05) and the second loop begins (line 06 to 14). The second loop verifies every pairwise comparison of MA, and for each  comparison another loop is made (lines 07 to 12). In this third and final loop, the  comparison is changed to its lower bound value and this matrix (MB) and its CR () are stored (lines 08 to 10), then the lower bound is increased by 1 deviation point and the third loop is repeated until the upper bound is reached (line 11), for each adjustment another MBs and their  are created and stored. After that, the old values of MA are restored and the third loop is repeated to another  comparison (line 13) and for each adjustment other MBs and their  are created and stored. From the set of stored MB, the one with the lower  value is chosen to substitute MA (ties are solved arbitrarily) and this modified matrix is the new seed for the second loop (lines 15 and 16). Finally, after the stopping rule is reached, a consistent matrix is returned (line 18). 

The Conservative and the Progressive Algorithms are considered as greedy algorithms because in each step, only the best solution is taken, and the ties are solved arbitrarily, therefore other paths that may lead to better solutions are not investigated. This characteristic may generate optimal or near optimal solutions, however the optimality cannot be guaranteed for every problem. 
To analyse the obtained solution, a simple counting of the total number of deviations points (TND) can be done. As the TND increases the loss of the original information (judgments) also increases.

3. Numerical Examples and Results
In this section, a comparison between the proposed algorithms and the others models from the literature is made through three numerical examples. For all examples the Consistency Ratio (CR) was calculated by the Equation 02, and  was estimated through the normalization column method, explained in Section 2.
The first example is an inconsistent 9 x 9 pairwise comparison matrix (CR = 0.1938; TND = 72), that was first introduced by Ergu et al. (2011), and was also used by Pereira and Costa (2015) to demonstrate their method. The left side of the Table 04 shows the original problem and the right side shows the solution proposed by Ergu et al. (2011): Adjust B-C from 4 to 1/4 (6 deviation points) and adjust C-I from 1/7 to 7 (12 deviation points), to achieve a CR equals 0.0789.
Table 04 – Nine criteria
	Ergu et al. 2011 (Problem)
	Ergu et al. 2011 (Solution)

	
	A
	B
	C
	D
	E
	F
	G
	H
	I
	
	A
	B
	C
	D
	E
	F
	G
	H
	I

	A
	1
	2
	1/2
	2
	1/2
	2
	1/2
	2
	1/3
	A
	1
	2
	1/2
	2
	1/2
	2
	1/2
	2
	1/3

	B
	1/2
	1
	4
	1
	1/4
	1
	1/4
	1
	1/4
	B
	1/2
	1
	1/4
	1
	1/4
	1
	1/4
	1
	1/4

	C
	2
	1/4
	1
	4
	1
	4
	1
	4
	1/7
	C
	2
	1/4
	1
	4
	1
	4
	1
	4
	7

	D
	1/2
	1
	1/4
	1
	1/4
	1
	1/4
	1
	1/6
	D
	1/2
	1
	1/4
	1
	1/4
	1
	1/4
	1
	1/6

	E
	2
	4
	1
	4
	1
	4
	1
	4
	6
	E
	2
	4
	1
	4
	1
	4
	1
	4
	6

	F
	1/2
	1
	1/4
	1
	1/4
	1
	1/4
	1
	1/3
	F
	1/2
	1
	1/4
	1
	1/4
	1
	1/4
	1
	1/3

	G
	2
	4
	1
	4
	1
	4
	1
	4
	7
	G
	2
	4
	1
	4
	1
	4
	1
	4
	7

	H
	1/2
	1
	1/4
	1
	1/4
	1
	1/4
	1
	1/2
	H
	1/2
	1
	1/4
	1
	1/4
	1
	1/4
	1
	1/2

	I
	3
	4
	7
	6
	1/6
	3
	1/7
	2
	1
	I
	3
	4
	1/7
	6
	1/6
	3
	1/7
	2
	1

	CR
	0.1938
	CR
	0.0789



In sake of simplicity the Table 05 was developed to summarize and compare our algorithms with the other methods. This Table is arranged as follows: the first column indicates the pair of criteria being compared; the second column shows the original values of the pairwise comparison; the third column shows the solution proposed by Ergu et al. (2011), the fourth column shows the solution proposed by Pereira e Costa (2015), the fifth, sixth and seventh columns shows the results obtained by the Conservative Algorithm with 1, 2 and 3 deviation points, respectively. The eighth, ninth and tenth columns shows the results obtained by the Progressive Algorithm with 1, 2 and 3 deviation points, respectively. The last column shows the best result obtained by the Conservative Algorithm with 7 allowed deviation points. This column was added to show the efficiency of our approach. Finally, the three last rows labeled “Adjusted”, “TND” and “CR”, indicates to each solution the total number of affected pairwise comparisons, the total number of deviation points and CR value. The same logic applies similarly to the Tables from 06 to 08.




Table 05 – Nine Criteria Comparison
	Pair
	Original
	Ergu et al. (2011)
	Pereira and Costa (2015)
	C1
	C2
	C3
	P1
	P2
	P3
	C7

	A-B
	2
	2
	1
	2
	2
	2
	1
	2
	2
	2

	A-C
	1/2
	1/2
	1
	1
	1/2
	1/2
	1
	2
	2
	1/2

	A-D
	2
	2
	2
	2
	2
	2
	2
	3
	2
	2

	A-E
	1/2
	1/2
	1/3
	1/2
	1/2
	1/2
	1/3
	1/2
	1/3
	1/2

	A-F
	2
	2
	2
	2
	2
	2
	2
	3
	2
	2

	A-G
	1/2
	1/2
	1/3
	1/2
	1/2
	1/2
	1/3
	1/2
	1/3
	1/2

	A-H
	2
	2
	1
	2
	2
	2
	2
	3
	2
	2

	A-I
	1/3
	1/3
	1/4
	1/2
	1/3
	1/3
	1/2
	1
	1
	1/3

	B-C
	4
	1/4
	3
	3
	2
	1
	3
	2
	1
	1/3

	B-D
	1
	1
	2
	2
	1
	1
	2
	2
	1
	1

	B-E
	1/4
	1/4
	1/4
	1/4
	1/4
	1/4
	1/3
	1/3
	1/5
	1/4

	B-F
	1
	1
	2
	1
	1
	1
	2
	2
	1
	1

	B-G
	1/4
	1/4
	1/3
	1/4
	1/4
	1/4
	1/3
	1/3
	1/5
	1/4

	B-H
	1
	1
	1
	1
	1
	1
	2
	2
	1
	1

	B-I
	1/4
	1/4
	1/3
	1/3
	1/4
	1/4
	1/3
	1/2
	1/2
	1/4

	C-D
	4
	4
	3
	3
	4
	4
	3
	2
	1
	4

	C-E
	1
	1
	1/2
	1/2
	1/3
	1
	1/2
	1/3
	1/4
	1

	C-F
	4
	4
	3
	3
	4
	4
	3
	2
	1
	4

	C-G
	1
	1
	1/2
	1/2
	1/3
	1
	1/2
	1/3
	1/4
	1

	C-H
	4
	4
	3
	3
	4
	4
	3
	2
	1
	4

	C-I
	1/7
	7
	1/6
	1/6
	1/5
	1/4
	1/6
	1/5
	1/4
	2

	D-E
	1/4
	1/4
	1/5
	1/4
	1/4
	1/4
	1/5
	1/6
	1/6
	1/4

	D-F
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	D-G
	1/4
	1/4
	1/4
	1/4
	1/4
	1/4
	1/5
	1/6
	1/6
	1/4

	D-H
	1
	1
	1/2
	1
	1
	1
	1
	1
	1
	1

	D-I
	1/6
	1/6
	1/5
	1/5
	1/6
	1/6
	1/5
	1/4
	1/3
	1/6

	E-F
	4
	4
	5
	4
	4
	4
	5
	6
	5
	4

	E-G
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	E-H
	4
	4
	4
	4
	4
	4
	5
	6
	5
	4

	E-I
	6
	6
	5
	5
	4
	6
	5
	4
	3
	6

	F-G
	1/4
	1/4
	1/4
	1/4
	1/4
	1/4
	1/5
	1/6
	1/5
	1/4

	F-H
	1
	1
	1/2
	1
	1
	1
	1
	1
	1
	1

	F-I
	1/3
	1/3
	1/4
	1/3
	1/3
	1/3
	1/3
	1/3
	1/2
	1/3

	G-H
	4
	4
	3
	4
	4
	4
	5
	6
	5
	4

	G-I
	7
	7
	6
	6
	5
	4
	6
	5
	4
	7

	H-I
	1/2
	1/2
	1/3
	1/2
	1/2
	1/2
	1/3
	1/3
	1/2
	1/2

	
	
	
	
	
	
	
	
	
	
	

	Adjusted
	-//-
	2
	17
	14
	5
	3
	28
	28
	25
	2

	TND
	-//-
	18
	17
	14
	10
	9
	28
	45
	50
	12

	CR
	0.1938
	0.0789
	0.0968
	0.0994
	0.0947
	0.0892
	0.0780
	0.0301
	0.0097
	0.0598



As aforementioned the solution obtained by Ergu et al. (2011) adjusted 2 pairwise comparisons with a total of 18 deviation points to reach a CR value of 0.0789. Pereira and Costa (2015) adjusted 17 pairwise comparisons with a total of 17 deviation points to reach a CR value of 0.0968, and the maximum deviation point was 1. 
Analysing the Conservative Algorithm, in column “C1” to obtain a consistent matrix it’s sufficient to adjust 14 pairwise comparisons (shaded cells in Table 05) to reach a consistent CR value (0.0994) with a total of 14 deviation points. As we increment the allowed range of deviation to a maximum of 3 points, less adjustments (14; 5 and 3) and less total deviations (14; 10 and 9) are needed. Also the CR decreased too (0.0994; 0.0947 and 0.0892). 
Analysing the Progressive Algorithm, in column “P1” the minimum obtained CR (0.0780) was reached by adjusting 28 pairwise comparisons, as we increment the allowed range of deviation to a maximum of 3 points, more total deviation points are used (28; 45 and 50) in order to reach a lower CR value (0.0780; 0.0301 and 0.0097). 
In column “C7” the solution has adjusted only 2 pairwise comparisons: B-C from 4 to 1/3 (5 deviation points) and C-I from 1/7 to 2 (7 deviation points), to achieve a CR equals 0.0598, which is, yet, a better solution than the one proposed by Ergu et al. (2011).
The second example is an inconsistent 8 x 8 matrix (CR = 0.1640, TND = 56) that was first presented by Xu and Wei (1999). Through the years many other authors have used this example to demonstrated their methods, like: Tseng et al. (2006), Cao et al. (2008), Ergu et al. (2011), Abel et al. (2013), Zhang et al. (2014) and Pereira and Costa (2015). The original matrix and the solutions found by each method are detailed in Table 06. 
Table 06 – Literature Comparison
	Pair
	Original
	Xu & Wei (1999)
	Tseng et al. (2006)
	Cao et al. (2008)
	Ergu et al. (2011)
	Abel et al.(2013)
	Zhang et al. (2014)
	Pereira and Costa (2015)

	A-B
	5
	4.0030 (~4)
	5
	1.2799 (~2)
	5
	5
	4.2516 (~4)
	4

	A-C
	3
	1.6610 (~2)
	3
	2.1308 (~2)
	3
	2
	2.3133 (~2)
	2

	A-D
	7
	8.3170 (~8)
	7
	0.8293 (~1)
	7
	7
	7.1790 (~7)
	8

	A-E
	6
	5.7830 (~6)
	6
	1.0383 (~1)
	6
	6
	4.9193 (~5)
	7

	A-F
	6
	5.3460 (~5)
	6
	1.1298 (~1)
	6
	6
	4.9193 (~5)
	5

	A-G
	1/3
	0.5880 (~1/2)
	1/3
	0.4865 (~1/2)
	1/3
	1
	0.4680 (~1/2)
	1/2

	A-H
	1/4
	0.3600 (~1/3)
	1/4
	0.6500 (~1/2)
	1/4
	1/4
	0.3044 (~1/3)
	1/3

	B-C
	1/3
	0.3090 (~1/3)
	1/3
	1.0808 (~1)
	1/3
	1/3
	0.3400 (~1/3)
	1/3

	B-D
	5
	3.9260 (~4)
	5
	1.3109 (~1)
	5
	5
	4.6750 (~5)
	4

	B-E
	3
	2.2840 (~2)
	3
	1.3627 (~1)
	3
	3
	2.4082 (~2)
	2

	B-F
	3
	2.1110 (~2)
	3
	1.8094 (~2)
	3
	2
	2.4082 (~2)
	2

	B-G
	1/5
	0.2540 (~1/4)
	1/5
	0.7640 (~1)
	1/5
	1/5
	0.2651 (~1/4)
	1/4

	B-H
	1/7
	0.1520 (~1/7)
	1/7
	0.9372 (~1)
	1/7
	1/7
	0.1658 (~1/6)
	1/6

	C-D
	6
	8.0290 (~8)
	6
	0.7167 (~1)
	6
	6
	6.6066 (~7)
	6

	C-E
	3
	4.2640 (~4)
	3
	0.6623 (~1/2)
	3
	3
	2.9414 (~3)
	3

	C-F
	4
	4.5510 (~5)
	3
	0.8716 (~1)
	4
	4
	3.7026 (~4)
	3

	C-G
	6
	2.6010 (~3)
	1/2
	3.1607 (~3)
	1/2
	4
	4.9193 (~5)
	5

	C-H
	1/5
	0.3360 (~1/3)
	1/5
	0.5232 (~1/2)
	1/5
	1/5
	0.2651 (~1/4)
	1/4

	D-E
	1/3
	0.4340 (~1/2)
	1/3
	0.7430 (~1)
	1/3
	1/3
	0.3219 (~1/3)
	1/2

	D-F
	1/4
	0.3470 (~1/3)
	1/4
	0.6830 (~1)
	1/4
	1/3
	0.2557 (~1/4)
	1/3

	D-G
	1/7
	0.1220 (~1/8)
	1/7
	1.1806 (~1)
	1/7
	1/7
	0.1570 (~1/6)
	1/6

	D-H
	1/8
	0.0810(~1/12)
	1/8
	1.6894 (~2)
	1/8
	1/8
	0.1155 (~1/9)
	1/9

	E-F
	1/2
	0.6540 (~1/2)
	1/2
	0.7382 (~1)
	1/2
	1/2
	0.5743 (~1/2)
	1/2

	E-G
	1/5
	0.1930 (~1/5)
	1/5
	1.0374 (~1)
	1/5
	1/5
	0.2651 (~1/4)
	1/5

	E-H
	1/6
	0.1250 (~1/8)
	1/6
	1.3944 (~1)
	1/6
	1/6
	0.1876 (~1/5)
	1/7

	F-G
	1/5
	0.2090 (~1/5)
	1/5
	0.9576 (~1)
	1/5
	1/5
	0.2651 (~1/4)
	1/2

	F-H
	1/6
	0.1350 (~1/7)
	1/6
	1.2644 (~1)
	1/6
	1/6
	0.1876 (~1/5)
	1/3

	G-H
	1/2
	0.1700 (~1/6)
	1/2
	0.9993 (~1)
	1/2
	1/2
	0.4702 (~1/2)
	1/2

	
	
	
	
	
	
	
	
	

	Adjusted
	-//-
	28
	2
	28
	1
	5
	28
	22

	TND
	-//-
	34
	7
	100
	6
	7
	19
	26

	CR
	0.1640
	0.0480
	0.0827
	0.0604
	0.0852
	0.0963
	0.0964
	0.0931



Table 06 shows that Xu and Wei (1999), Cao et al. (2008) and Zhang et al. (2014) preferred to reach a consistent matrix adopting continuous pairwise comparisons instead of the discrete values of the Saaty scale. As a consequence, all values of their solutions were changed, and in order to compare the total deviation points with the other methods an approximation to the discrete scale was required, however the CR, were still calculated with the continuous values. 
Xu and Wei (1999) have generated a solution with the lower CR value (0.0480) at the cost of 34 total deviation points however the pairwise comparison D-H reached approximately the value of 1/12, that does not respect the Saaty scale limit which varies from 1/9 to 9. The pairs D-H and G-H were the ones that suffered most adjustments, each one with 4 deviation points. 
Cao et al. (2008) reached the second best CR value (0.0604) but with a great information loss, because a total of 100 deviation points were used, and the pairs A-D; D-G and D-H were the ones that suffered most adjustments (6 deviation points). 
Zhang et al. (2014) obtained the higher CR value (0.0964) with a total of 19 deviation points, and the maximum deviation used was 1. 
Tseng et al. (2006), Ergu et al. (2011) and Pereira and Costa (2015) preferred to reach a consistent matrix adopting the discrete Saaty Scale, as a consequence, the CR values were higher (0.0827, 0.0852 and 0.0931 respectively) but they were not the higher ones.  The total deviation points were 7; 6 and 26 respectively and the most affect pair was C-G with 6 deviation points for the first two methods, and F-G and F-H with 3 deviation points each, for the last one. 
Table 07 shows the same 8 x 8 inconsistent matrix and our Conservative and Progressive Algorithms solutions for 1, 2 and 3 deviation points. The last column “C6” shows the best result obtained by the Conservative Algorithm with 6 allowed deviation points, and it was added to show the efficiency of our approach.













Table 07 – Eight Criteria Comparison
	Pair
	Original
	C1
	C2
	C3
	P1
	P2
	P3
	C6

	A-B
	5
	5
	5
	5
	4
	3
	3
	5

	A-C
	3
	2
	1
	3
	2
	1
	1
	3

	A-D
	7
	7
	7
	7
	8
	7
	9
	7

	A-E
	6
	6
	6
	6
	5
	4
	6
	6

	A-F
	6
	6
	6
	6
	5
	4
	6
	6

	A-G
	1/3
	1/2
	1
	1
	1/2
	1
	2
	1/3

	A-H
	1/4
	1/3
	1/4
	1
	1/3
	1/2
	1
	1/4

	B-C
	1/3
	1/3
	1/3
	1/3
	1/3
	1/4
	1/3
	1/3

	B-D
	5
	5
	5
	5
	4
	3
	3
	5

	B-E
	3
	2
	3
	3
	2
	1
	2
	3

	B-F
	3
	2
	3
	3
	2
	1
	2
	3

	B-G
	1/5
	1/5
	1/5
	1/5
	1/4
	1/3
	1/2
	1/5

	B-H
	1/7
	1/7
	1/7
	1/7
	1/6
	1/7
	1/4
	1/7

	C-D
	6
	6
	6
	6
	7
	8
	9
	6

	C-E
	3
	3
	3
	3
	4
	5
	6
	3

	C-F
	4
	4
	4
	4
	4
	5
	6
	4

	C-G
	6
	5
	4
	3
	5
	4
	3
	1/2

	C-H
	1/5
	1/4
	1/3
	1/5
	1/4
	1/3
	1/2
	1/5

	D-E
	1/3
	1/3
	1/3
	1/3
	1/2
	1/2
	1/2
	1/3

	D-F
	1/4
	1/3
	1/4
	1/4
	1/3
	1/2
	1/2
	1/4

	D-G
	1/7
	1/7
	1/7
	1/7
	1/6
	1/5
	1/5
	1/7

	D-H
	1/8
	1/8
	1/8
	1/8
	1/9
	1/9
	1/9
	1/8

	E-F
	1/2
	1
	1/2
	1/2
	1
	1
	1
	1/2

	E-G
	1/5
	1/5
	1/5
	1/5
	1/4
	1/3
	1/3
	1/5

	E-H
	1/6
	1/6
	1/6
	1/6
	1/7
	1/8
	1/7
	1/6

	F-G
	1/5
	1/5
	1/5
	1/5
	1/4
	1/3
	1/3
	1/5

	F-H
	1/6
	1/6
	1/6
	1/6
	1/7
	1/8
	1/7
	1/6

	G-H
	1/2
	1/2
	1/2
	1/2
	1/3
	1/3
	1/3
	1/2

	
	
	
	
	
	
	
	
	

	Adjusted
	-//-
	9
	4
	3
	26
	26
	25
	1

	TND.
	-//-
	9
	8
	8
	26
	46
	50
	6

	CR
	0.1640
	0.0992
	0.0926
	0.0897
	0.0762
	0.0226
	0.0090
	0.0852



Analysing the Conservative Algorithm, in column “C1” to obtain a consistent matrix it’s sufficient to adjust 9 pairwise comparisons to reach a consistent CR value (0.0992) with a total of 9 deviation points. As we increment the allowed range of deviation to a maximum of 3 points, less adjustments are needed (9; 4 and 3), the total deviations decreased from 9 to 8 (stabilizing to C2 and C3) and the CR decreased (0.0992; 0.0926 and 0.0897). 
Analysing the Progressive Algorithm, in column “P1” the minimum obtained CR (0.0090) was reached by adjusting 25 pairwise comparisons, and as we increment the allowed range of deviation to a maximum of 3 points, more total deviation points were used (26; 46 and 50) in order to reach a lower CR value (0.0762; 0.0226 and 0.0090). Our results in column “C6” has adjusted only 1 pairwise comparisons C-G from 6 to 1/2 (6 deviation points) to achieve a CR equals 0.0852, which is, exactly, the same solution proposed by Ergu et al. (2011). 
Finally, the third example is a highly inconsistent 7 x 7 matrix (CR = 0.5080; TND = 42) that was first presented by Benitez et al. (2011) and also used by Lin et al. (2013) to demonstrate their method. The original matrix, our results and both methods are detailed in Table 08. 
Table 08 – Seven Criteria Comparison
	Pair
	Original
	Benitez et al.   (2011)
	Lin et al. (2013)
	C4
	C8
	P4
	P8

	A-B
	7
	1.28  (~1)
	1.28 (~1)
	3
	1
	3
	1

	A-C
	9
	1.17  (~1)
	1.17 (~1)
	5
	1
	5
	1

	A-D
	5
	1.77 (~2)
	1.77 (~2)
	5
	5
	5
	4

	A-E
	7
	2.12 (~2)
	2.12 (~1)
	7
	2
	6
	2

	A-F
	5
	4.49 (~4)
	4.52 (~5)
	9
	5
	9
	8

	A-G
	3
	9.89 (~10)
	9.85 (~10)
	7
	3
	7
	4

	B-C
	5
	0.92 (~1)
	0.92 (~1)
	2
	5
	2
	1

	B-D
	9
	1.39 (~1)
	1.38 (~1)
	5
	9
	5
	4

	B-E
	5
	1.66 (~2)
	1.66 (~2)
	5
	5
	4
	2

	B-F
	7
	3.52 (~4)
	3.54 (~4)
	7
	7
	9
	8

	B-G
	5
	7.74 (~8)
	7.71 (~8)
	5
	5
	8
	4

	C-D
	7
	1.51 (~2)
	1.51 (~2)
	3
	7
	3
	4

	C-E
	3
	1.81 (~2)
	1.81 (~2)
	3
	3
	2
	2

	C-F
	7
	3.83 (~4)
	3.85 (~4)
	7
	7
	5
	8

	C-G
	3
	8.42 (~8)
	8.39 (~8)
	3
	3
	4
	4

	D-E
	7
	1.20 (~1)
	1.20 (~1)
	3
	1/2
	3
	1/2

	D-F
	5
	2.54 (~3)
	2.56 (~3)
	5
	5
	3
	2

	D-G
	5
	5.59 (~6)
	5.57 (~6)
	5
	1
	3
	1

	E-F
	9
	2.16 (~2)
	2.13 (~2)
	5
	9
	5
	4

	E-G
	7
	4.66 (~5)
	4.64 (~5)
	3
	2
	3
	2

	F-G
	5
	2.20 (~2)
	2.18 (~2)
	1
	1/2
	1
	1/2

	
	
	
	
	
	
	
	

	Adjusted
	-//-
	21
	21
	11
	7
	19
	20

	TND
	-//-
	86
	86
	43
	40
	58
	73

	CR
	0.5080
	0.000
	0.000
	0.0871
	0.0877
	0.0648
	0.000



Table 08 shows that Benitez et al. (2011) and Lin et al. (2013) reached a perfect consistent matrix (CR = 0.000) adopting continuous pairwise comparisons rather than the discrete values of the Saaty scale. Both methods have generated a perfect consistency matrix, the total deviation points were 86 and the pairwise comparison A-G reached approximately the value of 10, that does not respect the Saaty scale limit and the most affected pairs were A-C and B-D with 8 deviation points. The cost to obtain a perfect consistent matrix demanded a great loss of information. 
This matrix is highly inconsistent and both Conservative and Progressive algorithms could not find solutions for deviations points smaller than 4. Also to obtain a perfect consistent matrix the Progressive Algorithm used an 8 deviation points allowed range.
Analysing the Conservative Algorithm, in column “C4” to obtain a consistent matrix it’s necessary adjust 11 pairwise comparisons to reach a consistent CR value (0.0871) with a total of 43 deviation points. In column “C8” to obtain a consistent matrix it’s necessary to adjust 7 pairwise comparisons to reach a consistent CR value (0.0877) with a total of 40 deviation points.
Analysing the Progressive Algorithm, in column “P4” the minimum obtained CR (0.0648) was reached by adjusting 19 pairwise comparisons with a total of 58 deviation points, and, as seen in column “P8”, in order to reach a CR value of zero, 20 pairs were adjusted with a total of 73 deviation points and it was a better solution than the ones proposed by Benitez et al. (2011) and Lin et al. (2013).
4. Discussion
The Conservative Algorithm can preserve more pairwise comparisons, as long as the deviation points are increased. However, the total number of preserved comparisons are finite and may stabilize after a certain range.
The Progressive Algorithm cannot preserve pairwise comparisons, and adjusts as many pairs as necessary, and by increasing the deviation points, sometimes it may slightly decrease the number of adjustments. This behaviour is due to the fact that an adjusted pairwise comparison may be adjusted again, because considering a wider range of deviation points allowed the algorithm can “see” a better improvement adjusting the same pairwise another time. This means that a wider range may lead to fewer adjustments, at the cost of a great information loss for the adjusted pairs. In relation with the TND, as long as the deviation points are increased, the TND also suffers an increase. The increment of the TND generates the loss of information which is the cost to obtain a perfect or near perfect consistent matrix.
Usually for both algorithms increasing the deviation points, may result in better CR values. However, because the greedy algorithm is not optimal a chosen path may lead to a slightly higher CR, as seen in Table 08. 
The results obtained by our two algorithms show that this approach is better than the other methods and that using discrete values, can lead to good solutions, besides remaining consonant with the Saaty’s original work. The obtained results can still be considered good even if the prioritization methods or the CR calculation changes because our method improves relatively the consistency level.
Highly inconsistent matrices may require a broader range of deviation points, in that cases it is recommended to use the Conservative Algorithm to avoid too much information loss, and if the deviation reaches levels above 3 points, may be, the pairwise comparison should be taken again to avoid creating an artificial consistent matrix that does not reflect an expert or experts’ true opinions. 
Our third example was a highly inconsistent and both Conservative and Progressive algorithms could not find solutions for deviations points smaller than 4.  This means that for some matrices may be impossible to always follow the recommendations made by Pereira and Costa (2015), and the decision maker will have to decide if it is worth to adopt a higher deviation point. 
We have also noted that if there is a solution for Progressive Algorithm for a certain deviation point level, there is also a solution for the Conservative algorithm for the same level. As a final point, the TND metric shows to be a good start to measure the quality of the solution to any method developed to deal with inconsistencies by adjusting original pairwise values. 



5. Conclusion
This work has demonstrated the application of two greedy algorithms (one preserves the original comparison values and the other reduces the CR to zero or near zero) that have obtained qualitatively and / or quantitatively better solutions to problems taken from the literature, when compared with another 11 existing methods. To make a fair comparison between the methods, all solutions and problems have used the same prioritization and CR techniques, which were the normalized columns method and for the CR, the classic calculation proposed by Saaty (1977), however any other techniques can be used as well, because our algorithms improves the consistency relatively. The comparison between the models was made using three inconsistent matrices, one with 9 criteria, one with 8 criteria and the last one, a highly inconsistent matrix with 7 criteria and the quality of the solution was measure by the total number of deviations (TND). Finally, as both algorithms are greedy ones, the optimality cannot be guaranteed due to the search is not exhaustive, nevertheless the generated solutions are near optimal. 
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