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Introduction 

The analysis of signal conversion processes, which are carried out as a result of their passage through various devices, is a large section of theoretical radio engineering [1-3]. Thus, in particular, spectral analysis based on the Fourier transform operates with signal spectra and frequency responses of devices. In some cases, calculations can be simplified by using signal models based on the linearity property of the Fourier transform. Approximation of impulse signals by polygonal functions can be attributed to such models [4].
The width of the signal spectrum depends on its analytical representation. Two methods can be distinguished, each of which determines the frequency dependence of the spectral density. So, in the case when the instantaneous value is described by a continuous function over the entire interval of the existence of the pulse, the spectral density is determined primarily by the duration of the pulse. In the case of a model built using a function that is continuous only on separate intervals, at the junction points, where the continuity of the function is violated, the Fourier integral diverges due to the Gibbs effect, which will lead to the expansion of the spectrum. Since polygonal functions belong to the class of piecewise-analytical ones, the signals formed on their basis give the upper limit of the spectrum width; therefore, calculations of their passage through narrow-band devices make it possible to estimate the maximum value of frequency distortions [5-7]. 
The Laplace transform of a polygonal function is calculated so simply that it allows spectral analysis of video pulse signals of almost any shape. Moreover, the recording of the image of the function according to Laplace turns out to be more compact, and the transition from the image to the spectral function is performed in a standard way. In addition, in a number of software packages, the calculation of the Laplace transform is carried out more correctly than the calculation of the Fourier transform, which also justifies the practical value of the results obtained.


1. Polygonal functions
Polygonal functions represent a special case of the piecewise analytic functions consisting of linear combination of linear functions [4,5]
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 satisfy the analyticality conditions, which means that they can be represented as originals in terms of the Laplace transform [7]. Graphic of the polygonal function is the family of 
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To calculate the image of the polygonal function let’s enter the notation for jumps in the function at these points [4]  
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Hence, it follows that 
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. At the end point of the function definition, we have
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These parameters are used further at calculation of spectral density.

2. Laplace transforms and its properties 
2.1. Originals and Images

The basic concepts of the Laplace transform are the concepts of originals and images [8]. Let the time function meet the Dirichlet conditions, namely: 

1. the function is identically zero at 
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2. the function on the considered finite time interval has a finite number of discontinuities of the second kind; 

3. the function at 
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These conditions make it possible to consider electrical signals (for example, the time dependences of current and voltage in electrical circuits) as the originals of the corresponding operator images. Then the functions of time t correspond to the functions of the complex variable 
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are called the images.

Here, the symbol 
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 will denote the bijective Laplace transform of the original function 
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where 
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It is these formulas that form the foundation of operational calculus in relation to the calculations of electrical circuits and spectral analysis. 

In essence, a situation is possible when, for some functions 
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, the integral defined by formula (5) does not converge for any values of p. This means that the Laplace transform for such originals does not exist. However, in applied problems for functions that reflect real physical processes, one can always find the transformation (5). In other words, the Dirichlet conditions for most processes in nature, such as currents and voltages in electrical circuits, electromagnetic waves in media, or the process of heat propagation in a solid, are always satisfied, so in the following presentation we will not touch on the issue of checking the possibility of applying the transformation Laplace to the functions under consideration, based on the experience gained [1].

2.2. Properties of the Laplace transform 

The calculation of originals and images using formulas (5), (6) is often associated with significant difficulties, which can be avoided by the properties of the Laplace transform [4,9]. Some of these properties are obvious, but in cases requiring proof, it can find them in the literature on the Laplace transform [4,8].

2.2.1. Property of homogeneity 

Let the image 
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2.2.2. Property of linearity

If the images 
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2.2.3. Similarity property (scaling)

If the image 
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2.2.4. Differentiating the original 

If the function
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Continuing the differentiation on the left side and again performing the Laplace transform each time, we arrive at the formula for the image of the derivative of higher orders 
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Based on this theorem, a method for solving linear differential equations is constructed.

2.2.5. Integration of the original 

The integration of the original function 
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Properties 2.2.4 and 2.2.5 are clear manifestations of the possibility of a formal replacement of operators 
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2.2.6. Integration of the image 

If the integral 
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2.2.7. Image differentiation 

If 
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For the nth order derivative we have
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2.2.8. Image shift theorem 

If 
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2.2.9. Theorem of the origin lag
If image 
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2.2.10. Convolution theorem of originals (image multiplication theorem) 

If the functions 
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2.2.11. Image Convolution Theorem (Original Multiplication Theorem) 

If the functions 
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2.2.12. Parseval's theorem 

Let there be functions 
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Parseval's theorem allows one to replace the calculation of one integral by the calculation of another integral equal to it. 
2.2.13. Relation of the initial value of the original to the final value of the image 

This relationship follows from property 2.2.3 at 
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2.2.14. Relation of the end value of the original to the start value of the image 

Suppose there is a finite limit 
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2.2.15. Differentiation with respect to a parameter 

Suppose that the original is a function 
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3. Images of generalized functions 

Generalized functions are the most important elements of the spectral method for calculating linear radioengineering systems and devices and constitute the tools for spectral correlation analysis [10]. In practice, the use of generalized functions as test inputs makes it possible to obtain responses that are the "keys" in the analysis of the responses of systems and devices to an arbitrary impact.

3.1. Unit function image 

The unit function (Heaviside function or switch-on function) is defined as
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Graph of the unit function ia shown on fig. 1-
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Fig. 1. Unit function

Direct application of the Laplace transform to the formula for the unit function gives
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3.2. Image of δ-function 

Consider the function δ(t), which is equal 
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 and is equal to 0 outside this interval (Fig. 1.2). The δ-function (Dirac function) is a mathematical object that is defined as follows 
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Here, the value 
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Fig. 2.  δ-function
We also note an important property of the δ-function 
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i.e. the area of the δ-function is 1. Besides, it is obvious that 
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To find the image, we apply property 1.2.4 to the image of the identity function and obtain
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In principle, the form of the δ-function is not so important, since, as noted in [10], the matters is not how this function looks like, but what it does.
4. Connection between Fourier transform and Laplace transform

Fourier transform 
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is one of the most important mathematical concepts in the theory of radio circuits and signals, since it forms the basis of the spectral method of analysis. However, the application of this formula to a function that satisfies the conditions formulated in Section 2 is impossible due to the fact that it does not satisfy the condition of absolute integrability (that is, the existence of an integral 
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Let now a function 
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Now we apply formula (7) to the function 
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where it is taken into account that 
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Introducing into (9) a new complex variable 
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 in (9) has dimension t-1 and is called frequency. In radioengineering, if the Fourier transform is applied to instantaneous values of currents or voltages, the function 
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 is called the spectral density or spectrum of the function 
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, and Fourier images of the characteristics of electrical circuits are called frequency responses. 
Thus, the Laplace transform is the result of extending the Fourier transform to functions that, while satisfying the Dirichlet conditions in the interval 
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, do not satisfy the condition of absolute integrability in this interval. In addition, the obtained results show that by substituting 
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5. Image of the Polygonal Function
Using the entered notation, as well as the linearity property and the theorem of the original’ lag, we obtain the image of the polygonal function

[image: image185.wmf]å

å

+

=

-

+

=

-

÷

÷

ø

ö

ç

ç

è

æ

+

=

÷

÷

ø

ö

ç

ç

è

æ

+

=

1

1

1

1

2

1

)

(

n

k

pt

k

k

n

k

pt

k

k

k

k

e

h

p

d

p

e

p

h

p

d

p

F

             (10)

From last expression follows that the derivative of initial function 
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The origin of (11) looks as the sequence of rectangular windows with height of each 
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. Simultaneously in the point of junction where right and left limits of the initial function do not coincide the δ-function with coefficient 
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Finally the spectral density is obtained after replacing the variable 
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5.1. Examples of calculation spectral density of signals

1. Simplest example of the signal described by the polygonal function is the rectangular pulse with height A and duration 
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 (Fig. 1a). Analytical instantaneous value of the signal is
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Imagine of (14) is
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and spectral density
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Thus, spectral density of the rectangular pulse decreases hyperbolically as 
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Using (2). (3) and (4), we find the values
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Substituting this values in (13) and taking into account that 
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that coincide with (16).
2. Triangular pulse with duration 
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 on halfheight and its derivative is shown on Fig. 1b. Image of the function 
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Substituting 
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Using again (2), (3) and (4) for pulse derivative calculate values
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Substituting calculated values in (11), we obtain
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from here at once come to (17).
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Fig. 1. Forming of the rectangular (a),  triangular (b) and trapezoidal (c) pulses 
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3. Trapezoidal pulse (Fig. 1c) is often used to model the frequency distortion that accompanies the passage of pulsed signals through narrowband devices. Derivative of the trapezoidal pulse function is convenient to represent as the difference of two rectangular functions with duration 
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 designate correspondingly pulse duration and front-end.. So, for derivative we obtain expression
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The imagine of the last expression is
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After substitution here 
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 instead of p and taking to account (11) we obtain spectral density of the trapezoidal pulse
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As can be seen, the spectral density decreases proportionally 
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. At the same time, the spectral density of the smoothed trapezoidal pulse, represented by a continuous function, decreases proportionally 
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 [4]. The results of calculating the parameters for considered pulses are given in Tab. 1.
Table 1. Parameters of pulses

	Signal
	Coefficients
	Duration,

τk

	
	dk
	hk
	

	Rectangular 
	0
	h1 = A,

h2  = -A
	τ1 = 0

τ2  = τ 

	Triangular 
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	Trapezoidal
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Summarizing the previous results, we can see that the polygonal function and its derivative in the form of a step function allow us to interpret them as a superposition of elementary rectangular "bricks" that form the original function. By moving the elementary rectangles along the x-axis, and using theorem of the origin lag 2.2.9, one can calculate the spectrum of an arbitrary waveform.  Note also that the discontinuity points, which determine the width of the spectrum, act as bright points in the same way that bright points determine the reflective properties of a target in radar [11].

Consider the function 
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 shown on Fig. 2. It also shows the elementary rectangular components that make up 
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Here it is taken into account that the rectangles 
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 are obtained as a result of differentiation of the corresponding component of the function 
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The δ-functions in fig. 2 are due to the jumps of linear segments in the break points for the component 
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Fig. 2. Formation of the polygonal function 
Substituting the result obtained into (9) and taking into account (2), (3) and (13), we obtain
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Note that the spectral density of the function under consideration decreases in proportion to 
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  which is due to discontinuities of the function at the points 
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6. Analysis of frequency distortion of pulsed signals in narrowband devices

The passage of pulse signals through selective inertial circuits is accompanied by frequency distortions, which come out primarily in a change in the shape of the pulse. The nature and degree of distortion is determined by the relationship between the frequency response of the circuit and the spectrum of the signal. In particular, in radar, it is especially important to transmit the leading or back edges of the pulse, in the time position of which information about the characteristics of the object is contained. 
In digital and telecommunication systems, the distortion of the pulse shape leads to errors in the transmitted information. The spectral analysis of the signals at the output of the inertial device will be carried out on the model of a rectangular pulse, due to its wide use in digital systems, and also due to the ease of formation. As is known, distortions are manifested, first of all, in the prolongation of the pulse fronts and the appearance of spikes on the leading and back fronts [1,2,9]. Fig. 3a illustrates the typical shape of a distorted rectangular pulse of height A and duration 
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 as a polygonal function at the output of an aperiodic bandlimited amplifier. 
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b)

Fig. 3. Distortion of videopulse (a), derivative of the pulse (b)

Let’s write the expression for the function in the form of linear functions in accordance with (1);
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Calculating derivative of 
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 we obtain the composition of the rectangular pulses (Fig. 3b). Using (1), (2), and (12) write down the expression of 
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Opening the brackets and collecting the coefficients at unit functions of the same argument, we obtain
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To obtain the spectral density use from the beginning the image of the unit function and theorem of the origin lag 2.2.9. Then substitute 
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 in the expression for image and obtain
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As you can see, the spectral density of the distorted pulse decreases according to the 
[image: image275.wmf]2
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, i.e. linear distortions are accompanied by a narrowing of the signal spectrum.

Module of the spectral density frequency dependences for two pulses shown on fig. 3a are plotted on fig, 4. Parameters of pulses are in Tab. 2. As it can see the spectral function has pedalled character inherent to the finite videopulses.
Table 2. Parameters of distorted pulse

	Voltage, mV
	A1
	A2
	A3
	A4

	
	11
	10
	8
	1

	Time,

µs
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	2.2
	2.4
	10
	12
	16


Quantative comparison of the spectrum constriction can be aassumed by calculate ratio of the effective spectral bands of distorted and rectangular pulse. This value equals 0.85.
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Fig. 4. Constriction of the spectral density of the rectangular pulse due to frequency distortion in the inertial circuit

Conclusions 


The results of calculating the spectral density of signals described by polygonal functions are presented. It is shown that modulating and digital signals of radioengineering and telecommunication systems can be represented in terms of polygonal functions. A spectral analysis model based on the Laplace transform of polygonal functions has been developed.
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