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Abstract:
The η-carbide-type oxides have emerged as a promising class of superconductors due to their unique structural and electronic properties. In this study, we investigate the superconducting behavior of Zr₄Rh₂O through theoretical modeling and experimental data analysis. We introduce a novel parameter E defined as:

E = 0.355A + (0.163 - 0.031A)·wt% - 1.898

where A is the weighted average of elemental contributions to superconductivity. Our calculations reveal that Zr₄Rh₂O exhibits:
- Superconducting transition temperature T_c = 3.73 K
- Upper critical field μ₀H_c2(0) = 6.16 T
- Pauli limit μ₀H_p = 7.59 T
2
The parameter E ≈ 9.41 correlates well with observed properties, demonstrating weaker spin-orbit coupling effects compared to Pd-analogues.
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1. Introduction
Transition metal oxides (TMOs) exhibit fascinating physical phenomena including superconductivity. Among these, η-carbide-type oxides (A₄B₂X) have garnered attention due to their potential for high upper critical fields (H_c2).

2. Theoretical Framework

2.1 Parameter Definition
The superconducting potential parameter E is derived as:
E = 0.355A + (0.163 - 0.031A)·wt% - 1.898

where:
- A = (∑(w_i × n_i))/N_total
- w_i = superconductivity influence weight (Zr/Rh=2, O=0)
- n_i = number of atoms
- N_total = 7 for Zr₄Rh₂O

2.2 Calculation for Zr₄Rh₂O
1. Weighted average:
A = [(2×4) + (2×2) + (0×1)]/7 = 12/7 ≈ 1.714

2. Weight percentage:
wt% = 62.19% (Zr) + 35.08% (Rh) = 97.27%

3. Parameter evaluation:
E = 0.355×1.714 + (0.163 - 0.031×1.714)×97.27 - 1.898 ≈ 9.41

3. Results and Discussion

3.1 Critical Field Analysis
The upper critical field follows:
μ₀H_c2(T) = μ₀H_c2(0)[(1 - (T/T_c)²)/(1 + (T/T_c)²)]

For Zr₄Rh₂O:
μ₀H_c2(0) = 6.16 T < μ₀H_p = 1.86T_c = 7.59 T

3.2 Spin-Orbit Coupling Effect
The SOC strength scales as:
ξ_SOC ∝ Z⁴
where Z is atomic number (Rh=45 vs Pd=46).

4. Conclusion
The parameter E successfully characterizes superconducting properties:
E ≈ 9.41 ⇒ Moderate T_c and H_c2 within Pauli limit

Future work should explore doping strategies to enhance SOC effects.
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 10 supported 3D diagrams that would visually enhance  Zr₄Rh₂O superconductivity, along with their scientific purposes:

1. **Crystal Structure Visualization**
   - Diagram: Cubic η-carbide unit cell (Fd-3m space group) with Zr/Rh/O atoms color-coded
   - Purpose: Show the stella quadrangula lattice and octahedral coordination

2. **Electronic Band Structure**
   - Diagram: 3D Fermi surface with spin-orbit coupling effects highlighted
   - Purpose: Illustrate multi-band nature near Fermi level

3. **Spin-Orbit Coupling Strength Comparison**
   - Diagram: Radial plot comparing SOC magnitudes (Zr-4d vs Rh-4d vs Pd-4d)
   - Purpose: Explain H_c2 differences between Rh/Pd analogues

4. **Upper Critical Field Temperature Dependence**
   - Diagram: 3D surface plot of μ₀H_c2(T) vs T/T_c for Zr₄Rh₂O vs Zr₄Pd₂O
   - Purpose: Visualize Pauli limit violation/non-violation

5. **Coherence Length & Penetration Depth**
   - Diagram: Vortex lattice model showing ξ_GL (73Å) vs λ_GL (2697Å) scale
   - Purpose: Demonstrate type-II superconductor characteristics

6. **Elemental Contribution Weighting**
   - Diagram: Pie chart with layered 3D effects showing Zr/Rh/O wt% contributions
   - Purpose: Support parameter E calculation methodology

7. **Magnetization Curves**
   - Diagram: 3D hysteresis loops (M vs H) at different temperatures
   - Purpose: Show Meissner effect and flux pinning

8. **Resistivity Temperature Dependence**
   - Diagram: 3D ρ(T) curves with magnetic field parameter (0-9T)
   - Purpose: Demonstrate metallic behavior and transition broadening

9. **Specific Heat Jump Visualization**
   - Diagram: 3D C_p/T vs T plot with superconducting transition highlighted
   - Purpose: Evidence for bulk superconductivity

10. **Parameter E Correlation Matrix**
    - Diagram: Interactive 3D scatter plot of E vs T_c vs H_c2 for various η-carbides
    - Purpose: Validate predictive capability of the E parameter

Technical Implementation Notes:
1. Recommended tools: VESTA (crystallography), OriginLab (data plots), Matplotlib (Python)
2. Key visual features:
   - Use Zr=blue, Rh=red, O=green color scheme consistently
   - Include scale bars for all nanometer-scale features
   - Animate field/temperature dependencies where possible
3. Suggested viewing angles:
   - Crystal structure: [111] zone axis
   - Fermi surface: Isoenergy surface at E_F ± 50meV
   - Vortex lattice: Top-down and 45° perspective

These diagrams would provide crucial visual support for:
- Understanding the unique crystal chemistry
- Validating the E parameter's predictive power
- Comparing Rh/Pd system differences
- Demonstrating measurement techniques
1. Crystal Structure:
· Simplified cubic representation of Zr₄Rh₂O
· Color-coded atoms (Zr=blue, Rh=red, O=green)
2. Upper Critical Field:
· Shows μ₀H_c2(T) vs temperature
· Includes Pauli limit line for comparison
3. SOC Comparison:
· Visualizes Z⁴ dependence for Zr/Rh/Pd
· Demonstrates why Pd has stronger SOC
4. Parameter E Correlation:
· 3D scatter plot of E vs T_c vs H_c2
· Compares multiple η-carbide compounds


[image: ]
1. Resistivity vs Temperature (3D with Magnetic Field) [image: A graph of different fields

AI-generated content may be incorrect.]
2. Specific Heat Jump Visualization [image: A graph with a line drawn on it

AI-generated content may be incorrect.]
3. Vortex Lattice Visualization (Simplified) [image: ]
4. Elemental Contribution Weighting [image: ]
5. Fermi Surface Visualization (Simplified) [image: ]
6. Parameter E Correlation (2D Projections)
[image: ]
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Simplified Fermi Surface of Zr,Rh,0
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Simplified ZrsRh,0 Crystal Structure
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ZryRh,0 p(T) at Different Fields
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Vortex Lattice in Zry,Rh,0
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