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Abstract
The general behaviour of electric motors is highly dependent on mechanical load, developed torque, and angular acceleration. This paper presents a calculus-based analysis of motor dynamics using differential equations as the main mathematical modelling framework. Starting from Newton's second law for rotational motion, a first-order differential equation is derived to describe angular velocity as a function of time. The effects of load torque, viscous friction, and rotor inertia are included to produce a practical motor model. The solution of the differential equation gives insight into both transient and steady-state motor behaviour, forming a foundation for modern electric-drive analysis, mechatronic system design, and motor control.
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I. Introduction
Electric motors are crucial components in mechatronic systems because they convert electrical energy into rotational mechanical motion. Understanding how motors accelerate, respond to loads, and reach steady-state speed is critical for effective system design and control. Motor dynamics are fundamentally time-dependent; therefore, calculus, particularly differential equations, is required to describe their behaviour accurately.
In a motor, the developed electromagnetic torque must overcome the opposing load torque, friction torque, and the effect of rotor inertia. These interactions determine the acceleration, speed response, and stability of the machine. Standard electric-drive models therefore begin with Newton's law for rotational motion and then add electrical and mechanical effects such as torque production, back electromotive force, inertia, and damping [1]–[3].
This paper develops a mathematical model of motor dynamics using differential equations and shows how torque directly determines angular acceleration. The focus is on a simple but useful first-order mechanical model that is widely used in motor-control analysis.






II. Fundamental Theory of Rotational Motion
According to Newton's second law for rotation, the sum of torques acting on a rotating body is equal to the product of its moment of inertia and angular acceleration:

where is torque in newton-metres , is the moment of inertia in , is angular velocity in , and is angular acceleration in . This equation is the rotational equivalent of

and it forms the mechanical foundation of motor dynamic models [1], [2].
For a motor shaft, the main torques are the electromagnetic torque produced by the motor, , the load torque opposing motion, , and the friction torque, . The net torque is therefore

Substituting (2) into (1) gives

Equation (3) shows that, for a given net torque, a larger inertia produces a smaller angular acceleration. Similarly, a smaller inertia allows the same torque to accelerate the rotor more quickly.
III. Differential-Equation Model of the Motor
In many practical motor models, friction torque is approximated as viscous friction, meaning that it is proportional to angular velocity:

where is the viscous damping coefficient. This approximation is common in control-oriented models because it captures the dominant speed-dependent mechanical loss while keeping the mathematics tractable [1], [4], [5].
Substituting (4) into (3) gives the standard first-order motor dynamic equation:

This equation directly links motor speed to applied torque. In a simple DC motor model, the electromagnetic torque is often written as

where is the torque constant and is armature current. MathWorks gives the corresponding mechanical relation as a Newton-law-based differential equation with inertia and viscous friction terms [5], [6]. A BLDC motor model can also be written in the equivalent form

where is electromagnetic torque, is load torque, is viscous friction, and is angular velocity [7]. In the notation of this paper,

and






IV. Friction Modelling
The linear viscous-friction model in (4) is not a complete description of real friction. Actual motor friction can include Coulomb friction, static friction, Stribeck effects, bearing losses, windage, and other nonlinear effects. However, the first-order viscous model is useful because it produces a simple differential equation and gives clear physical insight.
Precision Microdrives explains the same idea using a mechanical equivalent circuit: the loss element behaves like a velocity-dependent resistance, so increasing angular velocity increases the torque loss [8]. This means friction acts as an energy sink in the mechanical system. As increases, more torque is required to maintain a given speed, and the steady-state speed is reduced.








V. Solution of Differential Equations and Time Response
Assume that the motor torque and the load torque are constant. Equation (5) becomes

Dividing by ,

For a motor starting from rest,

the solution is

where the steady-state angular velocity is

This result shows that the motor speed increases exponentially from rest and approaches a final steady-state value. A larger motor torque increases both the initial acceleration and the final speed. A larger load torque reduces the available net torque. A larger inertia slows the transient response, while a larger damping coefficient lowers the final speed.
The mechanical time constant is

This is the time required for the first-order speed response to reach approximately 63% of its final value after a step torque input. Thus, motors with high inertia require more time to accelerate, while motors with lower inertia respond faster under the same torque.





VI. Time-Varying Torque and Numerical Simulation
In real applications, the motor torque may vary with time because of control signals, pulse-width modulation, or changing electrical conditions. The load torque may also vary due to disturbances, gear motion, terrain, or mechanical contact. The governing equation then becomes

When or is arbitrary, closed-form analytical solutions may be difficult or impossible to obtain. Engineers therefore solve the equation numerically using time-stepping methods such as Euler's method, Runge-Kutta methods, or built-in solvers in MATLAB and Simulink. MathWorks documentation shows DC motor models being developed from ordinary differential equations and then simulated numerically using tools such as ode45 and Simscape [6].
This numerical approach is important because real motor-drive systems are rarely constant-torque systems. Controllers change voltage and current continuously, load torque changes during motion, and the motor may experience transient disturbances. Simulation allows engineers to predict speed, torque, and acceleration before building the physical system.



VII. Importance in Mechatronic Systems
The differential-equation model in (5) is the foundation behind the motion of many modern machines. It is essential in the following areas.
A. Smooth Control and PID Tuning
Motor controllers use the relationship between torque and angular acceleration to tune proportional-integral-derivative or proportional-integral speed loops. Knowing the time constant

helps engineers design controllers that reach the desired speed quickly without excessive overshoot or oscillation [3], [7].
B. Robotics and Automation
Robots and automated machines rely on motors to move arms, wheels, joints, and end effectors. A robot actuator must overcome both inertia and friction while maintaining accurate motion. Motors with favourable torque-to-inertia ratios are often preferred for fast dynamic response.
C. Precision Motion
Systems such as 3D printers, CNC machines, camera gimbals, and electric steering mechanisms require accurate positioning and repeatable speed control. The motor model predicts how the actuator accelerates, settles, and responds to load changes.
D. Virtual Prototyping
Before building hardware, engineers can simulate the motor and load in software. Equivalent-circuit and differential-equation models reduce prototyping time because designers can test the effects of inertia, friction, load torque, and drive voltage before constructing the physical machine [6], [8].
VIII. Conclusion
This paper presented a calculus-based derivation of motor dynamics. Starting from Newton's second law for rotational motion, the motor torque balance was formulated by including electromagnetic torque, load torque, and viscous friction torque. This produced a first-order differential equation whose solution is an exponential speed response approaching the steady-state value

The model shows clearly how torque, inertia, and friction interact. Greater motor torque increases acceleration and steady-state speed. Greater inertia slows acceleration. Greater viscous friction reduces steady-state speed and changes the settling behaviour. The model can also be extended to time-varying torque inputs and solved numerically using simulation tools.
Such differential-equation models form the theoretical core of motor-drive design, mechatronics, robotics, and precision motion control.
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