Nonlinear dynamics of an axially moving beam with fractional viscoelastic damping
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Abstract: Nonlinear dynamics of an axially moving viscoelastic beam subjected to transverse harmonic excitation is studied. The governing equation of motion of this system is discretized by employing Galerkin’s technique which yields a single-degree-of-freedom Duffing system having nonlinear fractional derivative. The viscoelastic properties of the material are described by the fractional Kelvin–Voigt model based on the Caputo definition. The primary resonance is analytically investigated by the averaging method. With the aid of response curves, a parametric study is conducted to display the influences of the fractional order and the viscosity coefficient on steady-state responses. The validations of this study are given through comparisons between the analytical solutions and numerical ones, where the stability of the solutions is determined by the Routh-Hurwitz criterion. It is found that suppression of undesirable responses can be achieved via changing the viscosity of the system.
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1. Introduction
[bookmark: OLE_LINK17][bookmark: OLE_LINK26][bookmark: OLE_LINK29][bookmark: OLE_LINK30][bookmark: OLE_LINK31][bookmark: OLE_LINK32]The model of axially moving systems is always observed in a wide range of engineering devices, such as paper sheets, magnetic tapes, power transmission belts, chains, fiber textiles, aerial tramways, pipes conveying fluids, and so on. Therefore, research on dynamic behaviors of such systems has been concerned by numerous scholars in the past decades and is still of interest today [1–3]. Especially, the problem of axially moving beams has widely been tackled in the analysis of some aspects, such as stability analysis [4], discretization approaches [5], modeling techniques [6], different solution methods [7, 8], nonlinear dynamics [4-18], etc. Recently, in architectural design and construction industry, materials that possess excellent damping characteristics are widely utilized to fabricate the structures to enhance their performance from the viewpoint of control. A growing body of research activities has therefore been appearing to explore the nonlinear vibrations of axially moving viscoelastic beams [4-18]. To better understand the damping mechanism, some classical constitutive models like the Kelvin-Voigt [4-17], three-parameter Zener model [18], etc., are adopted to effectively describe the dynamical behavior of the viscoelastic materials. Although the classical models contain combinations of elastic and viscous elements, they do not have sufficient parameters to handle the different shapes of the hysteresis loops reflecting the nature of viscoelastic material and structures. Consequently, the fractional calculus [19] is introduced in constitutive relations to obtain a satisfactory solution for the real viscoelastic behavior of materials over a large range of frequencies [20, 21]. Although some of the mathematical issues remain unsolved, fractional calculus-based modern viscoelasticity problems are becoming a recent focus of interest [22-29].
This research is devoted to investigating the dynamic behavior of an axially moving viscoelastic beam subjected to harmonic excitation. It is assumed that the material of the beam obeys the Kelvin–Voigt model based on the fractional Caputo definition. Remarkably speaking, by one-term Garlerkin’s technique, the governing equation of the beam is discretized into a nonlinear Duffing type equation that has nonlinear fractional operator [24-26]. The first order averaging method is utilized to derive the modulation equations governing the steady state amplitudes and phase of the system. Then, the stability of the solution is studied by the Routh-Hurwitz criterion [30]. Finally, the results of representative calculations are described and briefly discussed from the vibration control point of view.

2. Equation of motion
The present study considers a uniform axially moving viscoelastic beam, shown in Fig. 1, with density , cross-sectional area , and moment of inertial . The initial tension is represented by . The beam travels at a constant axial speed  between two motionless ends separated by distance  and is subjected to an external transverse force . Here, it is assumed that the excitation is spatially uniform and temporally harmonic: , where  and  represent the time and the axial coordinate, respectively. Only the bending vibration described by the transverse displacement  is considered here, and Newton’s second law of motion yields
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where  and  are, respectively, the axial disturbed stress and bending moment.
[image: ]
Fig. 1. Schematic diagram of an axially moving beam.
The viscoelastic material of the beam obeys the fractional Kelvin-Voigt model [25-27] with the constitution relation as follows:
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where  represents the Young’s modulus and  denotes the viscoelasticity coefficient. To account for the geometric nonlinearity due to small but finite stretching of the beam, the Lagrangian strain  is adopted, which is defined by
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In Eq. (2),  denotes -order fractional differentiation operator with respect to time  in the Caputo sense given by [19]
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where  is the well-known gamma function. Moreover, for a slender beam, the linear moment-curvature relation is adopted:
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Substitution of Eqs. (2), (3) and (5) into Eq. (1), yields the governing equation of transverse motion of the axially viscoelastic beam
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In the present study, the boundary conditions are taken to be simply supported, i.e.,
	
	
	(7)


Using the following dimensionless scheme,
	
	
	(8)


Eq. (6) becomes
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with boundary conditions
	
	
	(10)



3. Steady state responses and stability analysis
In this study, one term Galerkin’s method is applied to discretize Eq. (9), and its solution is assumed to be
	
	
	(11)


where  is the modal coordinate of the beam. Then, a nonlinear fractional ordinary differential equation is derived
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For simplicity in the following analysis, Eq. (12) is rewritten as
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with

It is remarkable that Eq. (12) or (13) is a nonlinear Duffing type equation having a nonlinear fractional operator  [24-26].
In what follows, the primary resonance of the fractional system described by Eq. (13) will be investigated by the linear averaging method. We mainly focus on examining the effects of the damping parameters and the fractional order on the steady state response of the beam. The stability of the stationary solutions is examined by the Routh-Hurwitz criterion [30].
In order to obtain the primary resonance of the fractional oscillator (Eq. (13)), we introduce a small parameter . We detune the primary resonance by setting . Then, Eq. (13) is rewritten as
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where the parameter  merely serves to indicate the assumed smallness of the terms without any physical meaning. The solution at  can be written in the form as,
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where  and  are integration constants determined by the initial conditions. When  the approximate solution near the primary resonant frequency region can be viewed as a perturbation of the solution given by Eq. (15). In this case,  and  are slowly varying functions of time  such that their derivatives are of . According to the averaging method, we assume that the solution of the system takes the following form
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which implies
	
	
	(17)


Differentiating the second equation in Eq. (16) with respect to  gives
	
	
	[bookmark: _Ref16974373](18)


Substituting Eqs. (16) and (18) into Eq. (14) leads to
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where .
Based on the averaging method, the right-hand side of Eq. (19) can be replaced by its averages over one period when  is a periodic function with respect to . However, owing to the presence of the fractional derivative in Eq. (19), an infinite interval should be considered, and we have
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Since we consider the steady state only, the fractional order derivative of  can be easily derived approximately based on the fractional definition given in Eq. (4) [19, 25, 29], as follows
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Subsequently, the average in Eq. (20) can also be integrated over one period, when the fractional derivative of  is replaced by the respective approximation in Eq.(21). Then, we have the averaged equation of (19) as follows
	
	
	(22)


where
	
	
	(23)


A direct calculation yields
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where
	
	

	(25)


The small parameter  is reduced in Eq. (24) by introducing a slow time scale , and we have
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where . The steady state conditions  give
	
	
	(27)


Then, the variation of the amplitude  and phase  of the steady state primary response as a function of the fractional order, external excitation as well as other control parameters can be determined by these two equations.
In what follows, the stabilities of the solutions of the system in the neighborhood of the equilibrium state are approximately analyzed by exploring the eigenvalues of the Jacobian matrix of Eq. (26) evaluated at the fixed points of interest. In order to do that, the small disturbances of the response amplitude and phase , and , are introduced and substituted into Eq. (26). Then, the linearized equation is obtained as,
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where

with
	
	

	(29)


The eigenfunction of the linearized equation (Eq. (28)) is
	
	
	(30)


with
	
	
	(31)


From the Routh-Hurwitz criterion [30], the steady-state response is asymptotically stable if and only if the real parts of the eigenvalues are negative. It can be obtained by
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4. Verifications and Numerical simulations
[bookmark: OLE_LINK1]In this section, a parametric study in primary resonance conditions is performed to examine the influences of control parameters on the steady state responses of the beam from the vibration control point of view. Approximate solutions are obtained and graphically presented by frequency- and forcing amplitude- response curves, in which the solid lines correspond to the stable solutions, and the dotted lines stand for the unstable solutions. The stability of the solutions is determined by inequalities (Eq. (32)) using the Routh-Hurwitz criterion [30]. In calculations, the system parameters in Eq. (12) have been taken as follows [12]: , ,  and .

4.1 Effects of fractional order on system response
In Figs. 2 and 4, the forcing frequency  near the natural frequency () has been chosen as a bifurcation parameter. In Fig. 3, the forcing amplitude-response curves are depicted.
[image: ]
Fig.2. Forcing frequency-response curves for  and . 
The effect of the fractional order on the dynamic behavior of the beam is firstly investigated. In Fig. 2, the response curves for several cases:  are plotted by spanning a frequency range around the fundamental resonance. It is clearly seen that when , the response curve has vertical tangents at  and , by which a bi-stable interval or the hysteresis area is determined. In the bi-stable interval, there are two stable attractors and one unstable attractor in between. This is a typical characteristic of Duffing oscillator due to its cubic nonlinearity in primary resonance [30]. As the forcing frequency increases gradually from point P, the response jumps down from the resonance branch to the non-resonance branch and the system experiences a saddle node bifurcation at point P. Correspondingly, starting at a high forcing frequency on the non-resonance branch, the response undergoes a conversion to the resonance branch again through a jump up at another saddle node bifurcation point Q. In the response curve for , although the jump phenomena exist, the positions of the jumps:  and  are shifted to left, and the width of the jump region (i.e., the hysteresis area) is obviously shrunk. Additionally, the response amplitudes of the system are attenuated at the same time. With the further increase of the fractional order, the hysteresis domain decreases. Eventually, as  increases beyond some critical value, the jumps can be eliminated, which is manifested in Fig. 2 when . It means that the fractional order can stabilize the system.
In addition, the amplitude-response curves are also depicted in Fig. 3 to verify the above conclusions, where the response amplitudes are plotted as the function of forcing amplitude. Similar conclusions can easily be drawn.
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Fig.3. Forcing amplitude-response curves for , and .

4.2 Effects of viscoelasticity coefficient on system response
The effect of viscoelasticity coefficient  on the dynamic behavior of the beam is then examined and graphically presented by the frequency-response curves in Fig. 4 for several cases: . It is observed that the effects of   are very similar to those of the fractional order . When  for example, as the excitation frequency grows gradually, the amplitude of the stable response increases until the first limit point , where the response ultimately becomes unstable through a saddle node bifurcation. Contrarily, with the decrease of excitation frequency, the response undergoes a saddle node bifurcation at the jump-up point . Moreover, the hysteresis area is shrunk and eventually eliminated as the viscoelasticity coefficient  increases. At the same time, the response amplitudes are attenuated for the cases having a relatively large viscoelasticity coefficient .
[image: ]
Fig. 4. Frequency-response curves for  and .

4.3 Verifications
To validate the discussions above, the solutions are compared with the results through direct numerical integration. The primary resonance of the system is plotted in Fig. 5, where the control parameters are chosen as , , , , , , and . The stability of the response is obtained by the conditions in Eq. (32) and is depicted in Fig. 5 as the “stability limit”. We can find that the analytical solutions agree well with those by the numerical method.
[image: ]
Fig.5 Comparisons between the analytical solutions and numerical ones for : solid line stands for the stable analytical solution, dotted line unstable analytical solution, and asterisk marks numerical result.

5. Conclusions
In the present study, by the averaging method, the primary resonant response of the axially moving beam system is analytically investigated from the viewpoint of control. The effects of different system parameters on the amplitude frequency responses are graphically presented. 
It has shown that possible multiple solutions on the response curves give rise to the jump phenomenon or hysteresis, while the hysteresis area contracts with increase of the fractional order or viscoelastic coefficient. A critical value of these two parameters exists, beyond which the hysteresis region can be eliminated. The increase in them reduces the vibration amplitudes. Obviously, both the fractional order and viscoelastic coefficient are powerful factors in stabilizing the system.
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