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Abstract
Liquid centered coaxial swirl injectors are a viable replacement to shear coaxial elements in LOX/methane rocket engines, but design data is limited. This study derives the classical inviscid design theory for a liquid centered coaxial swirl element using Reynolds Transport Theorem, implements it as a Matlab design tool, and evaluates the element studied in Bee et al. [2]. 
	The model made is an inverse design tool. Rather than giving the geometry as an input and predicting upstream spray cone, it takes a measured spray cone and solves for the passage fullness, discharge coefficient, nozzle radius, tangential port geometry. This was chosen since the reference element in Bee et al. was not published. At a 62° spray cone angle and 22 bar pressure drop, the model returned a nozzle radius of 1.6876e-3 m, passage fullness of 0.8471, and exit velocity of 62m/s. 
	The model reproduces a published swirl number and velocity ratio within 4% but are not independent verifications of the model’s validity. The Abramovich geometric constant produces the greatest difference, as the model predicts 0.2774 against the published 2.02. The reason for this is attributed to the failure of the inviscid assumption, which over a L/D = 20 post wall shear diminishes angular momentum that the free vortex relation assumes is conserved. A wall shear estimate was then applied to the reference geometry and an angular momentum loss of 33.4% is uncovered, which is of the correct order of magnitude but falls short of the full discrepancy. The remainder of the error can be attributed to vortex chamber inlet losses outside of the scope of the pipe friction model. 
	Applying a single pressure drop over and the identical swirl closure of both the LOX and fuel sides pins the momentum flux ratio at 1, so the reference value of 1.38 cannot be recovered. Concludingly, the model is only reliable in the reverse direction: predicting spray cone angle from geometry would require an empirical swirl decay correlation scaling with post length. 

Nomenclature
An	= nozzle discharge area
Cd	= discharge coefficient
J	= momentum flux ratio, ρfVz,f²/ρoVz,o²
K	= Abramovich geometric constant, Rn Rv/(n rt²)
L	= injector post length
n	= number of tangential inlet ports
Oh	= Ohnesorge number
P	= pressure
ΔP	= injector pressure drop
Re	= Reynolds number
Rg	= gas-core radius
Rn	= discharge nozzle radius
Rv	= vortex chamber radius
rt	= tangential port radius
SMD	= Sauter mean diameter
SN	= swirl number
V	= resultant exit velocity
Vz	= axial velocity component
Vθ	= tangential velocity component
We	= Weber number
α	= full spray cone angle
δ	= liquid sheet thickness
μ	= dynamic viscosity
ρ	= density
σ	= surface tension
φ	= coefficient of passage fullness
Subscripts
o	= oxidizer
f	= fuel
crit	= critical value


I. Introduction & Motivation
Liquid oxygen and methane have become a popular propellant of choice in modern liquid rocket engines, appearing in the SpaceX Raptor and Blue Origin BE-4 engines. For any of these engines, the combustion chamber injector is a critical component, as it affects combustion efficiency, instability, and wall heating loads depending on how well it mixes the propellants. The liquid centered coaxial swirl injector element imparts tangential momentum to the oxidizer through tangential ports. The rotating liquid then forms an annular sheet around the walls, which forms a gas core in the center, and on the exit, post forms a spray cone from the centrifugal force. The atomization relies on the centrifugal thinning and impingement along with shear. 
The classical design theory for these elements is influenced by the course material covered in AE3030. Discharge velocity follows Bernoulli’s equation along a streamline from the propellant dome to the exit. The internal flow field follows the conservation of angular momentum, which without an external torque produces a free vortex. These solutions are entirely inviscid, which means that the angular momentum generated at the ports does not diminish. This paper derives that theory through Reynolds Transport Theorem, implements it in a Matlab design script that solves for geometry consistent with a specified spray cone angle, and tests it with a baseline element studied in Bee et al. [2]. The model reproduces the reference swirl number, but predicts a geometry constant below the published value, with that disagreement being the main result.
II. Design Methodology and Goals
The goals of this study are to: (1) derive the governing equations of a liquid-centered swirl coaxial injector from Reynolds Transport Theorem and the conservation of mass, linear momentum, angular momentum, and energy; (2) combine these with the Abramovich swirl-injector closure to obtain a solvable inviscid analytical model relating injector geometry to discharge velocity, spray cone angle, and atomization performance; (3) implement the model as a Matlab tool that solves for a consistent geometry/flow-field given a target spray angle; and (4) validate the tool against the published LOX/GCH4 swirl coaxial injector of Bee et al. (2023) and use it to explore design sensitivity and a simple optimization over injector pressure drop. 
Ideal Velocity and Mass Flow Using Bernoulli’s	Comment by Minhas, Bashir A: keep
Following a streamline from the LOX dome (stagnant, ) to the nozzle exit (V, ) gives:


(1)
Then solving equation 1 for the ideal velocity:

(2)
For LOX at roughly 95-100 K, incompressibility is a valid assumption. Taking the control volume as the injector element, with a LOX dome inlet, tangential ports, and discharge nozzle exit. Steady incompressible continuity gives the following, where n is the number of tangential ports and  is the nozzle area occupied by liquid, and  is the coefficient of passage fullness from swirl theory. Combined with equation 2, this gives:

(3)
With  being determined by the injector geometry and passage fullness. Some important things to note about the steady state assumption is that it ignores the startup/shutdown transient phase and combustion instability oscillations. Furthermore, uniform velocity profiles at ports ignore boundary layers ( accounts for this). 
Conservation of Angular Momentum
Unlike conventional orifice injectors where the flow is primarily axial, liquid-centered swirl coaxial injectors impart a large tangential velocity to the oxidizer prior to discharge. Consequently, conservation of linear momentum alone cannot describe the flow field, as the rotating liquid carries angular momentum that ultimately determines the spray cone angle and atomization characteristics. Starting from Reynolds Transport Theorem for an arbitrary extensive property, B = ∫_CM b dm where b is the corresponding intensive property. Let the extensive property be the angular momentum about the injector centerline, B = r × V. Applying Reynolds Transport Theorem gives:
ΣM = ∂/∂t ∫_CV ρ(r×V) dV + ∫_CS ρ(r×V)(V·n) dA
(4)	Comment by Minhas, Bashir A: check equation numbering	Comment by Minhas, Bashir A: lets just do this last
where M is the external moment on the control volume, r is the position vector from the injector centerline, and V is the velocity vector. Equation 4 states that the applied torque equals the accumulation of angular momentum in the control volume plus the net angular momentum flux across the control surface. Once the injector reaches steady operation, the flow variables no longer vary with time, so ∂/∂t ∫_CV ρ(r×V) dV = 0. Equation 4 reduces to
ΣM = ∫_CS ρ(r×V)(V·n) dA
(5)
Inviscid Core Assumption
As shown previously, the injector Reynolds number is typically Re > 10^5, meaning viscous stresses are confined primarily to thin wall boundary layers. Away from these layers the liquid behaves approximately inviscid. Since viscous shear is responsible for producing external torque, ΣM ≈ 0, which simplifies equation 5 to:
∫_CS ρ(r×V)(V·n) dA = 0
(6)
Equation 6 states that the angular momentum entering the vortex chamber equals the angular momentum leaving it.
Axisymmetric Swirling Flow
The oxidizer enters through tangential ports and rotates about the injector axis before exiting through the discharge orifice. For an axisymmetric flow,
V = Vr er + Vθ eθ + Vz ez
(7)
where Vr, Vθ, and Vz are the radial, tangential, and axial velocity components. Because the liquid primarily rotates while moving axially, Vr ≪ Vθ, allowing the radial component to be neglected. The angular momentum per unit mass therefore becomes
L = r Vθ
(8)
Applying equation 6, with mass flow rate constant from continuity, ṁL1 = ṁL2, so
r1 Vθ1 = r2 Vθ2
(9)
Equation 9 is the conservation of angular momentum for the injector.
Free Vortex Relation
Equation 9 may be rearranged as
r Vθ = C
(10)
where C = r1Vθ1 = r2Vθ2 is constant throughout the vortex chamber. Therefore,
Vθ = C / r
(11)
Equation 11 is known as the free-vortex law. Unlike a forced vortex, where the liquid rotates as a solid body and Vθ ∝ r, the free vortex exhibits increasing tangential velocity as the liquid approaches the injector centerline. This behavior is characteristic of pressure-swirl injectors because the liquid experiences negligible external torque after leaving the tangential inlet ports.
Centrifugal Pressure Distribution
A fluid particle traveling along a curved path experiences a centrifugal acceleration ac = Vθ²/r. Applying Newton's Second Law in the radial direction, ΣFr = mar, gives
dP/dr = ρ Vθ² / r
(12)
Substituting the free-vortex relation Vθ = C/r yields dP/dr = ρC²/r³. Integrating from the injector centerline to an arbitrary radius,
P(r) = P0 − ρC² / (2r²)
(13)
where P0 is an integration constant. Equation 13 demonstrates that pressure decreases rapidly toward the injector axis as the tangential velocity increases.
Formation of the Gas Core
As the pressure near the centerline decreases, the liquid can no longer occupy the entire nozzle cross-section. The surrounding gas expands into the low-pressure region, producing the hollow gas core characteristic of pressure-swirl injectors, so only an annular liquid film exits the injector. Using the coefficient of passage fullness introduced by Abramovich, the effective liquid flow area is
A_liq = φ An
(14)
where An is the total nozzle area, A_liq is the liquid flow area, and φ is the coefficient of passage fullness, with 0 < φ < 1. For typical liquid-centered swirl injectors, 0.65 < φ < 0.85, depending on injector geometry and operating conditions.	Comment by Minhas, Bashir A: fact check this since the reference element is lower
Abramovich Swirl Injector Theory
While conservation of angular momentum establishes that tangential velocity increases as the liquid approaches the injector axis, it does not determine the internal geometry required to produce a desired spray cone angle. Abramovich developed a theoretical framework for pressure-swirl atomizers that relates vortex chamber dimensions to discharge conditions through a geometric parameter describing swirl strength. Defining the nozzle radius as Rn, the total discharge area is An = πRn². Since only a fraction of this area contains liquid, A_liq = φ An, where φ is the coefficient of passage fullness.
Tangential Port Geometry
Consider a swirl injector with n tangential inlet ports of radius rt, vortex chamber radius Rv, and discharge nozzle radius Rn. Each tangential port has area At = πrt², giving total inlet flow area Atot = nAt. From continuity, ṁ = ρ Atot Vt, where Vt is the tangential inlet velocity. Substituting,
Vt = ṁ / (ρ n π rt²)
(15)
which represents the velocity responsible for generating the swirl.
Definition of the Geometric Constant
Rather than working directly with individual geometric dimensions, Abramovich combined them into a single nondimensional geometric constant,
K = Rn Rv / (n rt²)
(16)
which depends solely on injector geometry. Increasing the vortex chamber radius increases angular momentum; increasing the nozzle radius reduces swirl intensity; increasing the tangential port area decreases inlet velocity. Consequently, larger values of K correspond to stronger swirl and larger spray cone angles.
Relationship Between K and Passage Fullness
K describes injector geometry while φ describes the resulting liquid flow area, and Abramovich showed these quantities are not independent. Applying continuity, ṁ = ρ A_liq Vz = ρ φ An Vz. Substituting An = πRn²,
ṁ = ρ φ π Rn² Vz
(17)
Since swirl intensity simultaneously controls the gas-core diameter and the available liquid flow area, experimental and theoretical analyses show that , which is the Abramovich swirl relation. Unlike Bernoulli or continuity, this relationship has no closed-form analytical solution and is instead obtained through iterative solution. For practical injector design, the swirl relation is solved numerically to determine the passage fullness corresponding to a specified injector geometry. Bee et al. gives the inverse relation:

(18)
Axial and Tangential Velocity Components
The total discharge velocity may be decomposed into axial and tangential components, V² = Vz² + Vθ². From Bernoulli,
V = √(2ΔP / ρ)
(19)
Combining equations 15 and 17, Vz = √(V² − Vθ²). The ratio Vθ/Vz therefore becomes the principal measure of swirl strength.
Spray Cone Angle
The liquid sheet exits the nozzle tangent to the resultant velocity vector. Resolving the velocity triangle, tan(α/2) = Vθ/Vz, where α is the full spray cone angle. Hence,
α = 2 tan⁻¹(Vθ / Vz)
(20)
Equation 20 is one of the most important design equations for pressure-swirl injectors, directly linking injector geometry, angular momentum, pressure drop, and spray characteristics.
Equations 15–20 establish the complete analytical chain: Injector Geometry → K → φ → Vθ → α. The internal geometry determines the swirl strength, which fixes the size of the gas core, alters the effective flow area, changes the tangential velocity, and ultimately determines the spray cone angle responsible for atomization quality and combustion performance.	Comment by Minhas, Bashir A: change	Comment by Minhas, Bashir A: alpha_t -> phi -> Cd -> Rn -> K -> (Rv, rt)
Pressure Budget
Unlike a conventional orifice injector, the discharge velocity consists of both axial and tangential components, so V² = Vz² + Vθ². Substituting into equation 19,
ΔP = ½ρ(Vz² + Vθ²)
(21)
Equation 21 demonstrates that the injector pressure drop supplies the kinetic energy required for both axial jet momentum and the rotational motion responsible for atomization.
Real Injector Losses
Equation 21 assumes ideal inviscid flow. In practice, viscous effects within the tangential ports, contraction losses, entrance losses, and wall friction dissipate part of the available pressure energy. Introducing a loss term,
ΔP = ½ρ(Vz² + Vθ²) + ΔP_loss
(22)
where ΔP_loss = Σ Ki ρVi²/2, and Ki are the corresponding minor-loss coefficients. These losses are incorporated experimentally through the discharge coefficient, Cd = ṁ_actual / ṁ_ideal.
Injector Pressure Drop Selection
Equation 22 explains the relatively large pressure drops employed in liquid rocket injectors. Increasing ΔP increases exit velocity, tangential velocity, angular momentum, spray cone angle, and atomization quality; however, excessive pressure losses reduce overall engine performance by increasing turbopump power requirements. Consequently, injector pressure drop is selected as a compromise between atomization quality and cycle efficiency. For most liquid rocket engines,
0.15 < ΔP/Pc < 0.25
(23)
which provides sufficient injector stiffness to suppress combustion instability while maintaining acceptable propulsion efficiency.
Relation to Experimental Observations
Bee et al. observed that operation below the nominal oxidizer pressure drop produced a low-frequency combustion instability near 133 Hz. Reducing the injector pressure drop decreases the exit velocity according to equation 22, thereby reducing both the momentum exchange between the propellants and the strength of the generated swirl. The resulting deterioration in atomization delays propellant mixing and promotes localized pressure oscillations within the combustion chamber, consistent with the analytical model developed here.
Nondimensional Analysis
The governing equations developed previously describe the injector flow in dimensional form but provide limited insight into the relative importance of competing physical mechanisms. Nondimensionalizing the governing equations allows the dominant forces to be identified through characteristic dimensionless groups, which form the basis for comparing injector performance across different operating conditions and scales. Taking the incompressible Navier–Stokes equation as the governing equation,
ρ(∂V/∂t + (V·∇)V) = −∇P + μ∇²V + ρg
(24)
characteristic scales are introduced: x = Lx*, y = Ly*, z = Lz*, V = UV*, P = ρU²P*, t = (L/U)t*, where L is the characteristic injector diameter, U is the characteristic discharge velocity, and (*) denotes nondimensional variables.
Nondimensional Momentum Equation
Applying these substitutions, ∇ = (1/L)∇*, ∇² = (1/L²)∇*², and each term of equation 24 transforms accordingly. Substituting and dividing every term by ρU²/L gives
∂V*/∂t* + (V*·∇*)V* = −∇*P* + [μ/(ρUL)]∇*²V* + gL/U²
(25)
Recognizing Re = ρUL/μ, equation 25 becomes
∂V*/∂t* + (V*·∇*)V* = −∇*P* + (1/Re)∇*²V* + 1/Fr²
(26)
where Fr = U/√(gL) is the Froude number.
Reynolds Number
Equation 26 shows that the Reynolds number naturally appears as the ratio of inertial forces to viscous forces,
Re = ρUL / μ
(27)
Physically, Re = Inertial Force / Viscous Force. For liquid-centered swirl injectors, Re ~ 10^5–10^6, indicating that inertial effects dominate the bulk flow while viscous stresses remain confined to thin wall boundary layers, which justifies the inviscid-core assumption introduced earlier.
Surface Tension Effects
While the Reynolds number compares inertia with viscosity, atomization is governed by competition between inertia and surface tension. The characteristic inertial stress is τi ~ ρU², and surface tension produces a pressure jump τσ ~ σ/L, where σ is the liquid surface tension. Taking the ratio τi/τσ = ρU²/(σ/L) gives
We = ρU²L / σ
(28)
The Weber number therefore measures We = Inertia / Surface Tension. Large Weber numbers indicate that aerodynamic and inertial forces overcome surface tension, promoting rapid breakup of the liquid sheet into ligaments and droplets, while We < 1 corresponds to stable liquid sheets. Since rocket injectors typically operate at We > 10³, surface tension plays only a secondary role during primary breakup.
Ohnesorge Number
Although Re and We describe inertia relative to viscosity and surface tension independently, atomization is influenced by both simultaneously. The Ohnesorge number is defined as
Oh = μ / √(ρσL)	
(29)
Using equations 28 and 29, √We = U√(ρL/σ). Hence,
Oh = √We / Re
(30)
provided the characteristic length L is identical in both the Reynolds and Weber number definitions, which is the case here (injector diameter). The Ohnesorge number measures the damping influence of viscosity on droplet breakup; low values indicate negligible viscous damping, allowing unstable waves on the liquid sheet to grow rapidly. Typical liquid rocket injectors operate at Oh < 0.05, indicating that viscous damping has only a minor influence on primary atomization.
Momentum Flux Ratio
The previous dimensionless groups describe the behavior of an individual liquid stream, but coaxial injectors involve interaction between two separate propellant streams. The dynamic pressure of each propellant is q = ½ρV². Taking the ratio of the fuel and oxidizer dynamic pressures,
J = ρf Vf² / (ρo Vo²)
(31)
Unlike Re and We, J is not obtained by nondimensionalizing a single governing equation but arises from comparing the inertial fluxes of two interacting streams. When J > 1, the fuel stream possesses greater momentum and penetrates the oxidizer jet, enhancing radial mixing; when J < 1, the oxidizer dominates the interaction, resulting in a longer intact liquid core and delayed atomization. Experimental studies by Bee et al. identified a design momentum ratio of approximately J = 1.38, which produced rapid propellant mixing and stable combustion.
Definition of Swirl Number
The previous sections established conservation of angular momentum and demonstrated that the tangential velocity generated within the vortex chamber governs formation of the hollow liquid cone. A global measure of rotational intensity is needed to compare injectors of different sizes and operating conditions — the swirl number. Unlike the Reynolds or Weber numbers, the swirl number is obtained directly from the angular momentum equation rather than by nondimensionalizing the Navier–Stokes equations. The swirl number is defined as the ratio of axial angular momentum flux to axial momentum flux, multiplied by a characteristic radius,
SN = [∫_A ρ Vz Vθ r dA] / [Rn ∫_A ρ Vz² dA]
(32)
where Rn is the injector exit radius, so SN is dimensionless. Physically, SN = Angular Momentum Flux / Axial Momentum Flux.
Uniform Velocity Approximation
The exact evaluation of equation 32 requires the complete velocity distribution over the injector exit. For preliminary design, Vz and Vθ are assumed constant across the liquid film, so the density and axial velocity cancel, giving SN = (Vθ/Vz)(∫r dA / (Rn A)). Evaluating the area integral for a circular exit, ∫_A r dA = (2/3)ARn. Hence,
SN = (2/3)(Vθ / Vz)
(33)
Many injector analyses approximate SN ≈ Vθ/(2Vz), which differs only slightly from equation 33.
Physical Interpretation
Equation 33 shows the swirl number increases directly with tangential velocity. Large swirl numbers correspond to larger centrifugal forces, larger gas cores, thinner liquid sheets, wider spray cone angles, and enhanced atomization. Small swirl numbers produce thicker liquid films, narrower spray cones, and longer intact liquid cores. Typical pressure-swirl rocket injectors operate within 0.5 < SN < 1.5; below SN ≈ 0.5, insufficient angular momentum is available to produce a stable hollow-cone spray.	Comment by Minhas, Bashir A: fact check this since the reference element SN<.5
Connection to Spray Angle
Using equation 20, tan(α/2) = Vθ/Vz, so equation 33 may be rewritten as
SN = (2/3) tan(α/2)
(35)
Equation 35 establishes a direct analytical relationship between internal swirl intensity and the externally observable spray cone angle, so measurements of spray angle provide an indirect estimate of the swirl number without requiring measurements inside the injector.
Role in Injector Design
The preceding derivations establish the following analytical chain:
Injector Geometry → K → φ → Vθ → SN → α
(36)
This sequence provides a complete theoretical link between internal injector geometry and external spray characteristics. As a result, the injector design problem can be reformulated as determining the geometry that produces a desired swirl number and spray cone angle while simultaneously satisfying the continuity, momentum, and energy equations.
Atomization Theory
The preceding sections established the flow field within the injector and demonstrated how internal geometry determines discharge velocity, tangential velocity, and spray cone angle. However, combustion efficiency depends on the droplets formed after breakup of the liquid sheet, which represents the final stage of the injector flow field. Upon leaving the nozzle, the oxidizer exits as a thin rotating conical liquid sheet surrounding a hollow gas core. Disturbances on its surface grow as it travels downstream until the sheet disintegrates into ligaments and eventually droplets, governed by the competition between inertia, surface tension, and viscous damping.
Formation of the Liquid Sheet
From continuity, ṁ = ρ A_liq Vz. The liquid exits as an annular sheet with flow area A_liq = π(Rn² − Rg²), where Rn is the nozzle radius and Rg is the gas-core radius. Introducing the passage fullness φ = A_liq/(πRn²) gives Rg = Rn√(1−φ). The liquid sheet thickness is therefore
δ = Rn − Rg = Rn(1 − √(1−φ))
(37)
Equation 37 provides the first analytical estimate of liquid sheet thickness directly from the swirl theory developed previously.
Breakup Criterion
For disturbances to grow, their amplitude must increase with time, which occurs whenever ω² < 0. Applying this condition to Kelvin-Helmholtz instability (see appendix) and simplifying,
We > We_crit
(38)
Thus, primary breakup begins once inertial forces exceed the stabilizing influence of surface tension, providing the physical interpretation of the Weber number introduced previously. Once unstable waves grow sufficiently, neighboring wave crests merge, forming elongated liquid ligaments. These ligaments continue stretching under aerodynamic forces until capillary instability causes them to fragment into individual droplets. 
Characteristic Droplet Diameter
An exact analytical prediction of droplet size requires solving the nonlinear instability equations governing ligament breakup, which are generally unavailable for practical injector geometries. Instead, the droplet diameter is estimated using experimentally validated correlations based on the governing dimensionless parameters derived previously. A commonly used pressure-swirl correlation is
SMD = C δ We^(−0.30) Re^(−0.15)
(39)
where C is an empirical constant, δ is the liquid sheet thickness, We is the Weber number, and Re is the Reynolds number. Equation 39 shows that increasing Weber number decreases droplet size, increasing Reynolds number decreases droplet size, and increasing sheet thickness increases droplet size. Consequently, smaller droplets are obtained by generating thinner liquid films with stronger swirl.
Effect of Swirl on Atomization
Substituting equation 35 into equation 39,
SMD = C Rn(1 − √(1−φ)) We^(−0.30) Re^(−0.15)
(40)
Since the passage fullness decreases with increasing swirl strength, larger swirl numbers produce thinner liquid sheets, smaller droplets, faster evaporation, and improved combustion efficiency. This result links the internal injector geometry directly to combustion performance through the atomization process.
Numerical Implementation in Matlab
	The analytical chain in equation 36 was implemented as a Matlab package. The model inverses the chain, starting with a defined spray cone and the internal geometry it produces is calculated. This ordering was chosen because the full cone angle of the reference element is a directly measured quantity, while the port and vortex chamber dimensions are not published. The propellent side is solved for in the following sequence:


(41)
The passage fullness equation is inverted in closed form, which removes the numerical root in the Abramovich swirl relation. The discharge coefficient is then derived from  rather than being a supplied input. 
	Swirl_injector_design.m defines the input structure, runs the baseline case, executes the design checklist of Table IV, and calls the sensitivity and optimization routines. designInjector.m solves both propellant sides, evaluates P, Re, We, Oh, SN, S, J, and SMD. solveSwirlSide.m core inverse solves one propellant and enforces the feasibility guards. phiFromAlpha.m and computeAlpha.m are the closed form inverse and forward forms of the passage fullness to cone angle relation. classifyFlow.m assigns regime lables to Re, We, and Oh. sensitivityAnalysis.m sweeps a single input field and resolves the design at each point for spray angle, SMD, Re, and We. plotGeometry.m, plotCrossSection.m, and plotVelocityTriangle.m all make figures. Screenshots of all Matlab functions are in the appendix. 
III. Results and Discussion
Model Inputs
	The model is based on the design point of the reference element from Bee et al., with chamber pressure , LOX and GCH4 pressure drop, and mass flow rates listed in Table I. Propellant properties were evaluated corresponding to the dome conditions using standardized table properties. The oxidizer sits close to the saturation point and the fuel is supercritical. 
	Property
	Symbol
	LOX
	GCH4
	Units

	Evaluation state
	T, P
	95 K, 122 bar
	250 K, 122 bar
	-

	Density
	
	1144.3
	134.7
	kg/m3

	Dynamic viscosity
	
	1.941e-4
	1.560e-5
	Pa⋅s

	Surface tension
	
	0.011953
	n/a
	N/m

	Mass flow rate
	
	0.461
	0.137
	kg/s

	Pressure drop
	
	22
	22
	bar


Table I. Propellant state points at the design condition. Methane at 250 K and 122 bar is above its critical point (190.6 K, 46.0 bar), so no liquid-vapor interface exists, and surface tension is undefined; the fuel side is therefore excluded from the atomization model and enters the analysis only through the momentum flux ratio.	Comment by Minhas, Bashir A: check if true?
Model Results
The resulting oxidizer geometry and flow field properties are listed in Tables II and III below. 
	Quantity
	Symbol
	Value
	Units

	Passage fullness
	
	0.8471
	-

	Discharge nozzle radius
	
	1.6876e-3
	m

	Post diameter
	
	3.3752e-3
	m

	Post length at L/D = 20
	
	6.7504e-2
	m

	Gas core radius
	
	6.5994e-4
	m

	Liquid sheet thickness
	
	1.0277e-3
	m

	Bernoulli velocity	Comment by Minhas, Bashir A: where is this in the code? I remember it was somewhere but  it wasnt packaged into the struct for the script
	
	62.009
	m/s

	Axial exit velocity
	
	53.152
	m/s

	Tangential exit velocity
	
	31.937
	m/s

	Resultant exit velocity
	
	62.008
	m/s

	Swirl number
	
	0.4006
	-

	Reynolds number
	
	1.233e6
	-

	Weber number
	
	1.243e6
	-

	Ohnesorge number
	
	9e-4
	-

	Sauter mean diameter
	
	8.3766e-6
	m

	Geometric constant
	
	0.2774
	-


Table II. Baseline oxidizer-side design output at ⍺ = 62 degrees. The SMD value carries the uncalibrated correlation constant C = 4.5 and should be read as an order of magnitude only.
The predicted post diameter and length at the reference L/D = 20 are of the expected order for an element passing LOX at 0.461 kg/s, providing a basic sanity check for the sizing. 
The relatively high velocities and passage fullness are a result of anchoring on the measured spray cone angle, as it forces a nearly full passage and a small nozzle (passage fullness is discussed later in further detail). 
[image: ]
Figure 1. Velocity triangle of the oxidizer side. The circular arc is of radius VBernoulli.
The resultant vector from adding the tangential and axial velocity components must lie on the arc of radius VBernoulli (Figure 1), showing that the Abramovich solution exactly satisfies it. Losses would pull the tip of the resultant vector inward on a fixed angle since it is set by geometry. 
The fuel-side derivation follows the same steps as the oxidizer side and is therefore not repeated in the main text (see appendix for data). The GCH4 passage of the reference element is a set of guide vanes rather than a true swirl chamber, so modeling it here as an equivalent circular swirl passage under the same Abramovich closure is a simplification rather than a geometric match. The fuel-side results in Table V (appendix) should be read as an analytical estimate under that simplification, not a prediction of the reference element's actual guide-vane geometry. 
Verification of Matlab Model
The following internal validations were performed for the model, listed in Table III.
	Check
	Basis
	Residual
	Status

	Energy closure
	
	0 Pa diff
	Pass

	Ohnesorge identity
	
	3.25e-19 diff
	Pass

	Cone angle recovery
	
	0° diff (trivial)
	Pass

	Injector stiffness
	
	
	Pass

	Reynolds number
	, turbulent flow
	
	Pass

	Weber number
	, breakup threshold
	
	Pass

	Momentum flux
	
	
	Pass*


Table III. Solver verification checks at the design point. Momentum flux is structurally pinned (discussed below).
Starting with the energy ratio, since the exit kinetic energy is equal to the pressure drop, the two should be the same. The difference between the two values was 0, so the energy closure condition passed. Also, the Ohnesorge identity discussed earlier was used to confirm the calculated Weber and Reynolds numbers, producing a difference in expected values on the order of . Further, from Bee et al, the geometric ratio relation between tangential and axial velocity with spray cone angle was used to confirm target spray angle with calculated velocity components, producing a 0° difference. 
The injector stiffness range lower bound was determined to be 0.15 since below this limit combustion instabilities may occur. The upper bound was chosen to be 0.25 to avoid needing high-pressure tanks and excess plumbing costs. Also, the Reynolds number needed to be in the turbulent regime for efficient atomization, as well as the Weber number needing to be greater than the breakup threshold. With Oh = 9e-4 and We = 1.243e6, this confirms that the operating regime is correct in the simulation and does not constrain the design. 
The momentum flux is fixed at J = 1, since  and  are identical for LOX and GCH4. Reordering equation 17 gives:

(42)
Substituting for the mass flow rate to cancel gives:

(43)
Comparing this to the definition of mass flux:

(44)
In the current case  and under the Abramovich closure . Because the present model applies identical swirl theory with an identical cone angle and single pressure drop for both propellants, every term cancels and J pinned at 1. This explains why the reference value of J = 1.38 cannot be recovered, as the pressure drop for each term needs to be applied separately at  and , which the model does not implement. Further, the fuel side must not be a swirler to get J>1, and must use the plain annular discharge coefficient rather than the Abramovich closure. 
Validation Against the Reference Element
	The model was compared to the published characteristics of the coaxial swirl element referenced in Bee et al. in Table V. The 62° angle case was selected as it was the full-scale element design point. 
	Quantity
	Model (Fixed at 62°)
	Reference
	% Error

	Swirl number SN
	0.4006
	0.417
	4%

	Velocity ratio VR
	0.6009
	0.623
	3.6%

	Mixture ratio ROF
	3.365
	3.4
	1.0%

	Passage fullness 
	0.8471
	0.4980
	51.9%

	Geometric constant (K)
	0.2774
	2.02
	151.7%


Table IV. Model predictions against published values for the oxidizer side. The passage fullness for the reference case was derived from the published K = 2.02 through the Abramovich relation, not measured directly.
The agreement at first is strong, with SN and VR matching at the 62° cone angle chosen, which confirms the exit velocity triangle and swirl number definition implemented in model was consistent. This confirms the SN definition matches the reference condition but are not an independent validation because both quantities are algebraic definitions of swirl angle. 
	The reference element is characterized by the geometric constant K = 2.02. Using the Abramovich relation at K = 2.02 gives a coefficient of passage fullness  as 0.498. Compared to the model’s prediction of  = 0.8471 at 62°, this gives a percent difference of 51.9%. Note that  and K are the same disagreement expressed in two ways, not independent findings, as the relation between  and K is defined in equation 18. 	Comment by Minhas, Bashir A: find Abramovich relation somewhere in derivations?	Comment by Minhas, Bashir A: i think its in Bee et al actually	Comment by Minhas, Bashir A: added
This indicates a failure of the inviscid assumption, specifically that the angular momentum injected at the tangential ports is conserved across the length of the posts/injector. Since the injector post length was found using the L/D = 20 relation, approximately 67 mm of the flow is wall bounded swirling flow upstream of the discharge nozzle. Over that distance, the wall imparts a shear stress on the fluid element resulting in a torque that slows the flow, so the tangential velocity delivered to the nozzle exit is smaller than the free vortex relation prediction from the inlet geometry. 

[image: ]
Figure 2. Top view of the oxidizer side. The port size overlapping with the nozzle exit is a direct consequence of the underpredicted K value.
With a weaker tangential component comes a smaller cone angle, which is the direction of the discrepancy. High Reynolds number justifies neglecting viscosity in the bulk over short distances, but not over long wall bounded passages. Overall, the magnitude required for this correction is large, and suggests that swirl decay in long post elements is the dominant loss mechanism. 
So, the Matlab inviscid model is a valid tool to relate exit velocity components from one another, but not really for predicting downstream spray cone angle from geometric constraints upstream. Using it in the forward direction from geometry to spray cone angle would produce a significant design error. Using the model in the inverse direction (from defined spray angle to flow field properties) remains valid, and this is how the model is deployed. 
	To confirm this finding, the wall shear stress was estimated for the reference case for a turbulent pipe flow (K = 2.02,  = 0.498). The tangential component of the shear stress is calculated using , and the wetted area over the axial slice is , with:

(45)
Integrating and solving the ODE gives exponential decay  with  being the Petukhov friction constant. Using the reference geometry (Table VII), solving this gives the losses to be 33.4%, which is the same order of magnitude of the losses incurred with passage fullness (51.9%). The reason why the calculated losses is lower for the wall shear stress estimate is due to the estimate not accounting for the vortex chamber walls upstream of the post, inlet port contraction losses, and the fact that swirl decay in vortex flow simply exceeds the pipe friction estimates due to radial pressure gradients. 
Model Limitations
	The major limitation is that the inviscid formulation model cannot predict upstream spray cone angle from geometry alone as established previously. An empirical swirl decay correction that scales with the post L/D would be the natural extension. 
	Furthermore, the model takes spray cone angle as an input variable, and it returns the geometry and flow field properties that it produces. So, cone angle, SN, and velocity ratio are simply algebraically solved for from the imposed angle. Making the model in the other direction (i.e. from defined input geometry to calculated spray cone angle) would require viscous corrections, as discussed previously. 
	Additionally, there is only one defined pressure drop across the injector for both the LOX and GCH4, which means that J is pinned at 1, and therefore the predicted J = 1.38 could not be recovered. Achieving J = 1.38 would require a non-swirling fuel model with its own pressure drop and discharge coefficient. 
	Another limitation is the assumption that velocity profile is uniform across the flow field, and equation 35 is used to calculate the swirl number from the velocity ratios. 	Comment by Minhas, Bashir A: SN eqn
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Figure 4. Cross section view of the oxidizer side.	Comment by Minhas, Bashir A: Sheet thickness and its consequence. δ = 1.05 mm on R_n = 1.73 mm means the liquid occupies 61% of the radius, a small gas core. The paper's φ = 0.498 implies a much larger core and a thinner sheet. Through Eq. (68), SMD scales directly with δ, so the reference element should atomize considerably better than your model predicts. This connects your geometry result to a performance consequence and costs you two sentences.	Comment by Minhas, Bashir A: claude ^

But, with the high film thickness the model predicts (see Figure 4), the tangential velocity at the inner surface exceeds that at the wall by the radius ratio in the free vortex relation. With δ = 1.028 mm on Rn = 1.688 mm, the liquid film occupies about 61% of the nozzle radius, leaving a comparatively small gas core. The reference element's φ = 0.498 (Table V) implies a much larger core and a correspondingly thinner film, only about 29% of its nozzle radius. Since SMD scales directly with δ through equation 37, the reference element should atomize considerably more finely than this model predicts, consistent with the model's tendency to underpredict swirl strength relative to the reference geometry rather than overpredict it. So, the calculated SN is therefore a bulk approximation which gets more inaccurate as passage fullness increases. Moreover, equation 39 uses an empirical constant of C = 4.5 without calibrating with the cold flow data of the model’s geometry. Therefore, the SMD data collected should be used just to confirm that the operating conditions are correct for the atomization regime rather than for use as a quantitative droplet size. 	Comment by Minhas, Bashir A: SMD eqn
	Lastly, the steady state assumption disregards ignition transients, startup/breakdown of swirl cone, and combustion instabilities. No steady formulation can predict these operational findings, and unsteady numerical solvers must be used for those cases. 
IV. Conclusion
An inviscid analytical model of a coaxial swirl injector element was derived, implemented into Matlab code, and compared against a LOX/GCH4 element of Bee et al. At the 62° design point tested, the model returns a nozzle radius of 1.6876e-3 m, a passage fullness of 0.8471, and an exit velocity 62.008 m/s which closes the energy budget applied at the 22 bar ΔP. 
The model closely follows the SN and VR of the baseline case but are not independent verifications of the model’s validity. The model gives a geometric constant of K = 0.2774, while the baseline case gives K = 2.02. This represents a failure of the inviscid assumption imposed over the L/D = 20 post. The wall shear removes angular momentum previously assumed to be conserved, so the tangential velocity reaching the exit is smaller than the inlet geometry’s predictions. A wall shear estimate was then applied to the reference geometry and shows an angular momentum loss of 33.4%, which is of the right order of magnitude but still falls short of the full discrepancy. The remainder can be attributed to vortex chamber and inlet losses not accounted for by the idealized pipe friction model. 
Further, applying a single pressure drop and identical swirl course for both the LOX and GCH4 caused the momentum flux ratio to be pinned at 1, making the target momentum flux of 1.38 unrecoverable without treating the fuel side as a non-swirling annulus. So, the model is only trustworthy in the inverse direction, since predicting spray angle forward from geometry would require swirl decay correction and scaling with the post L/D, which is the natural extension of this work. 
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Appendix
Reynolds Transport Theorem	Comment by Minhas, Bashir A: Drop RTT to appendix
	Since conservation laws such as mass, momentum, and energy are stated for control masses (CM), Reynolds Transport Theorem (RTT) must be used for analysis in a control volume (CV). Starting with the standard derivation of RTT, let B be any extensive property and  for its intensive property:	Comment by Minhas, Bashir A: Drop RTT and Navier Stokes derivations to appendix

(1)
So, for continuity, B=m and b=1. 
Considering a CM that perfectly overlaps with the CV at a certain time t, at time t + Δt the CM has moved such that part of it lays outside the CV (outflow region II), and new fluid has entered the space it vacated (inflow region I). At time t:

(2)
At time t + Δt:

(3)
Dividing by Δt and taking the limit as Δt approaches 0:

(4)
Evaluating the second limit on the RHS as fluid crossing normal to the control surface (CS) with area dA in the time Δt, it is carried through as:

(5)
And the first limit on the RHS is simply:

(6)
So the RTT gives:

(7)
So, the rate of change of the control mass is equal to the accumulation inside the control volume plus the net flux through the control surface. 
Mass Conservation
Applying mass conservation, , , and :

(8)
The differential form is found by applying the divergence theorem to the surface integral and shrinking the CV to a point:

(9)
Then, assuming steady flow such that nothing in the CV changes with time:

(10)

(11)
Assuming constant density and uniform 1-D velocity, the integral becomes ⍴uA:

(12)
In differential form, this reduces to:

(13)
Which will be used later when reducing the Navier-Stokes equation. 
Navier-Stokes to Bernoulli’s Equation	Comment by Minhas, Bashir A: drop to appendix
	Using equation 7 with  and , alongside Newton’s second law:

(14)

(15)
So, the net force in the CV is equal to the buildup in momentum inside the CV and the net momentum flux normal to the CS. The differential form of equation 17 gives the classic Navier-Stokes equation with With  including the pressure, viscous, and gravity force terms:

(16)
The first assumption that will be made is that the injector is in quasi steady state when the flow inside the injector is fully developed, as dome and chamber pressures remain constant. This breaks down during ignition transients and instability at off design conditions.

(17)
The next assumption is that gravity is negligible, as the injection pressure drop  is orders of magnitude larger than the hydrostatic head pressure. Using estimates from typical injector data to quantify this confirms this assumption, as  while typically . 

(18)
The next assumption that is made is that the flow is inviscid, as the Reynolds number is relatively low. Nondimensionalizing with characteristic velocity U and length D: 

(19)
From Bee et al., the DLR element’s LOX side has . With a nozzle diameter on the order of a few mm, this gives , which makes the viscous term much smaller than the inertia of the bulk flow. One caveat is that high Re does not necessarily mean that viscosity vanishes, rather it means that the viscous effects are confined to the boundary layers near the walls of the injector. Consequences of these boundary layers include wall friction slowly bleeding into the angular momentum along the post. The result of these assumptions is Euler’s equation:

(20)
Now, integrating along a streamline:

(21)
Taking the dot product along the streamline (parallel to ), so  is perpendicular to  which causes the cross-product term to be eliminated:

(22)
Integrating with constant pressure, this gives Bernoulli’s equation:

(23)
If the flow is also irrotational, then , and equation 23 is constant everywhere, not just per streamline. The free vortex  is irrotational away from the axis, so applying Bernoulli’s across the swirl film of the injector works. 
Conservation of Linear Momentum
	For the derivation of conservation of linear momentum,  can be split up into the body force terms and the surface force terms, with the gravity term negligible for injectors since . Included for the surface forces are the pressure acting on the CS and viscous/shear stresses at the walls:

(30)
Using the steady state assumption such that the accumulation term is eliminated:

(31)
The RHS momentum flux integral collapses to :

(32)
So, the sum of the viscous pressure forces is equal to the rate of change of momentum flux for one inlet (1) and outlet (2). An important note is that for a swirl injector, the linear form of the conservation of momentum equation is not enough, and the angular momentum equation must be found. 
Contraction of the Liquid Stream
The rotating liquid experiences a radial pressure gradient that causes the flow to contract before leaving the nozzle. Abramovich described this using the contraction coefficient,
β = √φ		(33)
which represents the ratio between the radius of the liquid annulus and the nozzle radius,
R_liq = β Rn		(34)
Because 0 < φ < 1, the contraction coefficient also satisfies 0 < β < 1. Physically, increasing swirl strength decreases φ, thereby reducing the effective liquid radius and enlarging the central gas core.

Angular Momentum Generated by the Ports
Each tangential port introduces angular momentum ṁi Rv Vt. Since all ports contribute equally, L̇ = n ṁi Rv Vt. Using ṁ = n ṁi,
L̇ = ṁ Rv Vt		(36)
Equation 36 demonstrates that increasing either the inlet velocity or the vortex chamber radius increases the angular momentum available for atomization.
Conservation of Energy
The preceding sections established mass, linear momentum, and angular momentum conservation, and the resulting swirl field within the injector. However, these relations do not explain the origin of the kinetic energy required to generate the swirling liquid sheet. To determine the energy available for atomization, the First Law of Thermodynamics is applied to a control volume enclosing the injector element.
For a control volume, the First Law may be written as
Q̇ − Ẇ = d/dt ∫_CV ρe dV + ∫_CS ρe(V·n) dA		(37)
where e = u + V²/2 + gz is the total specific energy of the fluid.
Steady Flow
Once the injector reaches normal operation, d/dt ∫_CV ρe dV = 0, reducing equation 37 to
Q̇ − Ẇ = Σṁ(h + V²/2 + gz)_out − Σṁ(h + V²/2 + gz)_in		(38)
where h = u + P/ρ is the specific enthalpy.
Adiabatic Assumption
The residence time of the propellant within the injector is on the order of milliseconds, so heat transfer between the injector body and the liquid is negligible during passage through the injector, giving Q̇ ≈ 0. Furthermore, the injector contains no moving mechanical components, giving Ẇ = 0. Equation 38 becomes
h1 + V1²/2 + gz1 = h2 + V2²/2 + gz2		(39)
Neglecting Gravitational Effects
As previously shown, ρgH ≪ ΔP. Typical injector pressure drops are ΔP = 20–30 bar, whereas the hydrostatic pressure difference over the injector length is typically less than 100 Pa. Therefore gz1 ≈ gz2, and equation 44 reduces to
h1 + V1²/2 = h2 + V2²/2		(40)
Incompressible Liquid
For cryogenic liquid oxygen, ρ ≈ constant through the injector. Using dh = dP/ρ, equation 45 becomes
P1/ρ + V1²/2 = P2/ρ + V2²/2		(41)
which is identical to Bernoulli's equation previously derived from Euler's equation, confirming consistency between conservation of momentum and the First Law.
Kelvin–Helmholtz Instability
Consider two fluids moving with different velocities, Vl for the liquid and Vg for the surrounding gas. The velocity difference ΔV = Vl − Vg creates shear at the interface. Linear stability analysis of the interface gives the Kelvin–Helmholtz dispersion relation
ω² = (σ/ρ)k³ − [ρg ρl / (ρg+ρl)²](ΔV)²k²		(42)
The first term represents surface tension, which stabilizes the interface. The second term represents aerodynamic shear, which destabilizes the interface.
Axial Flux of Angular Momentum
Consider a differential annulus of radius r and thickness dr, with differential area dA = 2πr dr. The differential mass flow rate through the annulus is dṁ = ρVz dA, and each fluid particle possesses specific angular momentum L = rVθ. The differential angular momentum transported is dL̇ = L dṁ = rVθ(ρVz dA) = 2πρ Vz Vθ r² dr. Integrating over the injector exit,
L̇ = ∫_A ρ Vz Vθ r dA		(43)
Equation 43 represents the total axial transport of angular momentum.
Axial Momentum Flux
The axial momentum transported through the same cross section is dṖ = Vz dṁ = ρVz² dA. Integrating,
Ṗ = ∫_A ρ Vz² dA		(44)
Equation 44 represents the total axial momentum transported through the injector.
Instability of the Liquid Sheet
Immediately after leaving the injector, the liquid sheet is surrounded by gaseous combustion products and experiences a velocity difference across its interface. Small disturbances naturally exist on the liquid surface; assuming a sinusoidal disturbance η = a·e^(i(kx−ωt)), where a is the amplitude, k the wave number, and ω the disturbance frequency, initially a ≪ δ. If the disturbance grows, the sheet becomes unstable.
Recess Effects	Comment by Minhas, Bashir A: never really did recess effects for the results unless u wanna add it
The oxidizer nozzle is recessed within the surrounding fuel injector to increase the interaction length between the two propellants. Defining the normalized recess ratio as
L̃R = LR / L_critical		(45)
where LR is the physical recess length and L_critical is the recess required for the liquid sheet to intersect the fuel stream, three operating regimes exist: L̃R < 1 corresponds to internal mixing before complete sheet development; L̃R ≈ 1 provides optimal interaction between the oxidizer sheet and surrounding fuel; and L̃R > 1 means the oxidizer sheet develops fully before interacting with the fuel, reducing the effectiveness of momentum exchange. Experimental investigations by Bee et al. found the optimum injector operated at approximately
L̃R ≈ 1.03		(46)
indicating that slightly overcritical recess lengths maximize atomization while maintaining stable combustion.
Fuel Side Data
	Quantity
	Symbol
	Value
	Units

	Passage fullness
	
	0.8471
	-

	Discharge nozzle radius
	
	1.5707e-3
	m

	Post diameter
	
	3.1414e-3
	m

	Post length at L/D = 20
	
	6.2828e-2
	m

	Gas core radius
	
	6.1419e-4
	m

	Liquid sheet thickness
	
	9.5647e-4
	m

	Bernoulli velocity
	
	180.736
	m/s

	Axial exit velocity
	
	154.92
	m/s

	Tangential exit velocity
	
	93.085
	m/s

	Resultant exit velocity
	
	180.735
	m/s

	Swirl number
	
	0.4006
	-

	Reynolds number
	
	4.9022e6
	-

	Weber number
	
	n/a
	-

	Ohnesorge number
	
	n/a
	-

	Sauter mean diameter
	
	n/a
	m


Table V. Baseline fuel-side design output at ⍺ = 62 degrees. GCH4 is above it’s critical point, so there is no surface tension, making We, Oh, and SMD n/a.	Comment by Minhas, Bashir A: drop to appendix if not explaining fuel side
Sensitivity Analysis
[image: ]
Figure 3. (a) Spray angle sensitivity, (b) atomization sensitivity, (c) Reynolds sensitivity, (d) Weber sensitivity. 
	Figure 3 (a) shows that the spray cone angle is invariant with pressure drop. This tracks directly from the model’s solving method, as both velocity components scale with the square root of ΔP and their ratio, and therefore cone angle and SN, depend only on the passage fullness . The design implication of this is that pressure drop cannot be used to change spray cone angle. In a physical injector, cone angle is fixed by the port and vortex chamber geometry set by K, while the inverse formulation is set in the Matlab model, so invariance in ΔP holds both ways.
Figure 3 (b) shows that SMD scales with pressure drop as . This arises from the combined dependence of sheet thickness , We, and Re in equation 37. Figure 3 (c) shows that Re scales with pressure drop by , and (d) shows that We scales by . 	Comment by Minhas, Bashir A: SMD eqn
Practically, this decoupling matters for design order: because spray angle is set primarily by the swirl geometry (φ, K) rather than by ΔP, pressure drop can be chosen largely on atomization and stiffness grounds without re-deriving the spray-angle solution. The trade-off is direct: a higher ΔP improves atomization (smaller SMD, higher Re and We) but raises the pump power required and pushes injector stiffness upward, while a lower ΔP relaxes pump requirements at the cost of coarser atomization. This is precisely the trade-off the optimization section is set up to navigate (see appendix).
Optimization Results	Comment by Minhas, Bashir A: honestly thinking of just dropping this section completely since we need to save room
	Quantity
	Model 
	Optimal

	Pressure drop 
	2.2e6 Pa
	1.41e6 Pa

	SMD
	8.3766e-6 m
	1.0524e-5 m

	Injector stiffness
	0.22
	0.141


Table VI. Optimization results from the Matlab model.
The optimization uses MATLAB's fminbnd to search over ΔP for the value minimizing a weighted objective J_obj = wα(α-αtarget)² + wJ(J-Jtarget)² + wSMD((SMD-SMDtarget)/SMDtarget)², evaluated by re-running designInjector.m at each trial ΔP. A soft penalty term is added whenever the injector stiffness S = ΔP/Pc falls outside the conventional 0.15-0.25 design band, discouraging (but not strictly forbidding) solutions in that range. As Table VI shows, the unconstrained optimum trades a lower pressure drop (1.41 MPa vs. the 2.2 MPa baseline) for a somewhat coarser SMD, and lands at S = 0.141, just below the recommended stiffness band; the soft penalty was outweighed by the other objective terms rather than strictly enforced. A production design tool would replace this penalty with a hard constraint on S, or re-weight the objective to prioritize combustion-stability margin over atomization fineness.
Reference Geometry
	
	
	
	
	
	

	2.685e-2 m
	5.37e-2 m
	0.1074 m
	1.963e6
	0.0104
	5718 Pa


Table VII. Reference geometry from Bee et al.
swirl_Injector_Design.m
%% Analytical Swirl Coaxial Injector Design Methodology
% Implements: Inputs -> Velocity -> Geometry -> Swirl -> Atomization ->
% Validation -> Design Checks -> Sensitivity -> Optimization -> Figures

clear; clc; close all;

%% Model Inputs

p.Pc      = 100e5;         % Chamber pressure [Pa]
p.dP      = 22e5;      % Injector pressure drop [Pa]
p.mdot_o  = 0.461;           % Oxidizer mass flow rate [kg/s]
p.mdot_f  = 0.137;          % Fuel mass flow rate [kg/s]
p.alpha_t = deg2rad(62);   % Target spray cone angle [rad]
p.n_ports = 4;             % Number of tangential inlet ports
p.LR_t    = 1.03;           % Target recess ratio

% Propellant properties (oxidizer = liquid, fuel = coaxial gas/liquid)
p.ox.rho  = 1144.3;   p.ox.mu  = 1.941e-4;  p.ox.sigma = 0.01195;  p.ox.eta_d = 1.00;
p.fu.rho  = 134.7;    p.fu.mu  = 1.56e-5;  p.fu.sigma = NaN;   p.fu.eta_d = 1.00;
p.Rv_ratio = 2.0;

% Swirl geometry correlation: K = Rn*Rv/(n*r_t^2), phi-K relation
p.phiK = @(phi) sqrt(2)*(1-phi)./(phi.^1.5);

% Atomization model constants
p.C_smd   = 4.5;   % empirical breakup constant
p.We_crit = 12;     % classical critical Weber number for sheet breakup

% Experimental validation targets 
p.exp.mdot_o = p.mdot_o*1.05;
p.exp.alpha  = p.alpha_t*0.95;
p.exp.dP     = p.dP*1.02;
p.exp.J      = 1.0*1.03;

%% Run Baseline Design

r = designInjector(p);

%% Results

fprintf('--- Velocities ---\n');
fprintf('V_o = %.3f m/s, V_f = %.3f m/s\n', r.o.V, r.f.V);

fprintf('\n--- Nozzle Geometry ---\n');
fprintf('Rn_o = %.4e m, Rn_f = %.4e m\n', r.o.Rn, r.f.Rn);

fprintf('\n--- Swirl Geometry (Oxidizer) ---\n');
fprintf('phi = %.4f, Rg = %.4e m, delta = %.4e m\n', r.o.phi, r.o.Rg, r.o.delta);
fprintf('r_t = %.4e m, Rv = %.4e m\n', r.o.rt, r.o.Rv);
fprintf('Vz = %.3f m/s, Vth = %.3f m/s, V = %.3f m/s\n', r.o.Vz, r.o.Vth, r.o.Vtotal);
fprintf('alpha_calc = %.2f deg (target %.2f deg)\n', rad2deg(r.o.alpha), rad2deg(p.alpha_t));

fprintf('\n--- Swirl Geometry (Fuel) ---\n');
fprintf('phi = %.4f, Rg = %.4e m, delta = %.4e m\n', r.f.phi, r.f.Rg, r.f.delta);
fprintf('r_t = %.4e m, Rv = %.4e m\n', r.f.rt, r.f.Rv);
fprintf('Vz = %.3f m/s, Vth = %.3f m/s, V = %.3f m/s\n', r.f.Vz, r.f.Vth, r.f.Vtotal);
fprintf('alpha_calc = %.2f deg (target %.2f deg)\n', rad2deg(r.f.alpha), rad2deg(p.alpha_t));

fprintf('\n--- Pressure Budget (Oxidizer) ---\n');
fprintf('KEz = %.2f Pa, KEth = %.2f Pa, dP_loss = %.2f Pa (dP = %.2f Pa)\n', ...
    r.o.KEz, r.o.KEth, r.o.dP_loss, p.dP);

fprintf('\n--- Pressure Budget (Fuel) ---\n');
fprintf('KEz = %.2f Pa, KEth = %.2f Pa, dP_loss = %.2f Pa (dP = %.2f Pa)\n', ...
    r.f.KEz, r.f.KEth, r.f.dP_loss, p.dP);

fprintf('\n--- Dimensionless Groups (Oxidizer) ---\n');
fprintf('Re = %.2f [%s], We = %.2f [%s], Oh = %.5f [%s]\n', ...
    r.o.Re, r.o.regime.Re, r.o.We, r.o.regime.We, r.o.Oh, r.o.regime.Oh);

fprintf('\n--- Dimensionless Groups (Fuel) ---\n');
fprintf('Re = %.2f [%s], We = %.2f [%s], Oh = %.5f [%s]\n', ...
    r.f.Re, r.f.regime.Re, r.f.We, r.f.regime.We, r.f.Oh, r.f.regime.Oh);

fprintf('\n--- Swirl Number ---\n');
fprintf('SN_o = %.4f, SN_f = %.4f\n', r.o.SN, r.f.SN);

fprintf('\n--- Injector Stiffness ---\n');
fprintf('S = dP/Pc = %.4f\n', r.S);

fprintf('\n--- Characteristic Velocity Ratio (Vth/Vz = tan(alpha/2)) ---\n');
fprintf('Oxidizer: %.4f, Fuel: %.4f\n', r.o.velRatio, r.f.velRatio);

fprintf('\n--- Momentum Flux Ratio ---\n');
fprintf('J = %.4f\n', r.J);

fprintf('\n--- Atomization ---\n');
fprintf('SMD_o = %.4e m (breakup: %d)\n', r.o.SMD, r.o.breakup);
fprintf('SMD_f = %.4e m (breakup: %d)\n', r.f.SMD, r.f.breakup);

fprintf('\n--- Recess Length ---\n');
fprintf('L_recess = %.4e m\n', r.L_recess);

fprintf('\n--- Validation ---\n');
fprintf('mdot error  = %.2f %%\n', r.err_mdot);
fprintf('alpha error = %.2f %%\n', r.err_alpha);
fprintf('dP error    = %.2f %%\n', r.err_dP);
fprintf('J error     = %.2f %%\n', r.err_J);

%% Automatic Design Validation

fprintf('\n--- Design Checklist ---\n');
checkResult(abs(rad2deg(r.o.alpha - p.alpha_t)) < 5, 'Spray angle within tolerance');
checkResult(((2*atan(r.o.Vth/r.o.Vz)-2*p.alpha_t)<2.5)&((2*atan(r.o.Vth/r.o.Vz)-2*p.alpha_t)>-2.5), 'Spray cone angle recovery confirmed');
checkResult(r.S >= 0.15 && r.S <= 0.25, 'Injector stiffness in 0.15-0.25 band');
checkResult(r.J >= 0.5 && r.J <= 2.0, 'Momentum ratio in acceptable range');
checkResult(r.o.Re > 4000, 'Reynolds number turbulent (favorable for atomization)');
checkResult(r.o.We > p.We_crit, 'Weber number above breakup threshold');
checkResult((((r.dP-.5*p.ox.rho*(r.o.V)^2)<0.01)&((r.dP-.5*p.ox.rho*(r.o.V)^2)>-0.01))&(((r.dP-.5*p.fu.rho*(r.f.V)^2)<0.01)&((r.dP-.5*p.fu.rho*(r.f.V)^2)>-0.01)), 'Energy closure condition passed');
checkResult((((sqrt(r.o.We)/r.o.Re)>(r.o.Oh-1e-6))&((sqrt(r.o.We)/r.o.Re)<(r.o.Oh+1e-6))), 'Ohnesorge identity condition passed');

%% Sensitivity Analysis 

sensitivityAnalysis(p, 'dP', linspace(0.1*p.Pc, 0.3*p.Pc, 25));

%% Optimization

weights = struct('alpha', 1e4, 'J', 1, 'SMD', 1);
targets = struct('J', 1.0, 'SMD', 2.0e-5);
dP_bounds = [0.05*p.Pc, 0.4*p.Pc];

[dP_opt, r_opt] = optimizeInjector(p, dP_bounds, weights, targets);

%% Figures

plotGeometry(r.o.Rn, r.o.Rv, r.o.rt, p.n_ports, '');
plotCrossSection(r.o.Rn, r.o.Rg, '');
plotVelocityTriangle(r.o.Vz, r.o.Vth, '');
plotPerformanceSummary(r);
designInjector.m
function result = designInjector(p)
% computes the full analytical swirl coaxial injector design
% for a given parameter set p. Returns a struct with all intermediate and
% final quantities for the oxidizer (o) and fuel (f) sides.
%
% Required fields of p:
%   Pc, dP, mdot_o, mdot_f, alpha_t, n_ports, LR_t
%   ox.rho, ox.mu, ox.sigma, ox.Cd
%   fu.rho, fu.mu, fu.sigma, fu.Cd
%   phiK      - function handle
%   C_smd     - SMD correlation constant
%   We_crit   - critical Weber number for breakup

Pc      = p.Pc;
dP      = p.dP;
mdot_o  = p.mdot_o;
mdot_f  = p.mdot_f;
alpha_t = p.alpha_t;
n_ports = p.n_ports;
LR_t    = p.LR_t;
ox      = p.ox;
fu      = p.fu;
phiK    = p.phiK;
C_smd   = p.C_smd;
We_crit = p.We_crit;


%% Solve Swirl Side
o_s = solveSwirlSide(n_ports, mdot_o, ox.rho, dP, alpha_t, phiK, p.Rv_ratio, ox.eta_d);
f_s = solveSwirlSide(n_ports, mdot_f, fu.rho, dP, alpha_t, phiK, p.Rv_ratio, fu.eta_d);

% Pressure Budget (Energy Conservation)
KEz_o  = 0.5*ox.rho*o_s.Vz^2;
KEth_o = 0.5*ox.rho*o_s.Vth^2;
dP_check_o = KEz_o + KEth_o;
dP_loss_o  = dP - dP_check_o;
assert(dP_loss_o >= -1e-6*dP, 'Oxidizer energy budget violated.');

KEz_f  = 0.5*fu.rho*f_s.Vz^2;
KEth_f = 0.5*fu.rho*f_s.Vth^2;
dP_check_f = KEz_f + KEth_f;
dP_loss_f  = dP - dP_check_f;

% Dimensionless Groups
D_o = 2*o_s.Rn;  D_f = 2*f_s.Rn;

Re_o = ox.rho*o_s.V*D_o/ox.mu;
We_o = ox.rho*o_s.V^2*D_o/ox.sigma;
Oh_o = ox.mu/sqrt(ox.rho*ox.sigma*D_o);

Re_f = fu.rho*f_s.V*D_f/fu.mu;
We_f = fu.rho*f_s.V^2*D_f/fu.sigma;
Oh_f = fu.mu/sqrt(fu.rho*fu.sigma*D_f);

J = (fu.rho*f_s.Vz^2)/(ox.rho*o_s.Vz^2);

% Swirl Number (uniform-profile approximation)
SN_o = (2/3)*(o_s.Vth/o_s.Vz);
SN_f = (2/3)*(f_s.Vth/f_s.Vz);

% Injector Stiffness
S = dP/Pc;

% Characteristic Velocity Ratio
velRatio_o = o_s.Vth/o_s.Vz;   % = tan(alpha_o/2)
velRatio_f = f_s.Vth/f_s.Vz;

% Atomization
SMD_o = C_smd*o_s.delta*We_o^(-0.30)*Re_o^(-0.15);
SMD_f = C_smd*f_s.delta*We_f^(-0.30)*Re_f^(-0.15);

breakup_o = We_o > We_crit;
breakup_f = We_f > We_crit;

% Recess Length
L_recess_o = LR_t*o_s.Rn;

% Validation
if isfield(p, 'exp')
    pctError = @(pred, expv) abs(pred - expv)/expv*100;
    err_mdot  = pctError(mdot_o, p.exp.mdot_o);
    err_alpha = pctError(o_s.alpha, p.exp.alpha);
    err_dP    = pctError(dP_check_o, p.exp.dP);
    err_J     = pctError(J, p.exp.J);
else
    err_mdot = NaN; err_alpha = NaN; err_dP = NaN; err_J = NaN;
end

% Flow Regime Classification
regime_o = classifyFlow(Re_o, We_o, Oh_o, We_crit);
regime_f = classifyFlow(Re_f, We_f, Oh_f, We_crit);

% Pack results into struct
o = struct('V', o_s.V, 'Rn', o_s.Rn, 'phi', o_s.phi, 'Rg', o_s.Rg, 'delta', o_s.delta, ...
    'rt', o_s.rt, 'Rv', o_s.Rv, 'Vz', o_s.Vz, 'Vth', o_s.Vth, 'Vtotal', o_s.V, ...
    'alpha', o_s.alpha, 'KEz', KEz_o, 'KEth', KEth_o, 'dP_check', dP_check_o, ...
    'dP_loss', dP_loss_o, 'Re', Re_o, 'We', We_o, 'Oh', Oh_o, 'SN', SN_o, ...
    'velRatio', velRatio_o, 'SMD', SMD_o, 'breakup', breakup_o, 'regime', regime_o);

f = struct('V', f_s.V, 'Rn', f_s.Rn, 'phi', f_s.phi, 'Rg', f_s.Rg, 'delta', f_s.delta, ...
    'rt', f_s.rt, 'Rv', f_s.Rv, 'Vz', f_s.Vz, 'Vth', f_s.Vth, 'Vtotal', f_s.V, ...
    'alpha', f_s.alpha, 'KEz', KEz_f, 'KEth', KEth_f, 'dP_check', dP_check_f, ...
    'dP_loss', dP_loss_f, 'Re', Re_f, 'We', We_f, 'Oh', Oh_f, 'SN', SN_f, ...
    'velRatio', velRatio_f, 'SMD', SMD_f, 'breakup', breakup_f, 'regime', regime_f);

result = struct('o', o, 'f', f, 'J', J, 'S', S, 'L_recess', L_recess_o, ...
    'err_mdot', err_mdot, 'err_alpha', err_alpha, 'err_dP', err_dP, 'err_J', err_J, ...
    'alpha_t', alpha_t, 'dP', dP, 'Pc', Pc);

end
solveSwirlSide.m
function s = solveSwirlSide(n, mdot, rho, dP, alpha_target, phiK, Rv_ratio, eta_d)
    % alpha_t -> phi -> Cd -> Rn -> K -> (Rv, rt)

    % Passage fullness from the target cone angle, closed form
    %% Phi from alpha
    s.phi = phiFromAlpha(alpha_target);
   
    % Abramovich discharge coefficient, then loss calibration
    s.Cd_ideal = sqrt(s.phi^3/(2 - s.phi));
    s.Cd       = eta_d*s.Cd_ideal;

    % Nozzle radius mdot = Cd*An*sqrt(2*rho*dP)
    s.An = mdot/(s.Cd*sqrt(2*rho*dP));
    s.Rn = sqrt(s.An/pi);

    % Geometric characteristic and port sizing
    s.K  = phiK(s.phi);
    s.Rv = Rv_ratio*s.Rn;                  % independent closure
    s.rt = sqrt(s.Rn*s.Rv/(n*s.K));        % now genuinely solved

    % Film geometry
    s.Rg    = s.Rn*sqrt(1 - s.phi);
    s.delta = s.Rn - s.Rg;
    s.R_liq = sqrt(s.phi)*s.Rn;

    % Velocity field. Geometry sets the ratio Vth/Vz. shows up as V falling short of the Bernoulli velocity.
    s.Vbern = sqrt(2*dP/rho);
    s.Vz    = mdot/(rho*s.phi*pi*s.Rn^2);
    s.Vth   = s.Vz*tan(alpha_target/2);
    s.V     = hypot(s.Vz, s.Vth);
    s.alpha = 2*atan(s.Vth/s.Vz);

    % Consistency assertions 
    assert(s.V <= s.Vbern*(1 + 1e-9), ...
        'Exit KE exceeds available dP: Cd/phi/alpha set is inconsistent.');
    assert(s.Rv > s.Rn, 'Vortex chamber must be larger than the nozzle.');
    assert(n*2*s.rt < 2*pi*s.Rv, ...
        'Ports do not fit on the vortex chamber circumference.');
end
computeAlpha.m
function alpha = computeAlpha(phi)
    % Spray cone angle implied by passage fullness alone
    % tan(alpha/2) = sqrt(2(1-phi)/phi)closed with the Abramovich Cd-phi relation.
    alpha = 2*atan(sqrt(2*(1 - phi)./phi));
end
phiFromAlpha.m
function phi = phiFromAlpha(alpha_target)
% Inverse of computealpha.
t   = tan(alpha_target/2);
phi = 2./(2 + t.^2);
end
classifyFlow.m
function regime = classifyFlow(Re, We, Oh, We_crit)
% Returns a struct of qualitative regime labels for the
% Reynolds, Weber, and Ohnesorge #s

if Re < 2300
    Re_label = 'Laminar';
elseif Re < 4000
    Re_label = 'Transitional';
else
    Re_label = 'Turbulent';
end

if We < We_crit
    We_label = 'No breakup (below critical We)';
else
    We_label = 'Sheet breakup / atomization';
end

if Oh < 0.1
    Oh_label = 'Inertia-dominated (low viscosity effect)';
elseif Oh < 1
    Oh_label = 'Intermediate';
else
    Oh_label = 'Viscosity-dominated';
end

regime = struct('Re', Re_label, 'We', We_label, 'Oh', Oh_label);

end
checkResult.m
function checkResult(passed, label)
% Prints a single pass/fail line for the design checklist.
if passed
    fprintf('[PASS] %s\n', label);
else
    fprintf('[FAIL] %s\n', label);
end
end
sensitivityAnalysis.m
function sensitivityAnalysis(p, sweepVar, sweepRange)
% Sweeps one design parameter and plots how spray
% angle, SMD, Reynolds number, and We (oxidizer side) respond.
%   sweepVar   - 'dP', 'n_ports', or 'alpha_t'
%   sweepRange - vector of values to sweep over

nPts = numel(sweepRange);
alpha_vec = zeros(1, nPts);
SMD_vec   = zeros(1, nPts);
Re_vec    = zeros(1, nPts);
We_vec    = zeros(1, nPts);

for i = 1:nPts
    pi_ = p;
    pi_.(sweepVar) = sweepRange(i);
    r = designInjector(pi_);
    alpha_vec(i) = rad2deg(r.o.alpha);
    SMD_vec(i)   = r.o.SMD*1e6;  
    Re_vec(i)    = r.o.Re;
    We_vec(i)    = r.o.We;
end

if strcmp(sweepVar, 'dP')
    xvals = sweepRange/p.Pc;
    xlab  = '\Delta P / P_c';
elseif strcmp(sweepVar, 'alpha_t')
    xvals = rad2deg(sweepRange);
    xlab  = 'Target Spray Angle [deg]';
else
    xvals = sweepRange;
    xlab  = sweepVar;
end

figure('Name', 'Sensitivity Analysis');

subplot(2,2,1);
plot(xvals, alpha_vec, 'o-', 'LineWidth', 1.5);  grid on;
xlabel(xlab); yticks(60:1:64); ylabel('Spray Angle [deg]');title('(a)');%Spray Angle Sensitivity

subplot(2,2,2);
plot(xvals, SMD_vec, 'o-', 'LineWidth', 1.5); grid on;
xlabel(xlab); ylabel('SMD [\mum]'); title('(b)');%Atomization Sensitivity

subplot(2,2,3);
plot(xvals, Re_vec, 'o-', 'LineWidth', 1.5); grid on;
xlabel(xlab); ylabel('Reynolds Number'); title('(c)');%Reynolds Sensitivity

subplot(2,2,4);
plot(xvals, We_vec, 'o-', 'LineWidth', 1.5); grid on;
xlabel(xlab); ylabel('Weber Number'); title('(d)');%Weber Sensitivity

end
optimizeInjector.m
function [dP_opt, result_opt] = optimizeInjector(p, dP_bounds, weights, targets)
% Finds the pressure drop dP (within dP_bounds) that
% minimizes a weighted combination of design errors, subject to the
% injector stiffness staying within the conventional 0.15-0.25 band.
% weights = struct('alpha', w1, 'J', w2, 'SMD', w3)
% targets = struct('J', J_target, 'SMD', SMD_target)   [SI units, SMD in m]
% the weights/targets encode design priorities that
% should be set by the designer, not universal constants

objective = @(dP) computeObjective(dP, p, weights, targets);

opts = optimset('TolX', 1e-6);
dP_opt = fminbnd(objective, dP_bounds(1), dP_bounds(2), opts);

pOpt = p;
pOpt.dP = dP_opt;
result_opt = designInjector(pOpt);

fprintf('\n--- Optimization Result ---\n');
fprintf('Optimal dP     = %.1f Pa (S = %.4f)\n', dP_opt, result_opt.S);
fprintf('Spray angle    = %.2f deg (target %.2f deg)\n', ...
    rad2deg(result_opt.o.alpha), rad2deg(p.alpha_t));
fprintf('Momentum ratio J = %.4f\n', result_opt.J);
fprintf('SMD (oxidizer) = %.4e m\n', result_opt.o.SMD);

end

function val = computeObjective(dP, p, weights, targets)

pTry = p;
pTry.dP = dP;
r = designInjector(pTry);

err_alpha = (r.o.alpha - p.alpha_t)^2;
err_J     = (r.J - targets.J)^2;
err_SMD   = ((r.o.SMD - targets.SMD)/targets.SMD)^2;

val = weights.alpha*err_alpha + weights.J*err_J + weights.SMD*err_SMD;

% Penalty if stiffness falls outside the conventional 0.15-0.25 band
S = dP/p.Pc;
if S < 0.15 || S > 0.25
    val = val + 100*(min(abs(S-0.15), abs(S-0.25)))^2;
end

end
plotGeometry.m
function plotGeometry(Rn, Rv, rt, n_ports, titleStr)
% Draws a top-view schematic of the swirl injector. the
% nozzle exit circle and the tangential inlet ports arranged around the vortex chamber radius.

theta = linspace(0, 2*pi, 200);

figure('Name', 'Injector Top View');
hold on; axis equal;

% Nozzle exit circle
plot(Rn*cos(theta), Rn*sin(theta), 'b-', 'LineWidth', 2);

% Vortex chamber circle
plot(Rv*cos(theta), Rv*sin(theta), 'k--', 'LineWidth', 1);

% Tangential ports
portAngles = linspace(0, 2*pi, n_ports+1);
portAngles(end) = [];
for k = 1:n_ports
    cx = Rv*cos(portAngles(k));
    cy = Rv*sin(portAngles(k));
    plot(cx + rt*cos(theta), cy + rt*sin(theta), 'r-', 'LineWidth', 1.5);
end

xlabel('x [m]'); ylabel('y [m]');
title(titleStr);
legend('Nozzle exit', 'Vortex chamber', 'Tangential ports', 'Location', 'bestoutside');
grid on; hold off;

end
plotCrossSection.m
function plotCrossSection(Rn, Rg, titleStr)
% Draws the injector exit cross-section. the central gas core and the surrounding annular liquid film.

theta = linspace(0, 2*pi, 200);

figure('Name', 'Injector Cross Section');
hold on; axis equal;

% Liquid film annulus (outer boundary), filled
fill(Rn*cos(theta), Rn*sin(theta), [0.6 0.8 1.0], 'EdgeColor', 'b', 'LineWidth', 1.5);

% Gas core, filled to overlay the annulus shape
fill(Rg*cos(theta), Rg*sin(theta), [1 1 1], 'EdgeColor', 'k', 'LineWidth', 1.5);

xlabel('x [m]'); ylabel('y [m]');
title(titleStr);
legend('Liquid film', 'Gas core', 'Location', 'bestoutside');
grid on; hold off;

end
plotVelocityTriangle.m
function plotVelocityTriangle(Vz, Vth, titleStr)
% Draws the velocity triangle formed by the axial
% velocity Vz, tangential velocity Vth, and resultant velocity V.

figure('Name', 'Velocity Triangle');
hold on; axis equal;

% Axial component (vertical)
quiver(0, 0, 0, Vz, 0, 'b', 'LineWidth', 2, 'MaxHeadSize', 0.3);

% Tangential component (horizontal, drawn from tip of axial vector)
quiver(0, Vz, Vth, 0, 0, 'r', 'LineWidth', 2, 'MaxHeadSize', 0.3);

% Resultant velocity
quiver(0, 0, Vth, Vz, 0, 'k', 'LineWidth', 2, 'MaxHeadSize', 0.2);

Vb = hypot(Vz, Vth);
th = linspace(0, pi/2, 200);

plot(Vb*sin(th), Vb*cos(th), 'k--', 'LineWidth', 1.2);
text(Vb*0.45, Vb*0.93, 'V_{Bernoulli}', 'FontSize', 10);
text(0, Vz/2, '  V_z', 'FontSize', 11, 'Color', 'b');
text(Vth/2, Vz*1.03, 'V_\theta', 'FontSize', 11, 'Color', 'r');
text(Vth/2, Vz/2, 'V', 'FontSize', 11, 'Color', 'k');

xlabel('Tangential [m/s]'); ylabel('Axial [m/s]');
title(titleStr);
grid on; hold off;

end
plotPerformanceSummary.m
function plotPerformanceSummary(result)
% Bar chart summarizing key oxidizer-side performance metrics on a scale

labels = {'Spray Angle [deg]', 'Re / 1000', 'We / 1000', 'SMD [\mum]', ...
          'J', 'Stiffness S'};

values = [rad2deg(result.o.alpha), ...
          result.o.Re/1000, ...
          result.o.We/1000, ...
          result.o.SMD*1e6, ...
          result.J, ...
          result.S];

figure('Name', 'Performance Summary');
bar(values, 'FaceColor', [0.3 0.5 0.8]);
set(gca, 'XTickLabel', labels, 'XTick', 1:numel(labels));
xtickangle(30);
ylabel('Value');
title('Injector Performance Summary');
grid on;

end
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