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Prior work demonstrates that an attached subordinate oscil-
lator array (SOA) can attenuate vibration of a host structure.
The distribution of masses and stiffnesses of the attached os-
cillators can craft a flat frequency response over a desired
band. This response modification can be a significant im-
provement over classical dynamic vibration absorbers (DVA)
that attenuate response at one target frequency while in-
creasing the frequency response amplitude at nearby side
frequencies. Performance of the SOA can be highly sensitive
to the uncertainty or disorder in the mechanical properties of
the system. This paper shows that use of piezolectric SOAs
(PSOAs) has the potential to address and ameliorate such
sensitivity to off-design situations. It is important to note that
the design strategy is simple and effective: it can be carried
out without optimization techniques by choosing simple or
well-known distributions of electromechanical properties.

1 Introduction
The design of dynamic vibration absorbers (DVAs) is

a classical topic of modern vibrations that has been well-
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studied in many texts. [1,2] In this work, the system to which
a DVA is attached is called the host. The essential and well-
known feature of DVA performance for a single degree of
freedom (SDOF) system is that it is possible to exactly cancel
the frequency response of the host at its natural frequency, if
the mechanical properties of both host and DVA are known
precisely. Even for multi-degree of freedom (MDOF) sys-
tems, this result holds approximately true. Such an exact
cancellation, however, comes at a cost: the amplitude of the
frequency response of the host structure can be substantially
increased at frequencies close to the target frequency. A
fundamental drawback in this approach is the need for ex-
act knowledge of the mechanical properties of the host and
DVA. The DVA designs can therefore be sensitive to uncer-
tainty and temporal drift in the mechanical properties of the
system.

A number of strategies have been studied over the years
to enhance the response achieved by a classical DVA. These
strategies include: active tuning or adaptation of DVAs;
switching or semi-switching techniques; designs based on
subordinate oscillator arrays (SOAs); or vibration attenua-
tion via active structural components. We review many of
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these techniques in more detail in the next section (see Table
1), but for now we summarize the philosophy behind the use
of mechanical SOAs.

An SOA generalizes the idea behind a DVA by attaching
an array of oscillators that have different mechanical proper-
ties: the mass, stiffness, and damping of each oscillator can
be different in the design. It has been shown [3] that SOAs
are capable of approximately uniform vibration attenuation
of the magnitude of the frequency response of the host over a
band of frequencies. In principle, an SOA provides substan-
tial improvement in the robustness of the performance over
a classical DVA because the design can tolerate variations in
the input frequency around the target frequency. However,
as in the design of DVAs, achieving this goal in practical
SOA implementations can be problematic. Response reduc-
tion over the desired flat band exhibits sensitivity to unin-
tended variation in the mechanical properties of the primary
or the attached masses. Fabrication errors or uncertainty can
play havoc on the realized performance of systems fabricated
with a given design strategy. Philosophically, this robustness
issue can be expressed in terms of the sensitivity of a design
to disorder. [4, 5]

In this paper we present piezoelectric SOAs, or PSOAs,
as an approach to ameliorate the sensitivity to disorder. A
PSOA is an SOA with piezoelectric substructures and asso-
ciated shunt circuits for each attached oscillator. We focus
our study on developing direct and simple design strategies
that are robust with respect to property uncertainty or dis-
order. In this sense, the paper can be viewed as a synthe-
sis of results from the literature on SOAs and piezolelectric
composite structures. These two directions of research have
surprisingly little direct cross-references, and we are care-
ful to make clear the nuances, similarities, and dissimilari-
ties among these references. This paper does not consider or
discuss a problem-specific, optimization-based approach to
design, although such an analysis of PSOAs certainly would
be valuable. In effect, we 1) seek to obtain a characteriza-
tion of a design strategy that is nearly as simple as that for
a classical DVA, 2) examine how post-fabrication tuning of
the shunt circuits can influence robustness, 3) define a metric
- the performance recovery - that quantifies in what sense a
resulting design is robust, 4) study performance recovery for
redesign of nominal PSOA designs. We base our analysis on
both theoretical considerations and experimental results.

2 Literature Review
As mentioned above, there is a large variety of refer-

ences that study vibration attenuation that feature piezoelec-
tric sensors and actuators to realize active composites. With
this huge body of literature there are many nuanced publica-
tions investigate quite specific topics relevant to piezoelectric
active composites. In this section we carefully distinguish
how the current paper on PSOAs relates to the existing liter-
ature.

Of course, one essential observation regarding the dif-
ference between many of these studies of piezoelectric com-
posite systems and investigations of PSOAs is that the latter

constitute a family of distinct piezoelectric composites that
are connected to a rigid or linearly elastic host structure. This
creates a coupled linear system of ODEs for the PSOAs to-
gether with the host that contain subcomponents that resem-
ble the structure of the governing equations for many piezo-
electric composite systems. But the PSOA equations have
an important coupling structure that enables relatively sim-
ple closed form expressions for the mapping from inputs to
host response. The response of the piezoelectrics PSOA, in
and of itself, is of little interest in an analysis of the PSOA
and host system. This fact stands in stark contrast to gen-
eral studies of active piezoelectric composites in which the
dynamics of the piezoelectric materials is at the heart of the
study.

In addition, we focus in this paper on a number of top-
ics that are seldom addressed explicitly in many studies of
piezoelectric composite systems. As we will see below, the
references on active linear piezoelectric systems generally or
typically do not (1) relate the studies of these piezoelectric
systems to the existing body of literature on SOAs or PSOAs,
(2) do not define or examine robustness as a design objective
per se, (3) do not investigate the specific conclusion of this
paper of developing a simple (non-optimization-based ) de-
sign strategy, and (4) do not study the topic of performance
recovery as an explanation of robustness that is afforded by
PSOA redesign.

We make two more observations before considering Ta-
ble 1 in detail. Note that many of the publications listed in
the table below can actually be located in different “general
type” categories. When more than one general type of des-
ignation is applicable, we have selected the general type to
reflect the authors’ overall assessment of the most salient fea-
tures of the paper. Also, the table is largely limited to the last
20 years of research. There are a large number of influential
and fundamental research efforts that predate the table. For
instance, the well-cited paper [6] is the earliest paper in the
table; general considerations of the theory of modern linear
piezoelectric systems predate this paper by decades, see [7]
for instance.

As shown in Table 1, perhaps the largest category in
table are those papers that perform qualitative, numerical,
and/or experimental studies of piezoelectric systems with
shunt circuits. These electromechanical models generally
have mechanical and electrical subsystems. This class in-
cludes models of mechanical systems that are single de-
gree of freedom (SDOF), multi-degree of freedom (MDOF),
and distributed or infinite dimensional systems. The electri-
cal subsystems can include SDOF or MDOF electrical cir-
cuits also. The collection of papers in this category include
studies of specific designs, general modeling principles, ac-
tive piezoelectric systems, and passive piezoelectric systems.
None of these papers discusses SOAs, or exploits known re-
sults from SOAs in their analysis, nor makes a systematic
analysis of some aspect of robustness. On the other hand,
the results in these papers, or even in textbooks such as [7],
constitute the theoretical foundation for the analysis of the
PSOAs in this paper. In effect, the theoretical starting point
of this paper is demonstrating that concise design principles
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for SOAs can be “lifted” to the more general case of PSOAs,
whose models are derived from such linear piezoelectric sys-
tem theories and models.

A second important category of relevant studies of linear
piezoelectric systems are those that use state switching to en-
hance vibration attenuation. This approach has been studied
intently over the past two decades, but again, systematic in-
vestigation of sensitivity or robustness is infrequently treated
in this category too. These techniques are sometimes referred
to as semi-active piezoelectric systems. As opposed to ac-
tive control of vibration that continuously modulates the volt-
ages, these systems perform (relatively) low-energy switch-
ing among essentially passive shunt circuits to improve per-
formance. Semi-active switching is not considered in our
study of PSOAs, although again, it would be of interest to
understand the interplay between PSOA designs switching
strategies for the shunt circuits. Also, it is worth noting that
this category of publications does not make systematic study
of the robustness of piezoelectric system designs. For in-
stance, many state-switched realizations make use of peak
detection to realize state switches. Stated results are fre-
quently limited to studies of (essentially) fixed, stead-state,
harmonic inputs that are amenable to simple peak detection.
To the authors knowledge these studies have not investigated
the effect of these methods to system or controller parame-
ters or properties of the class of input signals. For purposes
of illustration, we can think of two cases. Peak detection is
difficult to realize in practice for noisy signals. A time delay
can be intentionally introduced in peak detection or the sig-
nal can be filtered to eliminate high frequency oscillations in
peak detection due to local minima and maxima. These are
just two parameters that can be associated with a particular
design implementation. Intuitively, we expect performance
to deteriorate as the harmonic content of a signal increases
in bandwidth or the time-delay varies. It is expected that a
near white noise input (or signal with high finite bandwidth)
will not be amenable to peak switching, and also the level
of noise would affect the performance. It would be valuable
to know this relationship and study robustness of vibration
attenuation performance with respect to parameters such as
the bandwidth of the input, or the peak-detection time delay,
for instance.

Another interesting class that has gained popularity just
over the past few years is the important discipline of waveg-
uide design and metamaterials. Essentially, by distributing
an array of identical substructures periodically on the host
structure, it is desired to design structures that have bandgaps
in their frequency response over a specified frequency range.
Many of these studies investigate optimization to achieve op-
timal or near optimal placement or patterning of piezoelec-
tric layers. Again, as of yet, issues like robustness or sensi-
tivity to disorder have not yet been studied theoretically in a
systematic way. It is also noteworthy in the studies of meta-
materials and waveguide analyses that that the prototypical
systems that are studied in these papers consist of monolithic
beam, plate, or shell structures with integrated piezoelectric
lamina or patches. In theory the linear equations govern-
ing the dynamics of such systems are very close to that of

the PSOAs studied in this paper. Still, there are significant
differences between typical papers on metamaterial realiza-
tions and the problem of vibration attenuation addressed by
PSOAs. The primary distinction among these fields of study
is that metamaterials uses identical substructures and rely on
spatial periodicity to achieve distributed regions of nonres-
onance. On the other hand, the problems addressed in the
study of PSOAs seek to obtain vibration attenuation around
a resonant frequency of a host that is connected to collection
of distinct piezoelectric composites at very low mass ratios.
The magnitude of the coupling terms in the mass matrix of a
composite laminate can be quite large relative to the size of
diagonal or block diagonal coefficients in case of metamate-
rials.

In contrast, for PSOAs, the governing equations are
(originally, as explained in reference [8] are only coupled
via the mass matrix. Moreover, the mass coupling between
the DOFS in the governing equations of a typical PSOA are
exceptionally small. The added mass of the PSOA oscilla-
tors are usually just a few percent, or smaller, of the mass of
the primary oscillator. There are therefore structural differ-
ences in the governing equations, and qualitative differences
in the magnitude of the mass coupling in PSOA systems in
comparison

The most important implication of this block structure
in a PSOA enables the derivation of an analytical expression
for the frequency response from input to host motion of the
PSOAs. The frequency response function of the PSOAs can
be identified directly as a generalization of the expression
used for SOAs. For SOAs this frequency response function
has the form [3]

xpKp
fp

=
[
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as shown in [8]. The above expression can be identified
directly as a generalization of the expression used for SOAs
which has the form
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where

Ω := ω/ωp, αn := mn
mp

, βn :=
√

γn
αn
,

γn := kn
kp
, Qn :=

√
mnkn
cn

.
(4)
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Figure 2: The array of attachments can be designed to make the response of the primary
element behave as a bandpass
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Figure 3: Performance degradation as errors in the property distributions increase from one
part in 104 (where bandpass performance is unaffected) to 10% (where bandpass response is
no longer apparent).

One parameter of importance to the performance of such systems is the modal overlap, defined
as the width of a resonance peak of a single element of the array over the separation of
adjacent peaks. Mathematically this is given by
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r
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While it has been predicted that a modal overlap, h < 2 will cause significant performance
degradation, Fig. 4 details the relationship with disorder across many values of modal overlap,
h . This is generated by taking the in-band difference between a zero-disorder response and the
response of a statistically randomized error allocation in the frequency distribution. Of interest
is the fact that the system shows a linear relationship between disorder and RMS difference
at low levels of disorder when h � 2. In this regime, the system will perform at or very close
to the ’as-designed’ response. In the second regime, the RMS difference is insensitive to
increasing disorder and the system begins to exhibit the visible response degradation shown
in Fig. 3. This transition also corresponds to the same one part in one-thousand threshold
discussed earlier. Beyond this region there is another region that exhibits the linear one-to-one
relationship between disorder and RMS difference of the transfer functions. In this region the
SOA is considered out of its performance range and inoperable. It is also worth noting, that
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Fig. 1. Attenuation achieved by SOA for varying bandwidths. Ref:
[9]
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Fig. 2. SOA’s performance degradation with disorder. Ref: [9]

3 Experimental Setup
A 1kg beam was manufactured with geometry such that

the first bending mode occurs at a frequency that matched
the inherent natural frequency of the bimorphs (nominally
110Hz). These bimorphs were attached with differing over-
hanging lengths such that the bimorph frequencies fall in an
appropriate distribution to create an SOA. The system was
subjected to stepped-sine excitation and is shown in Figures
3 and 4. A laser Doppler vibrometer is used for measurement
of system response.

4 Piezoelectric Tuning of Oscillators
An SOA, whether purely mechanical or piezoelectric,

has a defined bandwidth and center frequency. Peak perfor-
mance will occur at the center frequency and will degrade to-
ward the edge of the band, at which point the primary system

Fig. 3. Top view showing placement of bimorphs with differing over-
hang lengths

Fig. 4. Bottom view showing shaker force application

will respond as if there is no SOA at all. Environmental or
application-based situations can shift the primary frequency
which will deteriorate SOA performance. The piezoelec-
tric bimorphs chosen for this application (Piezo.com Model
T226-H4-503Y) were selected for maximum stiffness differ-
ence between open- and short-circuited condition. This bi-
morph characteristic maximizes the tuning authority of the
PSOA. As the circuit is brought away from open circuit
modes, either through a short circuit or introduction of ca-
pacitance, it has the effect of removing stiffness from the
subordinate oscillators. Figure 5 shows the stiffness sensi-
tivity from open to short circuit, with an intermediate stiff-
ness achieved by adding 220 nF of capacitance in the cir-
cuit. This capacitive modification allows fine tuning of the
PSOA. This configuration demonstrates a tuning authority
of approximately 7%. This modification approach allows the
PSOA to be tuned to follow a moving primary resonance.

The example in Figure 6 shows the experimental case
in which mass is added to the primary resonator, reducing
the primary frequency. This addition of mass pulls the pri-
mary resonant frequency toward the edge of the as-designed
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General Type Year Published & Reference

SOAs [10] 2012, [3] 2009, [11] 2012, [9] 2016,

Qualitative, numerical, and experimental
study of piezoelectric systems with shunt cir-
cuits

[6] 1990, [12] 2000, [13] 2000, [14] 2001, [15] 2001, [16] 2006,
[17] 2010, [18] 2011, [19] 2011, [18] 2011, [20] 2011, [21]
2011, [22] 2012, [23] 2012, [24] 2012, [23] 2012, [24] 2012,
[25] 2013, [26] 2014, [27] 2014, [28] 2016, [29] 2016 [30]

Mechanical SDOF or MDOF system, state
switched or semi-active piezoelectric DVAs

[31] 1999, [32] 1999, [33] 2000, [34] 2000, [35] 2001, [36]
2001, [37] 2002, [38] 2004, [39] 2006, [40] 2006, [41] 2008,
[42] 2009, [43] 2010 , [44] 2011, [45] 2012

Gain scheduled or operating mode switched
piezoelectric composite DVAs

[46] 1997, [47] 1998, [48] 2000,

Optimization-Based DVA analysis and de-
sign

[49] 2003, [50] 2012, [51] 2014,

Piezoelectric energy harvesting, unswitched
switched

[46] 1997, [47] 1998, [48] 2000, [52] 2010

Metamaterials and Wave propagation design
and tailoring

[53] 2011, [54], [55] 2013, [56] 2013, [57] 2015, [58] 2016,
[59] 2016, [60] 2017, [61] 2017, [62] 2017, [63] 2017

Table 1. Summary of Relevant SOA and Piezoelectric Systems Literature

Fig. 5. The response of a selected bimorphs subjected to differing
electrical boundary conditions. OC means open circuit, 220n repre-
sents an intermediate stiffness achieved with capacitance, and CC
means closed (short) circuit

PSOA band, reducing PSOA effectiveness at the lower fre-
quencies. Following this series of curves, each curve repre-
sents an addition of mass to the primary oscillator and result-
ing response. As the open circuit curves(solid lines) move
into lower frequencies, the energy transfer out of the primary

oscillator and into the PSOA decreases. This has the effect
of increasing the measured magnitude of the primary. There-
fore, as the primary frequency moves further away from the
design frequency of the PSOA, the performance of the PSOA
decreases.

Fig. 6. A measurement of the response of the primary oscillator with
a PSOA attached. Solid lines represent open circuit modes and dot-
ted lines represent short circuit modes. The “locus of maxima” line
serves to visually connect the associated families of curves.

It is possible to affect a “performance recovery” by re-
ducing the center frequency of the PSOA by short-circuiting
the elements. The dotted lines represent the system response
after the short-circuit is applied causing the corresponding
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lowering of the PSOA band. Since the band is now better
centered around the peak, the energy transfer to the PSOA is
increased and the measured velocity of the primary mass is
decreased. The magnitudes of the modified system (dotted
lines) do still increase as the frequency is lowered, but that is
the nature of the system. The important feature to note is the
decrease in magnitude when compared to the open-circuit
curve with the same added mass.

5 Conclusions
The implications of this tuning capability are novel and

important for vibration suppression in any system with time-
varying frequency characteristics. A standard DVA shows
significant degradation of performance and may even am-
plify signal amplitude in off-design cases. A purely mechan-
ical SOA has limited resilience to target frequency shifts, but
lacks the ability to dynamically respond to changing char-
acteristics of the primary system. In effect, the capability
of the mechanical SOA is restricted to the upper family of
curves from Figure 6. The PSOA exhibits significant gains
in vibration suppression ability through the use of its elec-
tromechanical properties.
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